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FOREWORD 


This  Bulletin  constitutes  a  record  of  the  papers  presented 
at  the  20th  Meeting  of  the  JANAF-ARPA-NASA  Panel  on  the  Physi¬ 
cal  Properties  of  Solid  Propellants,  held  at  the  Mission  Inn  Hotel, 
in  Riverside,  California,  with  Grand  Central  Rocket  Company  as 
host  facility. 

The  second  conference  cr.  structural  integrity  is  being  held 
in  conjunction  with  this  meeting,  with  the  intent  of  furthering  the 
application  of  stress  analysis  techniques  to  the  prediction  of  rocket 
motor  failure. 

In  order  to  facilitate  the  dissemination  and  handling  of  solid 
propellant  information,  the  Bulletin  has  been  divided  into  an  un¬ 
classified  (Volume  I)  and  a  classified  volume  (Volume  n). 

Dr.  K.  H.  Sweeny,  of  the  Aerojet-General  Corporation, 
Azusa,  California,  is  Chairman  of  the  Physical  Properties  Panel 
at  the  present  time,  and  Dr.  M.  L.  Williams,  of  the  California 
Institute  of  Technology,  is  the  Vice  Chairman. 
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A  SURVEILLANCE  VIEWPOINT 


Norman  Fishman 
Propulsion  Sciences  Division 
Stanford  Research  Institute 
Menlo  Park,  California 

ABSTRACT 

This  paper  offers  a  discussion  to  the  Physical  Properties  Panel 
which  looks  at  the  investigation  of  mechanical  properties  and  structural 
analysis  from  a  surveillance  viewpoint.  The  problems  associated  with 
gaining  an  understanding  of  the  mechanical  behavior  of  solid  propellants 
are  common  to  surveillance  people  and  mechanical  properties  people; 
establishment  of  failure  criteria  and  achieving  meaningful  mechanical 
properties  measurements  are  common  goals. 

INTRODUCTION 

Though  this  paper  In  in  response  to  a  request  for  a  report  from 
the  Surveillance  Panel*  1  have  chosen  to  take  the  role  of  private  citizen, 
rather  than  that  of  Vice-Chairman  of  the  Surveillance  Panel  or  that  of 
investigator  of  aging  phenomena  unde*  U.  S.  Air  Force  contract.  Sur¬ 
veillance  is  a  very  broad  term  and  means  many  different  things  to 
different  people*  depending  on  their  particular  mission.  Therefore, 
this  paper.is  presented  as  being  written  from  what  I  consider  to  be  a 
surveillance  viewpoint. 

One  possible  definition  of  surveillance  can  be  drawn  from  a 
Classical  definition  of  reliability.  Reliability  is  the  probability  of  a 
device  performing  its  objective  adequately  for  the  period  of  time 
intended  under  the  operating  conditions  encountered.  Thus,  surveillance 
provides  assurance  that  the  reliability  of  the  device  is  maintained  above 
a  prescribed  level  for  the  period  of  time  intended  after  it  has  been  put 
into  service.  If  the  device  happens  to  be  a  solid  propellant  motor,  then 
surveillance  encompasses  all  components  of  the  motor,  such  as  the 
ignition  system,  motor  case,  nozzle,  liner,  various  sealants,  and  the 
grain. 


If  the  mode  of  failure  of  the  motor  is  related  to  the  propellant, 
and  if  ballistic  performance,  ignitability.  or  chemical  stability  do  not 
place  limitations  on  serviceable  life,  then  we  become  interested  in  the 
physical  behavior  of  the  grain.  This  paper  hopefully  places  before  the 
Physical  Properties  Panel  those  areas  of  investigation  which  are  of 
particular  importance  in  the  study  of  propellant  aging  and  in  the  surveil 
lance  of  solid  propellant  motors.  ,; 

DISCUSSION 


In  propellant  development,  the  desire  to  improve  storage  stability 
may  influence  propellant  composition  and  formulation  procedures. 
Similarly,  during  manufacture,  aging  considerations  might  result  in 
modification  of  processing  methods  and  cju&lity  control  limits. 
Unfortunately,  storage  capability  is  a  low  priority  consideration  in 
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design,  development,  and  procurement;  after  the  unit  is  operationally 
deployed,  we  have  nothing  more  to  do  with  it  than  to  determine  how  long 
it  will  be  serviceable. ,  Then  we  have  to  go  back  to  determine  such  things 
as  how  marginal  was  the  design,  how  long  will  it  take  for  expected 
changes  to  result  in  malfunction,  are  quality  control  limits  sufficiently 
tight  to  assure  .uniform  storage  histories,  etc.  In  general,  those  aspects 
of  physical  behavior  which  are  of  interest  to  you  for  design  criteria  and 
quality,  control  are  of  equal  interest  to  the  surveillance  community  who 
interjects  the  influence  of  time  and  environment. 

There  are  many  possible  modes  of  failure  which  might  be  encoun¬ 
tered;  these  include  rupture  on  ignition,  crack  formation,  liner-case  or 
propellant-liner  bond  separation,  slump,  etc.  Each  mode  of  failure 
might  be  experienced  when  the  unit  is  first  manufactured  or  at  some 
time  after  the  motor  has  been  stored  in  its  operational  environment. 

There  is  a  limiting  factor  or  combination  of  factors  which  determine  a 
criterion  for  failure;  i.  e.  ,  cracks  may  result  in  regions  where  the 
strain  exceeds  a  certain  value,  or  rupture  on  ignition  may  occur  when 
the  elongation  is  less  than  a  certain  limiting  value.  These  failure 
criteria  help  establish  safety  margins  from  the  design  standpoint.  These 
same  criteria  must  be  known  to  determine  when  the  unit  is  no  longer 
serviceable,  or,  if  rates  of  change  are  known,  to  predict  when  the  unit 
will  fail  to  perform  adequately.  The*  the  problems  of  mechanical 
property  measurement  and  understanding  of  physical  behavior  are  common 
to  the  motor  designer  and  to  the  user. 

Perhaps  the  key  need  for  all  concerned  is  the  sensitive  and  mean¬ 
ingful  representation  of  mechanical  behavior.  The  stress  analyst  must 
have  meaningful  data  to  develop  his  analytical  model  for  the  grain.  Both 
the  designer  and  the  aging  investigator  require  failure  criteria,  to  be 
supplied  empirically  or  analytically.  All  are  concerned  with  the  mechan¬ 
ism  of  rupture.  The  effective  measurement  of  mechanical  properties 
and  interpretation  of  data  are  thus  fundamental  to  propellant  development, 
grain  design,  and  to  surveillance. 

The  aging  investigator  must  determine  which  property  of  the  pro¬ 
pellant,  as  it  changes  in  storage,  most  rapilly  approaches  its  limiting 
value,  or,  by  what  manifestation  of  propellant  aging  will  the  motor  first 
malfunction.  He  can  measure  rates  of  aging  represented  by  changes  in 
such  properties  as  cross-link  density,  time-to-rupture,  modulus  and 
elongation,  hardness,  creep  compliance,  stress  relaxation  modulus,  etc. 

If  sufficient  data  are  collected  and  communication  lines  are  open,  corre¬ 
lation  with  motor  firing  experience  might  serve  to  establish  the  property 
value  limits  for  reliable  performance.  Similar  correlation  with  results 
of  accelerated  aging  studies  might  even  enable  a  degree  of  predictability 
of  serviceable  life.  However,  if  the  mode  of  failure  is  determined  and  a 
means  is  available  for  making  a  meaningful  measurement  of  the  property 
or  properties  most  closely  related  to  that  failure  mechanism,  then  the 
entire  process  of  determination  and  predictability  of  serviceable  life 
becomes  better  defined. 

Using  a  simplified  example,  if  failure  is  expected  by  propellant- 
liner  bond  separation  resulting  from  propellant  creep,  we  can  test  the 
propellant  for  changes  in  creep  behavior  and  thus  arrive  at  a  meaningful 


aging  rate.  When  propellant-liner  bond  separation  does  in  fact  occur, 
an.  integrated  function  of  creep  compliance  and  time  might  yield  an 
empirically  determined  failure  criterion.  However,  if  analytical 
methods  can  provide  the  failure  criterion,  and  if  extrapolation  of  test 
results  from  accelerating  conditions  is  known  to  be  valid,  then  prediction 
of  serviceable  life  can  be  made. 

Taking  the  same  hypothetical  case  a  step  further,  if  a  nondestruc¬ 
tive^  measured  property  (such  as  electrical  resistivity,  capacitance,  or 
sonic  absorption)  can  be  correlated  with  the  occurrence  of  motor  failure, 
we  can  calibrate  the  age-meter  in  a  full-scale  surveillance  program. 
Calibration  can  also  be  achieved  if  this  same  property  can  be  correlated 
with  the  integrated  creep  function,  and  the  criterion  for  failure  can  be 
determined  analytically.  This  then  enables  a  red-flag  to  bo  raised  by 
the  age-meter  when  failure  becomes  imminent. 

A  greater  understanding  of  the  mechanical  behavior  of  propellant 
is  required  to  make  the  determination  and  predictability  of  serviceable 
life  possible.  Specific  areas  of  interest  are  not  new  to  the  Physical 
Properties  Panel;  your  meeting  bulletins  over  the  past  few  years  show 
that  considerable  effort  has  already  been  expended  toward  solution  of  the 
problems,  and  the  collection  of  papers  at  this  meeting  show  that  definite 
progress  is  being  made.  The  areas  dvacribed  briefly  below  are  not  in 
order  of  importance. 

Physical  Measurements  and  Data  Evaluation*  Appropriate 
measurements  and  pertinent  evaluation  processes  should  be  available 
for  testing  properties  related  to  the  various  failure  modes.  Once  the 
expected  mode  of  failure  is  determined,  only  tests  meaningful  of  that 
mechanism  need  be  conducted.  Conversely,  in  an  aging  or  surveillance 
program,  by  making  a  series  of  specific  evaluations,  changes  indicating 
degradation  of  properties  should  be  interpretable  in  regard  to  identifica¬ 
tion  of  the  mode  of  failure  to  be  expected.  Tims,  we  should  be  able  to 
test  for  changes  in  binder  properties  alone,  for  changes  in  binder- 
oxidant  bond,  or  for  composite  prope  rties  which  relate  most  closely  to  , 
the  failure  mode. 

Quality  Assurance.  To  assure  uniform  storage  histories,  w.ciher 
or  not  a  nondestructive  monitoring  deviee  is  available,  sufficiently  sensi¬ 
tive  and  meaningful  quality  control  tests  should  be  used*  It  is  not  adequate 
for  quality  control  to  insure  production  batches  of  propellant  which  fall 
between  arbitrarily  or  semi -arbitrarily  specified  limits;  we  must  also 
know  that  all  batches  will  age  in  the  same  manner  and  at  the  same  rate. 

The  availability  of  such  control  of  quality  will  rot  only  result  in  the 
ability  to  maintain  higher  levels  of  reliability  in  the  field,  but  will  also 
reduce  the  maintenance  costs. 

Fundamental  Studies.  For  both  the  above  areas  of  providing 
adequate  measurement  means  for  surveillance  and  quality  control,  we 
recognize  that  much  of  a  somewhat  fundamental  nature  remains  to  be 
studied.  Examples  of  such  work  which  come  to  mind  most  readily  are 
listed  below: 


1.  Dewetting  phenomena  must  be  more  fully  explored.  Since  the 
binder -oxidant  bond  appears  to  be  affected  most  by  aging,  at  least  in 
some  propellants,  we  should  be  able  to  measure  properties  which  most 
nearly  describe  the  strength  or  condition  of  this  bond  and  how  it  will 
perform  during  motor  operation.  Included  here  are  such  studies  as 
volume  change  under  various  conditions  of  stress  and  strain  in  uniaxial 
or  multiaxial  modes  and  under  varying  environmental  pressures. 

2.  For  both  surveillance  testing  and  quality  control,  greater 
attention  must  bt  given  to  humidity  conditions  And  moisture  content  of 
the  propellant.  As  tost  methods  become  more  sophisticated  and  sensi¬ 
tivity  to  small  differences  increases,  ths  effects  of  moisturs  may  out* 
weigh  basic  differences  of  propellant  properties.  Recognition  most  be 
given  to  the  poesibility  that  propellant  moisture  may  be  different  from 
teet  to  test  or  that  each  moisture  may  change  daring  the  course  of  a  test. 
Similarly*  for  more  effective  simulation  of  the  motor  storage  environ¬ 
ment  end  for  the  determination  of  realistic  propellant  properties,  studies 
should  bo  conducted  to  determine  whet  the  history  at  moisture  content  is 
in  the  grain  from  the  time  of  manufacture  and  into  the- period  of  transport 
and  storage. 

3.  Probably  the  most  important  of  ail  the  fundamental  problems 
are  those  associated  with  failure  criteria.  The  establishment  of  failure 

...criteria*  whether  by  analytical  or  empirical  means,  in  being  awaited  by 
ail  concerned  with  solid  propellant  motors*  from  the  grain  designor  to 
the  field  surveillance  monitor.  To  assist  analytical  efforts*  it  la  impor- 
i  tant  that  more  meaningful  data  be  obtained.  Thus*  increased  sophistica¬ 
tion  in  test  methods  and  data  evaluation  is  to  be  desired  whether  measure¬ 
ment!  are  being  made  Ly  a  research  rheologist*  by  a  quality  control 
•  chemist*  or  by  a  field  sampling  technician. 

CONCLUSION 

In  rereading  what  1  have  written  above,  1  fear  that  I  have  generalised 
too  much.  However,  to  become  too  specific  in  thin  case  would  be  akin  to 
carrying  the  proverbial  coals  to  Newcastle.  The  problems  associated 
with  gaining  an  understanding  of  the  mechanical  behavior  of  solid  propel¬ 
lants  are  common  to  surveillance  people  end  mechanical  properties 
people;  establishment  of  failure  criteria  and  achieving  meaningful 
mechanical  properties  measurements  are  common  gails.  Recognising 
that  propellants  do  change  with  age,  and  that  different  propellants  age  by 
different  mechanisms  in  different  environments*  we  gain  the  realisation 
that  the  investigation  of  mechanical  properties  is  even  more  complex 
than  we  had  originally  thought.  Now  more  sensitive  measures  are 
required  to  study  aging  rate,  more  meaningful  tests  must  be  conducted 
in  quality  control,  and  rheology  takes  on  a  fourth  dimension* 

The  agenda  of  the  forthcoming  Surveillance  Panel  meeting  lists  a 
particularly  well  rounded  group  of  presentations.  Representatives  of  the 
three  services  will  discuss  problems  encountered  in  their  surveillance 
programs.  R.  and  D.  phases  of  surveillance  will  be  covered  in  more 
detail  by  speakers  well  qualified  in  each  of  the  three  major  large  motor 
programs  --  Minuteman,  Polaris,  and  Pershing.  In  addition  to  these, 
several  papers  will  be  presented  in  each  of  two  sessions  on  surveillance 


technique*  and  the  chemistry  of  aging.  Of  particular  interest  to  the 
Physical  Properties  Panel  will  be  the  reports  of  the  two  committees  on 
critical  problem  areas  and  preferred  surveillance  testing  methods.  For 
additional  information  relating  to  surveillance ,  I  refer  you  to  the  bulle¬ 
tins  of  the  above  meeting  and  of  the  five  previous  meetings. 

We  who  work  in  surveillance  are  generalists;  if  we  can  give  to  the 
mechanical  properties  investigators  and  to  the  structural  analysts  the 
surveillance  viewpoint,  we  will  undoubtedly  gain  more  from  the 
specialists  in  these  fields. 


RECENT  DEVELOPMENTS  IN  STRESS  ANALYSIS  FCR  VISCOELASTIC  MATERIALS 


E,  H.  Lee.  Brcwn  University,  Providence,  R.  I. 

ABSTRACT 

Viscoelastic  material  behavior  complicates  stress  analysis  problems, 
because  of  the  variation  of  stress  distributions  with  time  caused  by  the 
time  dependent  material  characteristics.  However,  such  variation  exhibits 
a  flexibility  in  the  solutions  for  stress  distributions  which  it  may  be 
possible  to  utilize  to  meet  design  requirements*  As  an  example,  the  in¬ 
fluence  of  maintained  internal  pressure  in  an  elastically  encased  hollow 
cylinder  is  shown  to  lead  to  a  residual  stress  field  which  incorporates 
hydrostatic  compressive  stress  components  which  will  inhibit  the  initiation 
and  growth  of  fracture  cracks  in  the  viscoelastic  cylinder.  Such  phenomena 
have  mainly  been  assessed  on  the  basis  of  solutions  for  simple  viscoelastic 
materials  represented  by  spring-da shpot  models  with  few  elements*  A  method 
of  using  measured  creep  or  relaxation  functions  in  stress  analysis  calcu¬ 
lations  is  presented,  which  permits  solution  for  general  linear  viscoelastic 
response.  This  consists  of  numerical  integration  of  the  integral  equations 
which  represent  certain  stress  analysis  problems,  and  in  particular  cases 
it  has  been  found  to  be  simple  to  carry  cut  and  to  yield  accurate  results* 
Another  extension  of  stress  analysis  theory  has  been  to  Include  the  effect 
of  boundary  motion  which  is  neglected  in  the  usual  infinitesimal  displace¬ 
ment  theory  in  which  boundary  conditions  are  satisfied  on  the  unde  formed 
boundaries.  A  perturbation  scheme  applicable  for  linear  viscoelastic  oper¬ 
ators,  although  the  problem  itself  becomes  non-linear  because  of  the  bound¬ 
ary  motion,  is  presented  for  a  simple  illustrative  example. 

INTRODUCTION 

Viacoelaatio  material  behavior  introduces  considerable  complexity  into 
problems  of  stress  analysis*  The  resulting  stress  distributions  can  vary 
with  time,  even  when  the  applied  loads  remain  constant  and  the 'inertia 
foroea  associated  with  the  deformation  are  negligible  so  that  quasi-static 
analysis  is  suitable.  In  contrast,  stress  distributions  for  elastic  bodies 
remain  constant  in  such  oircumatanoes.  However  t  this  possibility  of  the 
variation  of  the  stress  distribution  due  to  the  viscoelastic  characteristics 
of  the  material  provides  a  flexibility  which  it  may  be  possible  to  utilize 
to  meet  design  requirements.  Such  an  example  is  referred  to  below,  where 
the  residual  stresses  built  up  by  maintained  pressure  in  the  cavity  of  an 
elastically  encased  grain  are  shown  to  comprise  a  stress  field  which  will 
tend  to  Inhibit  the  initiation  and  growth  of  fracture  cracks  in  curing, 
storage  and  firing  conditions.  The  possibility  of  the  development  of  such 
a  residual  stress  field  is  a  eonccmitant  of  the  stress  variation  mentioned 
above  and  would  not  arise  in  an  elastic  body  subjected  to  maintained  in¬ 
ternal  pressure. 

Study  at  tudh  ii tun t ions  has  been  mainly  based  on  analyses  for  simple 
linear  viaooelastic  materials,  but  frem  these,  qualitative  features  can  be 
Inferred  which  oan  be  applied  mare  generally.  The  residual  hydrostatic 
compressive  stress  field  associated  with  maintained  internal  pressure  in  an 
elastically  encased  cylinder  is  such  a  feature  which  will  clearly  also  arise 
In  the  rase  of  more  general  viscoelastic  behnvior.  However,  it  is  important 
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to  extend  the  range  of  quantitative  solutions  for  mare  general  linear 
materials  ani  for  non-linear  materials •  A  method  of  solving  the  stress 
analysis  equations  in  which  material  properties  are  introduced  as  creep  or 
relaxation  functions  is  described  in  this  paper*  It  is  based  on  the 
numerical  solution  of  the  integral  equations  to  which  certain  stress 
analysis  problems  reduce.  Measured  creep  and  relaxation  functions  can  be 
included  directly,  which  thus  provides  solutions  for  general  linear  visco¬ 
elastic  material  behavior*  Mars  over,  such  measurements  ever  a  finite  time 
range  provide  complete  information  concerning  the  material* a  response  far 
stress  analyses  overt he  same  time  range,  and  oertaln  mathematical  simpli¬ 
fications  arise  such  as  avoidance  of  the  need  for  separate  consideration  of 
initial  conditions  which  can  introduce  considerable  analytical  complexity, 
as  discussed  in  references  (1)  and  (2),  if  the  differential  operator  stress- 
strain  relations,  commonly  associated  with  sprlng-dashpot  models,  are  used* 
Another  area  in  which  generalisation  is  needed  is  to  remove  the  limitation 
of  infinitesimal  displacements,  and  an  example  exhibiting  an  approach  to 
this  problem  la  also  presented  below* 

HtESSDRIZED  CAVITY  EFFECT 

The  influence  of  residual  stresses  developed  in  a  hollow  viscoelastic 
cylinder  encased  in  an  slastio  shall  due  to  maintained  pressure  in  the 
cavity  has  been  discussed  in  (3)*  Figure  1  shows  the  variation,  as  a 
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FIG.  1(a) 

DISTRIBUTION  OF  RADIAL  STRESS  0 
UNDER  SUDDENLY  APPLIED  AND  MAINTAINED 
INTERNAL  PRESSURE 


FIGURE  1(b) 

DISTRIBUTION  OF  CIRCUMFERENTIAL  STRESS 
a  UNDER  SUDDENLY  APPLIED  AND 
MAINTAINED  INTERNAL  PRESSURE 


function  of  the  time  t,  of  the  distribution  of  the  radial  stress  and 

circumferential  stress  for  such  a  viscoelastic  cylinder  subjected  to 

suddenly  applied  and  maintained  constant  Internal  pressure  pQ.  These 

results  were  evaluated  (4)  for  a  circular  cylinder  with  a  conoentric 
circular  cavity  and  of  material  elastic  in  dilatation,  and  exhibiting 
Maxwell  behavior  in  shear,  represented  by  the  model  of  Pig,  2.  Thus  in  a 
relaxation  test  in  shear  such  a  material  would  relax  to  aero  stress. 


FIGURE  2.  VISCOELASTIC  MODEL  REPRESENTING  MAXWELL  BEHAVIOR 

Particular  geometry  and  casing  stiffness  were  assured  including  a  restraint 
against  axial  motion,  but  it  is  clear  that  qualitative  aspects  of  the 
phenomenon  to  be  discussed  will  apply  far  different  cavity  shapes  and  mare 
general  material  behavior,  and  it  is  possible  to  make  quantitative  estimates 
of  the  factors  involved.  Pig.  lb  shows  that  on  loading  appreciable  hoop 
tensile  stress  occurs  adjacent  to  the  cavity.  With  maintained  pressure  the 
shear  components  of  the  stress  relax  and  all  direct  stress  components  tend 
toward,  hydrostatic  compress  ion  equal  to  the  applied  pressure.  The  time  t 
is  measured  in  units  of  the  relaxation  time  of  the  viscoelastic  response  in 
shear,  and  for  t  >  20  the  viscoelastic  cylinder  is  virtually  in  a  state  of 
hydrostatic  compression  which  transmits  the  full  cavity  pressure  to  the 
casing.  Although  detailed  criteria  for  fracture  are  not  known  for  visco¬ 
elastic  materials,  it  is  clear  that  hydrostatic  compression  will  inhibit  the 
initiation  and  growth  of  fracture  cracks  since  under  its  influence  no 
release  of  elastic  energy  occurs  due  to  crack  initiation  or  growth.  Thus 
the  state  of  stress  developed  through  maintained  loading  will  be  most 
beneficial  fran  this  standpoint.  The  dangerous  period  during  the  history 
of  stressing  shewn  in  Fig.  1  will  be  at  the  cavity  surface  immediately  after 
load  application  due  to  the  hoop  tensile  stresses.  Superposition  of  the 
solution  shewn  in  Fig.  1  at  different  times  yields  the  solution  for  gradual 
application  of  pressure,  and  it  is  found  that  sufficiently  gradual  build  up 
of  internal  pressure  completely  eliminates  the  region  of  finite  hoop  tension, 
and  hence  the  conditions  which  might  lead  to  initiation  of  fracture. 

If  the  internal  pressure  is  released  at  time  tQ,  which  occurs  after  the 

steady  hydrostatic  compression  field  has  developed,  the  stress  variation 
shown  in  Fig,  3  will  occur  subsequently.  The  hoop  ccmprossion  at  the  cavity 
surface  incroasos  on  stress  release,  but  this  beneficial  residual  stress 
field  gradually  relaxes  away.  For  the  Mixwell  behavior  in  shear  the 


stresses  relax  towards  zero  magnitude,  but  far  a  material  exhibiting  a 
finite  limit  stress  in  a  relaxation  test,  sans  beneficial  residual  stress 
field  would  remain  indefinitely. 
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FIGURE  3.  STRESS  DISTRIBUTIONS  AFTER  REMOVAL  CF  INTERNAL  PRESSURE 

During  rocket  firing  the  pressure  of  the  gaseous  propellant  act#  within 
the  cavity.  Far  a  linear  viscoelastic  propellant  at  the  beginning  of  burn¬ 
ing  and  subjected  to  prior  pressurization,  the  stress  distribution  is  given 
by  superposition  of  the  solution  far  intern."1!  pressure  shown  In  Fig#  1  and 
the  residual  stress  field  shown  in  Fig.  3*  If  for  simplicity  of  evaluation 
it  is  assumed  that  the  full  burning  pressure  is  applied  in  advance  and 
maintained  up  to  the  time  of  ignition,  the  steady  hydrostatic  o  copra  sal  on 
stress  field  will  continue  into  the  burning  phase  until  It  is  modified  by 
the  ablation  of  the  oavlty  surfaoe.  This  situation  is  shown  by  th#  broken 
lines  in  Fig.  4,  contrasted  with  the  full  lines  corresponding  to  the  effect 
of  burning  gas  pressure  without  prior  pressurization,  taken  frcn  Fig#  1. 

It  is  seen  that  the  former  can  prises  added  canpressiire  stress  component# 
which  will  provide  a  major  infiuenoe  for  the  inhibition  of  fracture#  0Ufih 
an  effeot  will  be  maintained  as  burning  proceeds.  In  view  of  tin  Increased 
radial  oanpressive  stress  at  the  outer  radius,  r=b,  this  benefit  1#  offset 
by  an  increase  intension  in  the  elastic  casing.  This  effect  during  pra- 
pressurization  could  presumably  be  eliminated  by  additional  support  of  the 
casing. 

Although  the  quantitative  results  shewn  corresponds  to  a  simple  visoo- 
olantic  material  and  a  simple  geanotry,  it  is  dear  that  a  similar  effect 
will  arise  duo  to  relaxation  of  shear  stress  for  other  cavity  shapes  and 
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FIGURE  4.  STRESS  DISTRIBUTIONS  IMMEDIATELY  AFTER  FIRIHO 
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more  general  material  behavior.  A  cruciform  cavity  will  lead  to  stress 
concentrations  which  will  increase  the  circumferential  hoop  tension  on 
application  of  pressure,  and  the  corresponding  residual  hoop  compression  on 
pressure  release.  Far  complete  relaxation  of  shear  stress  no  corresponding 
concentration  of  the  steady  hydrostatic  canpre«3icn  will  arise.  Thus  the 
influence  of  prior  pressurization  will  be  greater  far  a  cruciform  cavity. 

For  a  material  which  does  not  relax  completely  in  shear,  the  state  of  hydro¬ 
static  compression  would  be  approached  but  not  canpletely  realised  as  in  the 
example  cited. 

It  would  be  particularly  beneficial  to  apply  pressurization  during 
curing  when  the  modulus  is  low,  since  this  will  reduce  the  initial  hoop 
tension,  and  shrinkage  will  occur  in  a  hydrostatic  compressive  stress  field 
which  will  inhibit  crack  formation.  This  environment  would  seem  to  be 
particularly  valuable  for  composite  material  since  the  continuous  hydrostatic 
compressive  stress  will  prevent  separation  of  the  binder  around  the  filler 
particles. 

One  way  of  looking  at  the  suggestion  presented  above  of  utilizing  the 
residual  stress  field  due  to  maintained  pressurization  is  that  its  action 
is  equivalent  to  the  effect  of  autofreetage  in  gun  tubes.  Autofrettage  is  a 
state  of  residual  stress  produoed  by  plastic  flow  through  the  application 
of  internal  hydrostatic  pressure  during  manufacture.  Residual  hoop  canpres- 
sion  occurs  adjacent  to  the  bore,  with  tension  in  the  outer  layers.  The 
hoop  compression  in  the  grain  shown  in  Fig.  3  and  corresponding  tension  in 
the  casing  are  the  analogues  of  this  distribution.  On  application  of 
pressure,  in  the  bore  when  the  gun  is  fired,  the  residual  stress  reduoes  the 
maximal  hoop  tension  which  is  produoed  near  the  bare  surfhoe  and  thus 
inhibits  failure.  Because  plastic  flow  is  essentially  rate  independent, 
such  beneficial  residual  stresses  remain  permanently.  In  a  rocket  with 
viscoelasticity  replacing  plasticity  as  the  non-elastic  effect  which  permits 
the  residual  stress  system  to  be  built  up,  these  stresses  are  not  permanent 
but  must  be  maintained  by  retention  of  the  pressure  until  seme  limited  time 
before  firing.  Another  way  of  visualizing  the  situation  is  that  with  a 
viscoelastic  grain,  gradual  application  of  pressure  produces  less  hoop 
tension  than  the  same  pressure  applied  suddenly.  Thus  to  avoid  the  delete¬ 
rious  effect  of  the  sudden  rise  in  pressure  eb  firing,  this  must  be 
gradually  applied  beforehand.  Such  a  design  feature  is  only  available  be¬ 
cause  of  the  influence  of  the  visooelastio  character  of  the  grain  material, 
and  apart  from  the  particular  suggestion  made  in  the  paper,  it  is  hoped  that 
this  example  will  focus  attention  on  the  more  flexible  design  philosophy 
which  components  formed  of  viscoelastic  materials  permit.  As  demonstrated 
by  the  similarity  of  the  present  example  to  autofrettage,  this  general 
approach  offers  benefits  analogous  to  those  now  being  achieved  by  the 
application  of  plastic  design  methods  for  steel  structures. 

DIRECT  USE  OF  RELAXATION  AND  CREEP  MEASUREMENTS 

Most  stress  analysis  solutions  for  viscoelastic  bodies  in  the  literature 
assume  simple  material  behavior  corresponding  to  spring-da shpot  models  with 
few  elements.  This  arisos  since  the  differential  operator  form  of  visco¬ 
elastic  stress-strain  relation  is  used* 
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where  p  and  a  are  material  constants,  which  leads  to  differential  equations 
of  ordef*  in  t  tie  pending  on  n^  and  nq.  If  these  orders  are  assumed  to  be 

anall,  solutions  may  be  obtainable  in  convenient  farm,  but  an  increase  in 
the  order  of  the  differential  equations,  in  general,  greatly  complicates 
the  solutions.  Moreover  difficulties  can  arise  in  connection  with  initial 
conditions  for  the  higher  order  equations  as  discussed  in  (1)  and  (2). 

While  materials  exist  with  viscoelastic  characteristics  adequately 
represented  by  low  order  differential  operator  relations  over  several 
decades  of  time  or  frequency  (5),  most  polymers  exhibit  a  much  more  gradual 
change  in  their  oharaoteristio  functions  than  is  compatible  with  such  a 
representation  (6).  The  variation  in  the  creep  and  relaxation  functions 
between  the  short  and  long  time  asymptotes  usually  takes  place  over  several 
decades  of  time,  or  equivalently  the  frequency  spectrum  is  many  decades  wide 
in  contrast  to  the  narrow  band  or  bands  of  rapid  change  corresponding  to 
equation  1  with  n^  and  n^  small.  For  viscoelastic  stress  analysis  problems 

in  which  the  leading  stimulates  only  a  narrow  frequency  band  of  response, 
say  one  or  two  decades,  satisfactory  representation  by,  for  example,  e  four- 
element  model  with  ry=n^:=2  is  possible  (7),  but  a  wider  frequency  range 

would  demand  more  elements  in  the  model  and  correspondingly  higher  order 
derivatives  in  the  associated  differential  operators  far  satisfactory  repre¬ 
sentation  of  material  behavior.  In  effect  a  discrete  frequency  spectrum 
must  be  sufficiently  dense  to  cause  a  smoothing  of  the  influence  of 
Individual  components,  and  this  farces  an  increase  in  the  orders  n  and  n 

P  Q 

as  the  frequency  band  widens.  However,  the  mere  gradually  varying  visco¬ 
elastic  characteristics  exhibited  by  many  materials  can  be  simply  represented 
by  the  mare  general  hereditary  integral  forms  of  linear  viscoelastic 
operator  relational 

t 

<5  (t)  =5  G(t-*c)  “2*  dr  2 

o 

where  Q(t)  is  the  relaxation  modulus,  art 

e(t)  =  J  J(t-T)  dx  3 

o 

where  J(t)  is  the  creep  compliance.  These  relations  arise  directly  by  super¬ 
position  of  relaxation  and  creep  responses  respectively.  Equations  2  aid  3 
include  the  assumptions  that  the  material  is  undisturbed  prior  to  zero  time, 
which  can  usually  be  arranged  in  applications,  and  that  if  discontinuous 
changes  in  stress  or  strain  are  induced,  appropriate  interpretation  in  ternn 
of  delta  functions  is  made.  The  former  assumption  gives  the  lower  limit  of 
integration  zero  in  plaoe  of  -®  for  a  material  stressed  f or  t  <  0,  and  the 
latter  removes  separate  initial  value  terms  which  would  otherwise  appear  in 
addition  to  the  integral. 
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Introduction  of  equations  2  and  3  into  the  stress  analysis  relations 
can  lead  to  representation  cf  stress  distributions  in  terms  of  the  solutions 
of  integral  equations  for  problems  in  which  integration  with  respect  to  the 
space  variables  can  be  carried  out  independently  of  the  time  operators. 
Examples  of  such  situations  are  given  in  referenoe  (8)  where  it  is  shown 
that  simple  numerical  integration  can  yield  accurate  solutions  with  material 
properties  introduced  as  measured  relaxation  moduli.  The  numerical  examples 
treated  in  (8)  concern  thermal  stresses  in  a  slab  and  a  sphere  of  visco¬ 
elastic  material  with  temperature  varying  with  time  and  distance  fran  the 
surface  in  the  former  case,  and  with  time  and  radius  in  the  latter.  A 
temperature  dependent  shift  of  viscoelastio  spectra  on  the  log- frequency 
scale  was  assumed,  called  thermo-rheologically  simple  behavior  by  Schvnrsl 
and  Stave rman  (9).  Such  a  problem  involving  a  range  of  temperature  in  the 
material  stimulates  a  very  broad  equivalent  frequency  response,  and  use  of 
the  integral  operator  forms  2  or  3  is  needed  far  satisfactory  representation 
of  material  behavior  rather  than  the  differential  form  1« 

The  resulting  Integral  equations  governing  stress  distributions  am 
Volterra  type  equations  of  the  second  kind  of  the  femi 

y(t)  +  p.  J  f'(t-?)y(^)dC  *  f(t)  4 

o 

where  f  is  a  normalized  relaxation  modulus.  This  can  be  approximated  ty 
expressing  the  integral  as  a  finite  sent 

*<W  =  f(W 

+ 1  £  t  *  w  +  www  -  a  5 

by  dividing  the  range  of  integration  into  finite  intervals  determined  by 
...  t^  •.«,  and  using  a  mean  value  expression  and  the 

trapezoidal  rule  far  numerical  integration.  Equation  5  comprise®  a  set  of 
simultaneous  linear  algebraic  equations  for  the  unknowns  y^»  However, 

taking  n=0  gives  y^,  and  each  successive  equation  determines  directly 

in  terms  of  previous  values  y^  ...  yn*  This  sequential  typo  of  solution 

arises  sinoe  the  integration  limits  0,t  lead  to  a  triangular  matrix  far  the 
corresponding  finite  sum  representation.  The  solution  of  5  is  thus  simply 
evaluated  using  an  electronic  computer,  and  in  the  examples  detailed  in  (8) 
remarkable  accuracy  was  achieved.  The  finite  difference  form  5  permit® 
variation  of  the  time  step  length,  and  this  is,  a  useful  feature  .for  the 
extremely  wide  time  range  involved,  1C T2  to  10°  hr 3. ,  sines  the  time  step 
can  be  Increased  with  the  time  to  provide  approximately  constant  truncation 
error  ovor  the  range  and  so  reduce  the  number  of  timo  intervals.  After  the 
first  step,  a  constant  step  in  log  t  was  used,  sinoe  all  functions  became 
smoother  and  approached  zero  with  increasing  time.  For  a  particular  example, 
the  change  in  the  solution  for 


increasing  iron  0.25  to  0.5  was  only  0.756  of  the  maximum  value,  and  oven 
for  a  step  length  of  A  =3.,  which  corresponds  to  a  decade  in  t  for  each  step, 
the  change  in  the  solution  was  only  1.5$.  Thus  viscoelastic  stress  analysis 
by  numerical  solution  of  the  resulting  integral  equations  provides  a 
premising  method  of  evaluation. 

The  direct  use  of  measured  material  characteristics  in  a  numerical 
procedure  is  a  valuable  feature.  Certain  stress  analysis  problems  based  on 
the  laws  2  or  3  can  be  treated  by  application  of  the  Laplace  transform.  For 
example,  as  discussed  in  (8),  equation  2  becomes: 

d  =  scr  6 

where  the  bar  represents  the  Laplace  transform,  and  this  form  can  be 
utilized  to  generate  an  associated  elastic  problem,  fir  cm  the  solution  of 
which  the  viscoelastic  stress  distribution  can  be  determined  by  inversion  of 
the  resulting  transform  of  the  stress  distribution.  But  in  order  to  carry 
this  out  G  must  be  approximated  in  analytical  form  for  tbs  determination  of 
its  Laplace  transform,  MUki  and  Sternberg  (10)  encountered  difficulties  in 
obtaining  such  an  approximation  over  the  wide  time  range  involved,  end  in 
irrvorsion  of  the  resulting  transform  of  the  stress  function  es  discussed  in 
(8).  Quite  apart  from  this  difficulty  of  evaluation,  the  Laplace  transform 
being  and  integral  to  t  — *  cd  can  onlv  be  applied  to  problems  in  which  the 
body  does  not  change  in  form  with  time,  and  the  boundary  conditions  remain 
of  the  same  type  at  each  surface  point  (11)  •  For  otherwise,  in  the  former 
case,  stress  components  at  material  points  traversed  by  the  boundary  will 
only  have  meaning  for  a  finite  time,  and  in  the  latter,  application  Of  tbs 
transform  to  the  boundary  condition  at  a  surface  point  Would  not  generate 
a  boundary  condition  on  the  transform  of  a  dependent  Variable  (traction  or 
displacement)  needed  to  prescribe  the  associated  elAstlo  problem.  These 
restrictions  rule  out,  for  example,  consideration  of  a  cylinder  with  an 
ablating  cavity.  Such  problems  can  be  treated  by  the  integral  equation 
approach  since  no  integration  to  t=®  is  involved. 

Another  advantage  of  the  use  of  creep  or  relaxation  measurements  is 
that  for  any  stress  analysts  problem  concerned  with  the  loading  duration  T,  • 
0(t)  or  J(t)  measured  for  0  t  £  T  completely  prescribes  the  material 
behavior  in  so  far  as  it  influences  the  particular  problem.  This  contrasts 
with  the  Laplace  transform  approach  which  utilizes  properties  for  all  t  >  0, 
which  must  in  part  be  assumed  by  extrapolation,  although  it  is  clear  that 
the  values  for  t  >  T  cannot  in  fact  affect  the  solution.  If  complex  moduli 
are  vised  a  similar  difficulty  arises  in  connection  with  the  infinite 
frequency  range  associated  with  the  Fourier  integral  representation  of  a 
transient  loading  function.  However  for  short  times,  high  frequency 
oscillatory  measurements  are  mare  easily  obtained  than  creep  and  relaxation 
characteristics,  and  direct  use  of  the  latter  may  not  be  feasible. 

Since  arbitrary  relaxation  functions  can  be  inserted  in  the  numerical 
procedure,  the  complexity  of  the  material  behavior  in  terms  of  the  spring- 
dnshpet  model,  cr  the  order  of  the  corresponding  differential  operator 
representation  (eqn,  1), does  not  affect  the  procedure  for  solution.  This  is 
in  markod  contrast  to  the  added  complexity  associated  with  higher  orders  in 
the  differential  equation  approach  mentioned  above.  Moreover,  as  cited  in 
(8),  introduction  of  viscoelastio  response  in  dilatation  may  only  modify 
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tho  kernel  in  the  integral  equation,  and  so  not  introduce  appreciable 
complexity. 


FINITE  DEFLECTION  EFFECTS 

Most  viscoelastic  stress  and  deformation  analysis  solutions  in  the 
literature  have  been  based  on  the  assumption  of  infinitesimal  strains  and  * 

deflections.  Consistently  with  the  latter  assumption,  boundary  conditions 
have  been  satisfied  on  the  undeformed  boundary  of  the  body  under  study. 

There  is  a  range  of  situations  in  which  small  strain  linear  viscoelastic  * 

analysis  adequately  represents  material  response,  but  for  which  finite 
deflections  must  be  considered  with  the  consequent  introduction  of  non¬ 
linearity  into  the  analysis.  This  is  cam  only  spoken  of  in  elasticity  * 

theory  as  the  introduction  of  geometrical  non-linearity,  and  elastic  in¬ 
stability  problems  fall  in  this  category.  In  the  analyses  of  such  situations 
far  elastic  materials,  the  non-linearity  causes  the  elastic  modulus  to  beoaoe  * 

involved  in  the  final  solution  in  a  complicated,  non-linear  manner.  For 
example,  in  the  finite  bending  of  a  beam  or  strut,  cam  only  termed  the 
elastica  problem,  the  deflection  can  be  represented  in  terms  of  elliptio 
integrals,  with  the  square  root  of  the  lounges  modulus  occurring  in  a  * 

complicated  functional  form  inside  the  argument  of  the  elliptio  integral. 

For  the  corresponding  viscoelastic  problem  the  elastic  constant  must  be  . 

replaced  by  a  viscoelastic  operator,  «nd  interpretation  of  the  solution  in  * 

such  cases  has  proved  impossible.  It  is  therefore  necessary  to  modify  the 

method  of  solution/  so  that  it  can  be  appropriately  Interpreted  when  elastic 

constants  are  replaced  by  viscoelastic  operators*  In  general  the  approach 

will  differ  from  that  most  suitable  for  the  corresponding  elastic  problem*  * 

The  solution  of  such  a  problem  for  a  viscoelastic  cantilever  beam  with 

finite  displacements,  which  is  effectively  the  elastica  problem  with  a 

modified  boundary  condition,  has  been  presented  In  reference  (1 2)#  and 

aspects  of  the  solution  are  discussed  below* 

The  usual  approach  to  the  corresponding  elastic  problem  Is  to  solve  the 
non-linear  differential  equation  obtained  from  the  Bemcwlli-Etiler  bending 
relation  between  curvature  and  bending  moment.  This  can  be  written  in  the 
fount  .  Is 

~  •  X  Oos  tt  7 

as 

where  2 

and  ^  is  the  angle  of  deflection  of  a  beam  with  arc  length  s  along  it,  vary¬ 
ing  from  0  at  the  clamped  end  (7=0)  to  L  at  tho  free  end  \Aere  the  load  R  is 
applied,  E  is  Young*s  modulus  and  I  tho  quadratic  section  moment*  In  order 
to  retain  the  elastic  compliance  l/E  in  a  linear  form,  double  integration 
of  eqn,  7  leads  to  the  nonlinear  integral  equation* 

s  1 

«p  (s)  =  J  u  cos  cp(u)du  +  s  f  cos  qp(u)du  ]  9 

o  e  . 

This  can  bo  solved  by  iteration,  according  to 


I’ll/1;''  If'  I 

i 


a  1 

<pn(s)  =  \[  J  u  coa  (p^^ujdu  +  s  J  cos  (pn_^(u)du  ]  10 

O  8 

and  under  certain  conditions  the  required  solution  <p(s)  is  piven  by  the 
limit  of  9n(s)  as  n  — >  oo.  Such  an  iterative  scheme,  ar  one  modifiGd  by 

replacing  q>  ^  by  an  average  of  previous  iterates,  has  been  sham  in  (12) 

to  provide  an  accurate  solution  for  large  deflections*  For  each  iteration 
X  occurs  linearly. 

For  the  corresponding  viscoelastic  problem  l/E  in  X  is  replaced  by  the 
corresponding  viscoelastic  operator,  and  the  resulting  integral  equation 
takes  the  form 

2  t  r 

<p(.,t)  =£-pl[R(t)0(s,t)  +*ij{§f1RK)e(^)d5]  u 

O  '  ' 


where  8  ^ 

0(s,t)  =  f  u  cos  <p(u,t)du  +  s  J  cos  <p(u,t)du  12 

o  a 

A  similar  iteration  scheme  applies  to  this  double  integral  equation  contain¬ 
ing  both  space  and  time  integrals.  Inn  viscoelastic  operator  occurs 
linearly  in  each  iteration,  so  that  the  change  fraa  an  clastic  constant  to  a 
viscoelastic  operator  introduces  no  essential  difficulty.  Specific  results 
based  on  this  approach  are  given  in  (12).  It  is  hoped  that  this  example  of 
a  perturbation  approach  to  finite  deformation  effects  in  a  simple  problem 
of  viscoelastic  stress  and  deformation  analysts  may  suggest  analogous 
methods  for  mare  involved  problems. 
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ABSTRACT 


An  analogy  in  terns  of  Fourier  transforms  Is  developed  for  anisotropic, 
nonhomo«eneous  viscoelasticity  in  teras  of  equivalent  anisotropic  elasticity. 
The  special  case  of  orthotropic  viscoelasticity  Is  discussed  in  detail, 
particularly  the  influence  of  orthotropy  on  the  stress-strain  relations  for 
volume  and  devlatoric  changes.  Relations  for  anisotropic  viscoelastic  moduli 
compliances,  creep  and  relaxation  functions,  and  differential  operators  are 
derived.  Possible  means  of  experimental  determination  ef  the  anisotropic 

creep  and  relaxation  functions  are  also  discussed, 

•  • 

I.  INTRCmrPICH 

Tarlous  forms  of  elastlc-vlseoelastlc  analogies  for  linear* 

Isotropic,  homogeneous  or  nonhomo*eneous  viscoelasticity  have  been  discussed 
by  Alfrey  (1944,  1948)  t  Hilton  et  al  (195?,  1961) .  Lee  (1955,  i960)  and 
Read  (1950),  to  mention  only  a  few.  Detailed  descriptions  of  these  analogies 
have  been  riven  by  Bland  (I96G),  lee  (1955.  I960)  and  Hilton  et  al  (l9*^# 
1961).  In  general,  except  for  the  original  analogy  due  to  Alfrey  (1944, 
1948),  which  Is  restricted  to  only  certain  classes  of  boundary  value  problems 
these  correspondence  principles  are  formulated  in  terms  of  either  Fourier  or 
Laplace  transforms  of  the  stresses  and  strains. 

Anisotropic  viscoelasticity,  on  the  other  hand  )as  received  little 
attention.  Biot  (1954)  has  derived  linear  anisotropic  viscoelastic  stress- 
strain  equations  in  operator  form,  but  au.-h  classical  problems  as  those  of 
anisotropic  viscoelastic  plates  and  shells  appear  not  to  have  been  treated  in 
the  literature. 

Some  of  the  fundamental  aspects  of  anisotropic  viscoelastic  stress- 
strain  relations  for  volumetric  and  devlatoric  deformations  are  discussed 
in  the  present  paper.  These  relations  are  first  developed  for  orthotropic 
viscoelastic  media  and  then  extended  to  general  anisotropic  viscoelasticity. 
An  analogy  between  anisotropic  viscoelasticity  and  elasticity  is  formulated* 
Finally,  some  procedures  for  the  experimental  determination  of  anisotropic 
viscoelastic  properties  are  also  discussed. 

II.  QRTHOTRQPIC  LINEAR  ELASTICITY 

For  the  sake  of  simplicity  it  is  advantageous  to  first  discuss  ortho¬ 
tropic  viscoelasticity  and  then  extend  the  results  to  the  more  general 
anisotropic  case.  Furthermore,  since  the  aim  of  this  paper  is  the  formula- 

*  -  References  are  listed  by  authors  and  presented  in  detail  in  the 
last  section. 


tion  of  an  anisotropic  elastic-viscoelastic  analogy.  It  la  of  Interest  to 
first  briefly  examine  the  relations  of  orthotropic  elasticity  In  a  form 
which  la  conrenlant  for  subsequent  viscoelastic  Interpretations* 

Consider  a  Cartesian  coordinate  system  x  -  (  x^),  k  •  1,  2,  3»  and  an 
elastic  solid  of  arbitrary  shape  with  linear  orthotropio  elastic  properties* 
The  generalised  Hooke's  law  for  such  an  orthotropic  system  is  (Sokolnikoff 
1956) t 


and  it  oan  be  Inverted  to  read* 


where  the  C  matrix  la  the  Inverse  of  the  B  matrix  and  the  superscript  • 
denotes  elastic  quantities*  In  the  unsyamrtrlc  case,  there  are  12  distinct 
constants,  while  in  the  symmetric  case  their  nuaber  Is  reduced  to  nine* 
Equations  (2*1)  and  (2*2)  apply  to  either  homogeneous  or  nonhomogeneous 
orthotropic  elastic  bodies* 

In  iaotropio  media  it  la  convenient  to  discuss  changes  In  volume  and 
changes  In  shape  separately,  since  each  may  Involve  a  different  stress- 
strain  law*  For  small  strains,  volumetric  changes  in  isotropic  media  can  be 
described  in  terms  of  relations  between  the  mean  stress  cr  and  the  mean  strain 
€  where* 


in  ;■() 


(2.3) 

(2.U) 


and  shore  the  repeated  subscript  indicates  stmmatian,  but  superscripts  do  not 
imply  summation*  The  nssn  strain  is  a  geometric  property  and  renal ns  the 
msasure  of  strain  components  contributing  to  Tolume  changes  in  orthotropic 
media  as  sell*  Howersr,  the  mean  stress  in  no  longer  a  representation  of  the 
stress  compononts  contributing  to  tbs  change  in  volume* 


Consider  an  elastic  orthotropic  parallelepiped  under  hydrostatic  com¬ 
pression*  Sines  the  mechanical  properties  in  any  three  perpendicular 
directions  are  unequal,  s  pure  change  in  rolume  cannot  bo  produced  by 
hydrostatic  compression  (or  tension),  but  only  if  tbs  stress  components  aret 


cr,f  =  a,  a®* 
0^2=  a2a®* 
0-3*3=  a3a» 


(*.S) 

(2.«) 

(2.7) 


shore t 


3(1**=  3l  +  3*  +  2a 

d|  02 


(2.8) 


end  share  tbs  a*,  are  throe  distinct  constants  shich  are  functions  of  tbs 
material  property  constants  •  In  other  vords,  under  s  hydrostatio 

compression  p,  only  the  stress  components  a^p,  a»p  and  a_p  contribute  to 
a  change  in  voltaw,  shilo  the  remainder  (  1  -  a^)p,  (  1  -  a^)p,  (  1  -  a^)p 

are  the  stress  compononts  causing  changes  in  shape*  The  addition  of  the 
first  three  equations  of  (2*1)  leads  tot 

3a*  r  K;e**K'2£'22+K'3e|3  (2.?) 


sherex 

K|  =  C||||+  C()22+  Ql33  (2*10) 


etc* 


Similarly,  from  Equation  (2*2)  one  can  obtain  by  addition: 

3€*  =  (2.11) 

K|  K  2  •'3 

shore*  I 

*j^  =  B|  ||, ♦  B,,22+  B|  j33  (2*12) 

etc*  It  is  seen  that  Equation  (2*9)  does  not  represent  a  stress-strain  rela¬ 
tion  for  changes  in  rolume,  while  Equation  (2*11)  does*  However,  In  an 
isotropic  elastic  medium,  where  Kot*  I'ecm  *  the  bulk  modulus,  both  Equations 
(2*9)  and  (2*11)  reduce  to  the  same  usual  volumetric  relation* 


The  elastic  orthotropic  stress-strain  relations  for  changes  in  shape 
may  nos  be  written  as: 

ofi  -  atae#=  2G,(€f,  -€e) 


<j22  -  a2cre*=  2G2  (e22-  €e ) 


(2*13) 

(2.1)*) 


^33  “  A 3  O’6*”  )  (2*15) 

a,e2  =  2G4g*2  (2.16) 

cr,e3  =  2G5€*3  (2.17) 

0*23  =  2Gg€23  (2.18) 


and  with  c*  given  by  Equation  (2.11).  Tha  original  12  C—j^  or 
constants  Hans  now  boon  replaced  by  six  Op  ,  tbrao  a^  and  three  K*  constants. 
In  tbs  Isotropic  ease,  those  reduce  to  the  usual  two  material  properties, 
since  then  0^-0  and  ag  •  1. 

Substitution  of  Equation  (2.11)  into  Equations  (2.13)  to  (2.15) 
ianediately  leads  to  the  system  (2.2)  with* 

B|l"r  TgJ  +  ft)  (2*19) 

522ll=  60,  -  '^r)  (2,20) 

BI2I2=  25;  (2,a) 


etc.  Similarly,  Equations  (2.13)  to  (2.18)  can  be  rearranged  to  obtain  the 
system  (2.1).  The  constants  are  related  by  expressions  of  the  type* 

c„„  4  fife  *  Wft  ■ •  1} -  i&- -  Mr, ■  AH' 
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It  Is  readily  seen  that  for  orthotropic  elasticity  the  decomposition 
of  deformations  into  devlatorie  and  volumetric  ones  leads  to  complex  rela¬ 
tions  between  material  property  constants.  Furthermore,  due  to  the  fact 
that  hydrostatic  tension  or  compression  no  longer  induces  pure  volumetric 


I’.'UV 


deformations,  the  experimental  determination  of  the  three  bulk  moduli  Kct , 
Equation  (2.11),  necessitates  cumbersome  experimentation,  since  the  material 
must  now  be  loaded  In  three  orthogonal  directions  by  unequal  normal  stresses* 

III.  CRTHOTROPIC  LINEAR  VISC (ELASTICITY 

The  stress-strain  relations  given  In  Equations  (2*11)  and  (2*13)  to 
(2*18)  for  ortho  tropic  elasticity  can  be  constructed  from  equivalent 
mechanical  models  consisting  of  massless  linear  springs  (one  set  for 
volumstrio  deformations  and  one  set  for  deviatoric  ones),  and  where  each 
spring  has  a  different  spring  constant*  Similarly,  viscoelastic  mechanical 
models  can  be  constructed  tram  combinations  of  springs  and  dashpots* 
Anisotropic  viscoelastic  properties  can  be  obtained  in  three  ways: 

(1)  By  varying  valnes  of  spring  constants  and  coefficients  of 
viscosity  (and  hence  material  properties)  in  the  various  directions,  but 
maintaining  equal  combinations  of  models  in  all  directions* 

(2)  By  varying  types  of  models  in  different  directions,  but  main¬ 
taining  the  same  equivalent  material  properties  constants  in  all  directions* 

(3)  By  combinations  of  (1)  and  (2)* 

The  first  approach  yields  differential  tine  operators  which  are  the 
same  for  all  deviatoric  stress-strain  relations,  but  where  the  coefficients 
of  these  operators  will  have  distinct  values  in  different  directions* 

(Another  set  of  differential  tins  operators  may  be  used  for  the  volumetric 
relations*)  The  second  approach,  which  might  be  called  an  anisotropy  in 
time,  has  all  or  soms  of  the  differential  operators  different,  but 
corresponding  coefficients  In  the  various  operators  are  equal  in  all  direc¬ 
tions*  For  instance,  e  three-element  model  might  be  used  in  the  x,  direction, 
while  e  five-element  model  is  used  In  the  x~  direction  and  both  models  have 
equal  initial  conditions  and  corresponding  relaxation  time.  Finally,  the 
third  representation  combines  the  two  above  end  gives  the  most  general  fora 
of  viscoelastic  anisotropy* 

The  general  orthotropic  linear  viscoelastic  stress-strain  relations 


can,  therefore,  be  written  in  the  form: 

3Q/(€)  =  Fftoj,)  +  P£i<Jzz)  +  PjCcy  (3.1) 

P,Cq,-  R,  Ccr^)  =  2Q,C€|,-€)  (3.2) 

F^>C022~  9ZtO*l  )  =  20.2^22*  (3*3) 

R3Cct<5)  =  2(^3$-  e)  (3.U) 

P4Cq2)  =  2Q4C€,2) 


(3.5) 


Rsfofe)  —  2Q5C€|3) 


(3.6) 


p6tcy  = 

2 

(3.7) 

uheret 

£> 

n 

Hr** 

Ri  8* 

(3.8) 

ii 

£ 

v\QL 

(3.9) 

it 

o 

(3.10) 

where  cam  1,  2,  3  and  p  ■  1,  2,  3*  h,  5, 

6.  The  stresacr*  is  now  defined  ast 

3cr*  =  Rj'C<7M )  + 

(3.11) 

where  R^*  indicates  the  inverse  of  the  differential  operator  Roc  •  From 
Equations  (3.1)  to  (3.7),  it  is  seen  that  a  maximum  of  19  distinct  op». itors 
are  needed  to  fully  specify  the  volumetric  and  deviatoric  behavior  of  ortho¬ 
tropic  viscoelastic  solids,  as  contrasted  with  only  four  operators  necessary 
for  isotropic  viscoelasticity. 

These  differential  stress-strain  relations  can  be  reduced  to  algebraic 

aquations  In  the  usual  manner  by  Introducing  the  Fourier  transform  technique, 
which  has  been  previously  applied  In  isotropic  viscoelasticity  (Read  1950, 
Hilton  et  al  1953,  1961) •  Let  double  bars  denote  Fourier  transforms, such  that! 

8L,(X.W)  =  h  At(x,  (3.12) 

^-00 

Is  the  Fourier  transform  of  CTj^  (  x,  t  )•  The  conditions  for  the  existence 
of  the  transforms  are  given  by  Sneddon  (1951)  and  are  generally  met  in 
viscoelastic  problems. 

Similarly,  the  transforms  of  the  differential  operators  can  be  defined 
ast 

R  =  2  (iu)'ai0(x)  (3.13) 

^  j  =o  >• 

etc.,  provided  the  coefficients  a^  ,  bjp  ,  etc.,  are  not  functions  of 
time.  If  these  coefficients  are  functions  of  time,  then  they  can  be 
approximated  piecewise  by  step  functions  in  time  as  outlined  by  Hilton 
et  al  (1953,  1961).  It  is  to  be  noted  that  the  approach  used  by  Korland 
and  Tee  (I960)  of  representing  time  variations  of  viscoelastic  material 


properties  by  thernorheo logic ally  simple  Models  is  restricted  when  applied 
to  anisotropic  Media,  since  their  analysis  is  predicated  on  the  use  of  a 
single  tine  shift  parameter*  In  anisotropic  viscoelastic  media  one  would 
expect  to  find  different  time  shift  parameters  for  each  of  the  directions 
and  stresses  in  accordance  with  the  multiplicity  of  differential  operators 
indicated  in  Equations  (3*1)  to  (3*7)* 


Application  of  the  Fourier  transform  to  Equations  (3*1)  to  (3*7) 
now  leads  tot  ______ 

3?  *  Si  *  5*  +  Si  (MU 

K|  K2  K3 


o"|  1  ”  R 1  cr  2G,(e,r  c) 

°I2  =  €,2 


etc*,  where t 


K. 


a* 


=  S' 

=  Kj*(x,w)  =  “= t 

(m  =  5n(x.w)  = 

=  Rf'oji  +  R2O22+  R^si 


(no  summation) 


(3.15) 

(3.16) 

(3.17) 

(3.18) 
(3*19) 


Equations  (3*15)  to  (3*16)  defining  the  Fourier  transforms  of 
orthotropic  viscoelastic  stresses  and  strains,  are  analogous  to  orthotropic 
elastic  stress-strain  relatione  of  Equations  (2.11)  and  (2*13)  to  (2*18), 
provided  that  the  elastic  Moduli  K<t  ,  aa  and  Op  are  replaced  by  their 
equivalent  complex  moduli  and  ftp  •  Consequently,  the  analogy 

between  orthotropic  elasticity  and  orthotropic  viscoelasticity  consists  of 
replacing  in  the  elastic  solution  the  elastic  moduli  by  the  complex  moduli 
and  inverting  these  equivalent  elastic  stresses  and  strains  to  obtain 
equivalent  viscoelastic  quantities*  The  boundary  conditions  of  the  equivalent 
elastic  problem  are  the  Fourier  transforms  *»f  the  viscoelastic  boundary 
conditions*  Therefore,  if  crey|  (  x,  v  )  is  the  equivalent  elastic  solution 
with  proper  complex  moduli,  them 


crk,(x,  t)  =  fan (x  K*  R«,3f3)ei“'  du  (3.20) 

''-CO 

are  the  corresponding  viscoelastic  stresses*  Similar  expressions  can  also  be 
written  for  the  strains*  Since  the  orthotropic  elastic  stresses  and  strains 
form  the  Initial  conditions  of  the  corresponding  viscoelastic  problem,  they 
must  be  known  In  any  case* 


For  material  properties  which  are  time  dependent,  the  piecewise 
analogy  requires  that  equations  of  the  type  (3*20)  be  written  for  each  time 
interval*  The  details  of  this  procedure  have  been  given  by  Hilton  et  al 
(1953,  1961)  for  isotropic  nonhomogeneous  viscoelasticity  and  may  be  readily 


extended  to  anisotropic  ris coelasticity  by  the  proper  definition  of  the 
complex  modnli  in  Equation  (3*20)* 

It  has  been  seen  In  the  orthotropic  elastic  formulation  that  stress^ 
strain  relations  such  as  those  of  Equations  (3*1)  to  (3.7)  or  (3»llt)  to  (3.16) 
are  awkward  and  a  form  of  the  type  (2*1)  or  (2*2)  la  preferable.  The  latter 
set  of  relations  can  be  obtained  by  algebraic  manipulation  of  Equations  (3.1i*) 
to  (3*15),  since  Equation  (3*l£)  la  already  in  the  desired  form.  The  stress- 
strain  relations  in  terms  of  Fourier  transforms  of  the  rla coelnstic  stresses 
and  strains  then  arei 


°ii  =  £im£ii 


+  C22l|€22  +  ^33Ue33 


(3  .21) 


or* 


:n =  B| 


HI|CT|,  +  ^221 @22  +  ^3311^33 


(3.22) 


(  *#  w  )  £Lw  *  ^nnkl  (  x*  w  )•  The  relations 
C*s  and  B*s  and  the  prerlcr^ly  defined  complex  moduli  are 


etc.t  where 

between  the  C'a  and  7*8  and  the  previ€r»*3y  defined  complex  moduli  are 
identical  to  those  derived  for  orthotropic  elasticity.  Equations  (2.19)  to 
(2.23),  except  that  double  bars  are  placed  orer  the  appropriate  quantities. 


Time  dependent  stress-strain  relatione  may  also  be  written  by 
applying  the  convolution  theorem  to  Equations  (3.21)  and  (3.22).  These  now 
result  in  the  following  Integral  stress-strain  relations* 


q,(x.f)  =  jT^m(x.t'-t)[|f€M(x.l/)]dt' 

*00 


+  [§fCjx.f)]dY 

+  jf  $33ll(*  •  [^?e33(x-  ^dt' 


(3.23) 


etc.,  or* 


6"(X,t)  =  if""  Cx.t'jjd/ 

4  jffeiitx.t'-t)  ^ra22(x,t')]  dt' 


I'M  I'" 


(3.2U) 


+ 


el2(x,t) 


(3.2$) 


etc*,  where  end  f  ^  ere  the  orthotropic  relezetlon  and  creep 

functions  (12  for  the  general  case,  or  nixM  of  eech  for  srnanetric  cases), 
end  ere  the  inverse  Fourier  transferee  of  /l  u  and  /l  u, 

respectively* 

IV.  ANISOTROPIC  VISCCEIASTICITY 

In  general  linear  anisotropic  elasticity,  the  stress-strain 
relations  (2*1)  and  (2*2)  still  hold,  except  that  the  C  V|  and  B  ^ 
coefficients  are  now  all  nonsero  and  36  In  number  (Sokoinikoff  19W*  Qnder 
these  general  anisotropic  conditions  It  Is  no  longer  useful  to  seek  stress- 
strain  relations  for  volunetrlc  and  de*-*atorle  displacements*  Consequently, 
one  can  pass  directly  to  a  discussion  of  anisotropic  viscoelastic  media • 

From  the  previous  considerations  of  orthotropic  media,  one  sees  that  the 
Fourier  transform  stress-strain  relations  can  be  written  In  tensor  form  ast 

akt(x,u)  =  £mnkt(x,u)  ?„„(x,u)  (k.i) 

andt 

£klCx,w)  =  Bmnkt(x,u)amn(x,6))  (1.-2) 

which  compare  directly  with  the  elastic  relations  of  Equations  (2*1)  and 
(2*2)  with  no  taro  terms  In  the  C  and  B  matrices*  Consequently,  the  analogy 
between  the  Fourier  transforms  of  the  anisotropic  viscoelastic  stresses  and 
strains  and  the  corresponding  anisotropic  elastic  ones  for  complex  moduli 
*nnki  h°lda  in  the  same  manner  as  for  the  previously  discussed  orthotropic 
media. 


For  nonhomo geneoue  media,  where  the  material  properties  are  time 
as  well  as  space  dependent.  Equations  (U*l)  and  (U*2)  also  apply  except  that 
it  Is  Implied  that  the  transforms  are  taken  piecewise  in  various  time 
Intervals*  The  use  of  this  approximate  technique  was  discussed  in  Section  3*- 


Similarly,  the  Inversion  of  Equations  (U*l)  and  (U*2)  leads  to 
anisotropic  integral  stress-strain  relational 

Okt(X.t>  =  jT^rnnk^/'t)  ^?€mn(x,t^dt' 


<M> 
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whirs* 


4WX.1’ 

$nnkl^xt^ 


«> '  dw 

u)''§TOi,,(x,w>ei“'  d<*> 


(U.S) 

IU.6) 


Th«  $  and  V'  are  tha  anisotropic  relaxation  and  creep  functions*  There  are  at 
moat  3 6  of  each  while  in  the  syamstrlc  case  they  reduce  to  21*  It  is  also 
possible  to  define  anisotropic  viscoelastic  stress-strain  relations  in  terns 
of  six  P  and  36  Q  differential  operators*  These  operators  can  be  evaluated 
iron  Equation  (U*3)  by  using  the  Inverse  properties  of  the  Fourier  transforms. 
The  complex  moduli  will  be  polynomials  in  w  of  the  types 


C 


mnkl 


N 


mnkl 


E  d""W 

i  >  o  1 
•.rnnkl 

j  =  0 


(U.7) 


and  for  each  combination  of  k  and  i  they  can  be  reduced  to  a  cosnon 
denominator ,  so  that  Equation  (U*l)  may  be  written  as* 


where  the?  and  P  are  polynomials  in  v*  The  Inversion  of  Equation  (1**8  ) 
then  yields  the  differential  equation  of  the  anisotropic  stress-strain  rela¬ 
tions  and  is  in  the  forms 

Pk‘C<V  =  <Wemn)  »•» 

It  would  appear,  however,  that  in  this  Instance  the  integral  representation 
of  the  stress-strain  relations  is  less  complicated* 

In  anisotropic  viscoelastic  media  where  dynamic  loads  are  applied 
and  where  inertia  terms  are  of  Importance,  it  can  be  readily  shown  that  a 
similar  analogy  exists  between  the  Fourier  transforms  of  the  viscoelastic 
stresses  and  strains  and  the  Fourier  transforms  of  elastic  stresses  and 
strains  based  on  anisotropic  viscoelastic  complex  moduli*  This  analogy  1s 


essentially  an  extension  and  conblnation  of  the  dynamic,  isotropic  visco¬ 
elastic  analogy  of  Bland  (I960),  the  nonhomo  geneoua  isotropic  analogy  of 
Hilton  at  al  (1953#  1961)  and  the  present  nonhomo geneoua  anisotropic  analogy* 

V.  EXPERIMENTAL  DETE.RMINATI CN  OF  ANISOTROPIC  CHEEP  AND  RELAXATION  FUNCTIONS 


Since  hydrostatic  tension  end  compression  of  anisotropic  materials 
do  not  result  in  pore  volumetric  deformations,  tests  based  cn  these  types  of 
loading  are  no  longer  too  useful  In  the  determination  of  anisotropic  material 
properties.  Instead,  it  is  preferable  to  conduct  static  and  dynamic  experi¬ 
ments  to  compute  the  complex  moduli  C^.,  and  compliances  5. ,  as  functions 
of  frequency  and  temperature,  and  thenuee  the  Fourier  inversions  of  Equations 
(ii*5)  and  (h.6)  to  obtain  creep  and  relaxation  functions  and  • 

The  procedure  for  the  determination  of  complex  moduli  and  compliances 
is  as  follows t 

(1)  load  anisotropic  viscoelastic  specimens  with  a  simple  harmonic 
uniaxial  stress  oj(  =  crjO  «iut  (where  OjO  is  a  constant)* 

(2)  Measure  the  strains  at  each  frequency  and  temperature  combina¬ 
tion,  a5ot  * 

(3)  Repeat  steps  (1)  and  (2)  for  simple  harmonic  uniaxial  stresses 
&22  end  cr^  and  single  shear  atress  loadings* 

(U)  In  a  linear  system,  the  strains  will  be  simple  harmonic  for 
simple  harmonic  loading*  Therefore,  Equations  (lul)  become: 


for 

q,  =  erffe'*1' 

<T°  = 

°ll 

(5.1) 

0  = 

Li(x.u,c  - 

(5.2) 

for 

(T  —  itO  0 

U22  ~  U22  K 

= 

(5.3) 

0  = 

k  *  t  *  2 

($.h) 

eto*  Consequently,  for  each  stress,  six  equations  of  the  type  (5*1)  and  (5*2) 
have  been  formulated*  Por  the  six  individual  simple  harmonic  stresses  a  total 
of  36  equations  are  obtained  from  which  the  36  can  be  calculated  for 

each  frequency  and  temperature  combination* 


Page  29 


(5)  The  same  procedure  ae  outlined  in^step  (4)  can  he  applied 

to  Equation®  (4.2)  to  obtain  the  %  compliance®  .  The  same  test  data 

as  above  can  be  used  here. 

(6)  The  creep  and  relaxation  function®  can  then  be  calculated  from 
Equation®  (4.5)  and  (4,6). 

(7)  Static  creep  and  relaxation  data  can  alto  be  used  to  obtain 
"static"  values  of  creep  and  relaxation  functions  by  usin*  Equation®  (4,?) 
and  (4.4)  directly  for  the  application  of  con®tant  uniaxial  stresses  and 
strain®. 

If  the  material  1®  linearly  viscoelastic,  then  the  and 

%akt values  will  be  independent  of  atrees  level®.  If  the  material  1®  not 
linear,  then  it  may  be  approximated  by  a  aeries  of  linear  viscoelastic 
relation®,  each  valid  for  a  *lven  stress  or  strain  ran*e. 
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GENERAL  SOLUTION  OF  CERTAIN  INTEGRO-DIFFERENriAL  EQUATIONS 
OF'  LINEAR  VISCOELASTICITY 

Alexander  S.  Elder 
Ballistic  Research  Laboratories 

ABSTRACT 


A  stress  function  theory  for  linearly  viscoelastic  solids  is  developed 
in  this  paper.  If  body  forces  and  Inertial  terms  are  neglected,  the  stresses 
may  be  expressed  in  terms  of  Maxvell  stress  functions,  which  in  turn  are 
given  in  terms  of  harmonic  or  biharmonic  functions.  The  displacements  are 
expressed  directly  in  terms  of  harmonic  functions  through  an  extension  of 
the  Neuber-Papkovitch  theory.  Axially  syranetric  stresses  and  strains  are 
given  in  terms  of  a  single  biharmonic  function.  The  analysis  does  not 
involve  boundary  conditions  and  is  valid  for  problems  involving  moving  loads 
and  moving  boundaries.  The  theory  may  be  used  to  formulate  stress  analysis 
problems  in  terms  of  Volterra  integral  equations  using  creep  or  relaxation 
functions  as  the  kernel.  The  integral  equations  governing  the  stresses  in 
a  viscoelastic  propellant  grain  subjected  to  the  combined  effects  of  internal 
pressure  and  erosion  are  derived. 


INTRODUCTION 

Solutions  of  static  problems  in  elasticity  have  frequently  been  used  in 
solving  quasi-static  problems  in  linear  viscoelasticity.  Alfrey  combined 
separation  of  variables  with  superposition  to  solve  problems  in  which  the 
stresses  were  statically  determinate  (l).  E.  H.  Lee  removed  the  time 
dependence  by  using  the  Laplace  transform  on  both  the  basic  equations  and 
the  boundary  conditions  (2) .  The  resulting  equations  for  the  transformed 
stresses  and  strains  may  frequently  be  solved  by  the  methods  of  classical 
elasticity,  provided  the  form  of  the  body  does  not  vary  with  time.  J.  R.  M. 
Radok  extended  this  method  to  certain  problems  in  which  the  Laplace  trans¬ 
form  of  the  boundary  conditions  could  not  be  obtained  in  explicit  form  (3). 
In  all  these  problems  rational  functions  representing  the  transformed 
stress-strain  relations  of  the  viscoelastic  material  were  substituted  for 
the  elastic  constants  occurring  in  the  associated  elastic  problem. 

The  early  work  of  V.  Volterra  offers  a  more  fundamental  approach  to 
problems  of  linear  viscoelasticity  ( k ).  The  mechanical  properties  are 
represented  by  creep  functions  or  relaxation  functions  (5),  which  are 
obtained  experimentally  as  the  response  to  step  functions  of  force  or  dis¬ 
placement.  These  functions  are  used  as  kernels  in  integrals  of  the  heredi¬ 
tary  type.  V.  Volterra  formulated  the  integro-differential  equations  for 
the  displacements  of  an  anisotropic  viscoelastic  solid,  using  hereditary 
integrals  in  place  of  the  elastic  constants  which  occur  in  the  classical 
theory  of  elasticity.  The  corresponding  equations  for  an  isotropic  body 
may  be  formulated  in  terms  of  two  time-dependent  moduli,  corresponding  to 
the  shear  modulus  and  bulk  modulus  in  elastic  theory.  In  this  paper,  these 
integro-differential  equations  are  solved  in  terms  of  arbitrary  harmonic 
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functions.  These  solutions  are  obtained  without  reference  to  the  boundary 
conditions,  and  are  valid  even  when  the  boundary  is  being  eroded  (6). 


BASIC  EQUATIONS 

If  body  forces  and  inertial  forces  are  neglected,  Navier's  equations 
of  eouilibrlum  reduce  to  (7) 

da  St  St 

*  _2£+_™  o 

ox  Sy  02 
Set  St  St _ 

*  nsF  +  -sir  ■ 0  (1) 

”3?  ST  ~Sy  0 


If  the  strains  are  sufficiently  small,  they  may  be  obtained  from  the  dis¬ 
placements  by  the  formulas 


du 

_  du  4  dv 

«  -  -r- 

X  ox 

tty  ’  dy  *  S 

dv 

du  .  dw 

(2) 

€y 

*xz  c5z  cix 

dw 

dv  A  dw 

e  n  -p- 

z  oz 

^yz  "  c5z  c5y 

Two  stress-strain  laws 

are  required  to  express 

the  mechanical  behavior 

of  an  isotropic  viscoelastic  material.  Let  G(t)  be  the  response  to  a  unit 
step  function  of  shearing  strain;  then  the  response  to  an  arbitrary  strain 
is  found  from  Boltzmann's  superposition  principle  (8) 


(V 


G(t  -  t1)dt1  . 


The  shear  modulus  also  governs  the  relation  between  the  stress  differences 
and  the  strain  differences. 


a 

x 


a 


y 


G(t  -  t1)dt1  . 


Similarly,  a  time  dependent  bulk  modulus  is  used  to  represent  the  behavior 
of  a  material  when  subjected  to  hydrostatic  pressure. 


a  +o  +  a 
x  y  z 


*  «y(tl)  *  ytyj 
dt. 


K(t  -  t1)dt1 


o  n2  -\2 

V2  /  ,  \  ou  ou  ou 

u(x,  y,  z }  t)  -  — -  +  — -  +  — -  . 

dx2  dy2  dz2 

It  is  c]ear  that 

0  [V?  u(t)]  -  V2  G  [u(t)] 

since  the  IlmitB  of  integration  in  Equation  (4)  are  independent  of  the  space 
variables . 
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The  strains  satisfy  compatability  relations  of  the  type  (7) 
cTe  dC€y  b^y 

"TJ  +  “Tp.  " 


^y"  dx‘ 


c5x3z 


>.  by  by 

-■& (-  -sir  *"3r  + 


Four  additional  relations  are  obtained  by  cyclic  permutation  of  the  vari¬ 
ables.  If  the  strains  are  expressed  In  terms  of  the  stresses,  analogs  of 
the  Beltrami-Mitchell  compatability  equations  are  obtained. 

9K  [v2  cx(t)]  +  (6k  +  2G)  .  y2  0(t)j  =  0 

9K  [V2  «y(t)]  »  (6K  ♦  2G)  -  Vg  Q(t)j  =0  (10) 

2 

9K  [v2  oz(t)J  +  (6K  +  2G)  .  y2  0(t)J  =  0 

9K  [v2  Txy(t)]  ♦  (6K  .  20)  [^J^]  •  0 

9K  [V?  V(t)]  +  (6K  *  205  [4^]  *  0  (11) 

9K  iy  %x!t)]  *  (6k  * eo)  [4^]  -  ° 

It  vill  now  be  shown  that  the  stresses  and  strains  are  biharmonic 
functions  in  the  space  variables.  On  adding  Equations  (lO),  it  is  seen  that 

(3K  +  40)  [v2  ®(t)]  =  0  (12) 


where 


®a  0  +0  +  a 

x  y  z 
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Equation  (12)  represents  the  homogeneous  Volterra  integral  equation 

[3K(o)  +  l*0(0)j  Vs  e(t)  *J  v2  ©(tj)  {3K'(t  -  tx)  +  liO'tt  -  tj)}  dt^  =  0 

°  (l3> 

The  only  continuous  solution  of  this  equation  is  zero  (Page  lU,  Ref.  10). 
Therefore 


v2e  -  0 .  (no 

p 

Now  set  V  0  «  0  in  Equations  10.  Equations  of  the  types 

9  V2  [k  [v2  ax(t)jj  ♦  V2  |(6k  ♦  2G)  [  ]|  =,  0 

and 

9^ {k  [v2  ♦  72  {(6K  ♦  -  0 

are  obtained  by  differentiation.  It  is  seen  on  interchanging  the  order  of 
integration  and  differentiation,  and  then  setting  *  0,  that 

V1*  <*x  ■  0,  v1*  cy  «  o,  v1*  oz  •  0  (15) 

and  similarly 

v*  -  0,  V4  TIX  .0,  V4  =  0  .  (16) 

Hie  corresponding  results  for  the  displacements  are  obtained  from 
Equation  9*  Differentiate  the  first  equation  with  respect  to  x,  the  second 
with  respect  to  y,  and  the  third  with  respect  to  z,  and  add  the  resulting 
equations.  The  resulting  equation 

(3K  +  4G)  [v2  e(t )]  -  0 

represents  a  homogeneous  Volterra  integral  equation,  so  that 

V2e  »  0  (17) 

where 


e 


e  +  e  +  e 

y  * 


(Du  ,  cfv  dw 

3S  +  * 


P;i(r  33 


We  also  have  from  Equation  (9) 


V2{(3K +0)[2§M]J.  +  3V2  o  [v2u(t)]  -0 

so  that 

v4  u  -  0,  V4  v  -  0,  V4  V  -  0  .  (18) 

We  see  that  harmonic  and  biharmonic  functions  have  the  same  fundamental 
role  in  linear  viscoelasticity  as  in  the  classical  theory  of  elasticity. 

STRESS  FUNCTION  THEORY 


ffexwell  (ll)  has  shown  that  the  equations  of  equilibrium  have  the 
general  solution 

■* 

d2B  d2C  d2C  82A  82A  d2B 

Cx  =  a*2  +  dy2  '  °y  ’  8x2  bz2  '  2  "  dy2  dx2 

(19) 

a2A  a2B  s2c 

Tyz  *  "  c^ccty  *  Tzx  *  *  cSzcix  ’  Tyz  “  *  c5x3y 

(20) 

• 

0.  ^(A.B.O- 

3x2  dy  dz2 

(21) 

# 

where 

V2  0  -  0  . 

« 

Equations  (10)  and  (ll)  are  satisfied  if 

A 

9K  [v2a]  -  (6k  +  2G)  [e]  =0 

9K  [v2a]  -  (6k  +20)  [0]  =0 

9K  [V2AJ  -  (6K  +  2G)  [o]  =0 

(22) 

Langhaar  and  Stippes  (12)  have  shown  that  Maxwell's  stress  functions  for  an 
elastic  solid  may  be  expressed  in  terms  of  harmonic  functions.  Assume  that 

V2  f±  -  0,  i  *  0,  1,  2,  5 

(23) 

» 

S0  b<f)  S0 

F“0o+X-^  +  y-^  +  2-^ 

(24) 

« 

• 

b\  b\  b% 

72f  -  2( \  + - 1  +  — l ) 

cbc  by2  bz2 

(25) 

Pa  t'd  ’]( ' 


Then  these  authors  show  that 


A  ■  g(iF.  7)  •  (^2  + 

B  ■  sir^T  ■  %  *  V 
c  ‘  grrrrr  -  ^1  *  M 

1  •*  V  ^  Q  W  ^  2Q 

Now  — v"j  «  jK T*1Ig  8lnce  v  *  6K"T2G  in  *"  ela8tlc  Bolid*  These  results 

Indicate  that 

A  -  (3K  +  G)  [p]  -  (3K  +  UG)  [  0g  ♦ 

B-(3K+G)  [p]  -  (3K  +  UG)  [  03  +  ]  (26) 

C  -  (3K  +  G)  [?]  -  (3K  +  UG)  j>x  +  02] 

should  he  appropriate  stress  functions  for  a  linearly  viscoelastic  solid. 

We  have 

V2A  -  V2 B  -  y2C  «  (3K  +  G)  [v^]  (27) 

and 


£a 

+  L|  +  ,  (3K  +  G)  72F  +  (3K  ♦  UG) 

o 

I 

by2 

dy2  dz2 

-  dx 

by2  bz2J 

or 

<£a+^+£|-(^  >r  2pl 

(28) 

&c2  dy2  Sz2  2  1  1 

The  hydrostatic  tension  may  he  found  hy  combining  Equations  (2l),  (27),  and 

(28). 

20  -  9K  ^V2  f] 

so  that 

(6K  +  2G)  [o]  =  9(3K  +  G)  [v2  f]J 

But 

72A  =  (3K  +  G)  [V2  f] 

(27) 

so  that 

9K  [7?a]  «  9K  [(3K  +  G)  [v2  f]J  . 
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The  order  of  integration  nay  be  interchanged,  so  that 

K  [(3K  +  G)  [V2  F(t)j]  -  (3K  +  G)  £k[v2  F(t)]J 

and  therefore 

9K  [v2A]  -  (3K  +  2G)  [20]  -  0 

in  agreement  with  Equation  (22).  Equations  involving  V  B  and  VC  may  be 
treated  in  the  same  manner.  All  the  conditions  of  the  problem  are  met,  and 
therefore  the  functions  A,  B,  and  C  of  Equation  (26)  represent  a  set  of 
Maxwell  stress  functions  for  a  linearly  viscoelastic  solid. 

The  displacements  may  be  obtained  by  integration  with  respect  to  the 
space  variables  in  the  manner  indicated  by  Langhaar  and  Stippes.  Displace¬ 
ments  arising  from  motion  as  a  rigid  body  are  not  included  in  these  formulas. 

G  [u]  "  J  (A  *  B  "  C) 

G  [v]  -  ^  (B  -  C  -  A)  (29) 

G  [w]  •  a|  (C  -  A  -  B) 

Papkovitch  (15)  and  Neuber  (l4)  have  given  an  alternate  method  of 
epxressing  the  displacements  of  an  elastic  solid  in  terms  of  harmonic 
functions. 

u  «  4(l  -  v)  -  |2 

v  -  4(1  -  v)  02  -  |5  (30) 

w  -  4(1  -  v)*3  - 

where 

V2  -  0,  i  -  0,  1,  2,  3  (31) 


H  -  0O  +  +  y02  + 

90  d0  90 
* H  ■  +  -£  * 


(32) 

(33) 


The  corresponding  displacements  for  a  linearly  viscoelastic  solid  are 

u  -  (fK  +  80)  [0j  -  (3K  +  0)  [^] 
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V  =  (6K  +  8G)  W  -  (3K  +  G)  [f] 
w  =  (6k  »  8g)  “  (3K  +  G) 

To  verify  this  solution,  first  calculate  e  in  terms  of  H. 
du  ,  dv  .  dv 

e  m7S 


or 


-  (3K  +  G)  [v2h] 


»'hich  becomes 

e  -  3C  [V2H] 


in  view  of'Equation  (33)* 

We  also  have  from  Equation  (3*0 

a 


V2u  -  -  (3K  +  G)  [  J  V2  h] 

V2v  -  -  (3K  +  G)  72  h] 

V2w  =  -  (3K  +  G)  V2  II] 


(34) 


(35) 


(36) 


•Now  substitute  these  values  of  e  and  V  u,  Tf  v,  and  V"  w  into  the  equili¬ 
brium  equations  (9)*  We  find 

(3K  +  G)  ^30  V2  h]J-  3G  [(3K  +  G)  V2  h] J  -  0 


plus  two  similar  equations  obtained  by  advancing  the  variables  in  cyclic 
order.  Since 

(3K  +  G)  ^3G  [v2  H(t)]J  -  30  [(3K  +  G)  [V2  H(t)]J 

equations  (9)  are  satisfied;  consequently  Equations  (3*0  represent  a  valid 
solution  for  the  displacements.  Formulas  for  the  strains  are  obtained  by 
differentiation;  the  stresses  may  then  be  calculated  from  Equations  (5)> 
(6),  and  (j). 
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AXIALLY  SYMMETRIC  STRESSES  AND  STRAINS 


If  the  stresses  and  strains  are  symmetric  vith  respect  to  the  axis,  all 
derivatives  with  respect  to  the  polar  angle  vanish,  and  the  equations  of 
eauilibrium  in  cylindrical  coordinates  reduce  to 


bo  dr  o  -  on 
_ r  ,  _ rz  ,  r  0 

or  oz  r 


^rz  Trz 

“5T  +~ZZ  +  — 


(37) 


The  strains  are  given  by  the  formulas 


bv 

"5  ' 


„  ba  ^  bv 
7rz  *  3Z  +  3? 


The  stress-strain  relations  are 
“r  '  *  20  [*r  -  *e] 

°r  -  "z  ■  20  [*r  *  *J 

’r.-GU 

0  ’  0  ] 

The  eauilibrium  eauations  may  be  expressed  in  terms  of  the  displacements 

(3K  +  G)  [||]  +  3G  [V2  u  -  u]  »  0  (40) 

r 

(3K+G)[||]  +5g[v2w]  -0  (41) 

The  stresses,  strains,  and  displacements  may  be  expressed  in  terms  of  a 
single  biharmonic  function  (15).  Assume  that 

Vk  t  -  0  .  (4?) 

Then 

ar  -  (3K  -  20)  V2  *]  -  (6K  +  2G)  [ ]  (43) 

*■  bzbr  J 
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V  -  («f  *  W  [3;  V2*]-  (6K+2o)[^] 
G[u]  =  - 

0  [v]  =60  [v2  ♦]  ♦  (6K 


m 


(47) 


(48) 


The  brackets  denote  a  linear  functional  of  t  as  defined  in  Equation  (4). 

These  stress  functions  are  useful  in  formulating  problems  involving 
moving  loads  and  moving  boundaries.  We  will  consider  the  stresses  in  a 
cylindrical  rocket  grain  under  the  combined  effects  of  erosion  and  internal 
pressure.  The  propellant  is  bonded  to  a  thin  elastic  cover,  so  that  the 
tangential  strain  and  radial  pressure  are  continuous  at  the  interface.  The 
propellant  is  considered  to  be  linearly  viscoelastic  in  shear,  but  purely 
elastic  vhen  subjected  to  hydrostatic  pressure.  It  is  assumed  that  the 
propellant  and  grain  are  in  a  condition  of  plane  strain.  The  stress-strain 
lavs  become 

<j0  +  or  +  oz  •>  5K(€fl  +  cr)  since  6 O 
-  Cr  -  20  [e0  -  €r] 

°0  -  - 20  [««]  (•*> 

The  radial  strain  may  be  eliminated  from  the  first  two  relations,  giving 

20  [°o  +  CTr  +  °z\  +  5K(a0  “  °r)  =  12KG  [€o]  *  .(5°) 


The  pressure  at  the  interface  and  the  axial  stress  are  the  unknown 
variables  in  this  analysis.  The  radial  and  tangential  stresses  are  given 
by  the  usual  Tam^  formulas: 


a  = 
r 


-  h\  -  Pb> 


v2  2 
b  -  a 


2/x.2  2x 

r  (b  -  a  ) 


a2pa  -  b2pb  a2b2(pa  -  pfa) 

°0  ~  ,  2  2  +  2,,  2  2\ 


b  -  a 


rc(bc  -  a  ) 


where 


p  =  0  t  <  0 
a 

P  =  P„(t)  t  >0 


0r  ~  “  Pa(t),  r  “  a(t). 


I'd;'!'  4l 


The  inner  boundary  erodes  during  the  burning  of  the  rocket  grain,  so  that 


a  =  a(t),  t  >0  . 

(50) 

Ac  the  interface,  r  -  b,  and 

1 

H 

(51) 

2a2pa  -  (a2  +  b2^ 

°Q  "  -h2  «2 

b  -  a 

(52) 

Under  conditions  of  plane  strain,  the  tangential  strain  at  the  inner  boundary 
of  the  case  is  given  by 

€Q  »  qPb  (53) 

where 


and  b  is  the  inner  radius  of  the  case,  c  the  outer  radius.  Hie  results  of 
the  last  three  equations  are  substituted  into  Equations  (49)  and  (50).  A 
pair  of  simultaneous,  linear  integral  equations  for  the  determination  of 
a2  and  p.  are  obtained.  It  is  believed  that  these  equations  can  be  solved 
by  successive  substitutions,  using  the  purely  elastic  response  as  a  first 
approximation. 


(55) 


The  stresse3  at  intermediate  radii  can  be  calculated  from  the  lame  formulas. 
The  strains  may  then  be  determined  from  the  stress-strain  laws. 


3K(ee  +  er)  . 


(56) 


°[6e  ’  €r ] 


a2b2(ra  '  pb) 

2,v2  2* 

r  (b  -  a  ) 


(57) 


The  author  has  extended  this  analysis  to  rocket  propellant  grains  subjected 
to  the  combined  effects  of  internal  pressure,  tension  in  the  axial  direction, 
and  erosion  of  the  inner  boundary  (6). 
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CYLINDRICAL  ORTHOTROPY  AND  INIIOMOGENEITY  DUE  TO 
REINFORCEMENT  OF  PROPELLANT  GRAINS 


by 

M.  P.  Bieniek,  W.  R.  Spillers  and  A*  M.  Freudenthal 
Columbia  University,  New  York 


In  the  analysis  of  cylindrical  propellant  grains  with  circumferential 
reinforcement  of  arbitrary  nature  and  distribution  throughout  the  thickness 
of  the  cylinder  the  dual  effect  of  the  reinforcement  is  to  produce  cylin¬ 
drical  orthotropy  by  increasing  the  rigidity  in  the  direction  of  the  rein¬ 
forcement,  and  radial  lnhomogenelty  by  non-uniform  distribution  of  the  cir¬ 
cumferential  reinforcement*  For  short-time  problems,  such  as  internal  pres¬ 
surization  the  assumption  of  elasticity  is  tolerably  accurate*  For  long-time 
processes,  such  as  shrinkage,  anisotropic  inhomogeneous  visco-elastic  solu¬ 
tions  have  to  be  developed. 

1,  Infinite  Orthotropic  Cylindrical  Grain  under  Internal  Pressure. 

The  stress-strain  relations  for  media  with  cylindrical  orthotropy  defined  by 
9  constants  or  Cij  have  the  form  [1],  [2],  [3] 

*rr  •  (l*l> 

and  4  equations  of  the  same  form  for  E-qq,  tZTt  6rz,  and  or 

®rr  *  Sierr+  cvzC'99'¥  cis  £rz  >  ®ese  *  CA4  ^E0z  (1*2) 

and  4  additional  equations  of  the  same  form  for  <rrz,  <rrzf  tr^ .  The 
coefficients  o.y  and  C-ij  are  material  constants  and  synnetrical  (atj  *  a^, 
Cjj  *  Cji)*  Their  matrices  are  inversely  related 

tc^p .  tc^"  (1.5) 

Eq*  (1*1)  can  be  written  in  terms  of  the  engineering  constants  of  elasticity 
by  introducing  the  Identities 

aM  *  ’>  “  "  *'er  ^e  ’»  ^13  “  ” 

azt*  ■VreEr"\  <xu  *  E0~‘  >  <±z?  =  -^r©Ez~'  (1,4) 

>  a32*">,exE:©  >  a33  *  E* 

Of  the  12  constants  only  9  are  Independent,  since  the  symmetry  requirements 
(1*3)  have  to  be  satisfied* 

The  constants  Er,  Eq,  Ez,  ^re,  Vrz,  and  )/Qz  can  be  estimated  by  consid¬ 
ering  Joint  deformation  of  grain  and  reinforcement.  Thus,  for  instance,  for 
circumferential  reinforcement  of  elastic  modulus  and  uniform  percentage  n 

E,-  E0Cl  +  n(|r-  0]  (1.5) 
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where  EG  denotes  the  modulus  of  the  grain;  the  other  two  moduli  Er  cs  Ez  «  EG . 
The  Poisson  ratio  UrQ  defining  circumferential  extension  under  radial  stress 
Is  very  small  because  of  the  restraint  due  to  the  reinforcement.  Evaluating 
this  restraint  by  assuming  joint  circumferential  extension  of  grain  and  re¬ 
inforcement  the  ratio 


vre  -  +  '1 


(1.6) 


for  in- 
a*  1CX) 


where  VG  is  the  Poisson  ratio  for  the  unreinforced  grain.  Thus, 
stance,  for  E«/E0-  10*  to  I04  and  n  -  0.01  to  0.10  the  ratios  Ee/Ec 
and  i Ve/^o  m  0.01  since  it  can  be  assumed  that  the  higher  the  rigidity  of 
the  reinforcement  the  smaller  will  be  the  percentage  used.  Because  of  the 
symmetry  conditions  (1*3)  therefore  ■  v<j.  The  ratios  vv*  and  ^ir  as¬ 
sociated  with  the  two  non-reinforced  directions  are  equal  to  V&  while 

vez  ~  H*- 

Because  of  the  assumed  cylindrical  symaetry  of  all  relevant  problems, 
the  stress-components  OVt  *  and  (Tjj  ■  are  the  principal 

stresses,  the  strain  components  Lrr  m  Irt  t-oe  "  •nd  txz  "  6*  arc  the  prin¬ 
cipal  strains  while  all  shear  stresses  and  strains  vanish. 

In  the  case  of  plane  stress  (TzZ  m  0  in  Eqs.  (1.1).  In  the  case  of 
plane  strain  £xr  -  0;  hence  from  the  *q.  (1.1)  for  C-x.x"  £z  *0: 


(al3(Tr  a23®o) 


and  therefore  the  Eqs.  (1.1)  for  Cr  and  £q 


*-8 


®ir  +  *-12  °e 


oc,2Or 


where 
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au  ”  AiS^Q33  ’’  a2Z“a22”  °23^a33 


a»t  *  aZl 
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(1.7) 


(1.8) 


(1.9) 


The  single  equilibrium  equation 

d<K-  ,  <Tr  -  Oe  m  o  (1.10) 

dr  r  w 

the  compatibility  condition 

tr-^(irE0)sO  (1.11) 

since  er  ■  du.r/dr  and  Eg  ■  ur/r. 

Introducing  the  stress -function  f-(r)  defined  by 

<Tr  *  -p  3f(r)/3r  ,  0^  *  3*f(r)/3rl  (1.12) 

so  that  Eq.  (1.10)  is  automatically  satisfied,  into  the  compatibility  condi¬ 
tion  (1.11),  in  which  the  strain  components  have  been  expressed  in  terms  of 
the  stresses  with  the  aid  of  Eqs.  (1.8)  the  following  equation  for  f{r)  is 


<i 


Prif'e 


obtained: 


f  -  «2aV  -  *Mrf"  »'0  (1.15) 

Its  general  solution  is  of  the  form 

C,r'k+  czrk  (1.14) 

where  k  ■  V<*n  /*  tr  ■  /c2l  /c„  ,  from  which  the  stress  and  strain-components 
can  be  obtained  with  the  aid  of  Eqs.  (1.12)  and  (1.8). 

An  alternative  solution  of  the  plane  strain  problem  can  be  obtained  by 
expressing  Eq.  (1.10)  in  terms  of  the  strains  and  displacement  and 
solving  the  resulting  differential  equation  for  u^.  The  solution  has  a  fom 
similar  to  Eq.  (1.14) 

*  A,rK+  \zr'^  (1.15) 

In  Figs.  1,  2  and  5  the  results  of  the  analysis  of  a  thick-walled  cyl¬ 
indrical  grain  subject  to  internal  pressure  and  contained  by  a  thin  elastic 
case  are  presented  and  compared  to  a  corresponding  isotropic  problem.  The 
material  constants  used  are  indicated  on  Fig.  1.  The  creation  by  the  rein¬ 
forcement  of  very  high  concentration  <re  at  the  inner  surface  is  demon¬ 
strated  in  Fig.  2,  the  sharp  reduction  of  the  radial  displacement  in  Fig.  5. 


2.  Infinite  Orthotropic  Inhomogeneous  Grain  under  Internal  Pressure. 
In  order  to  eliminate  or  at  least  reduce  the  concentration  of  <yQ  without 
losing  the  advantage  of  the  reinforcement,  a  non-uniform  distribution  of 
the  reinforcement  over  the  wall-thickness  is  necessary.  In  this  case  the 
parameters  oc -  in  Eqs.  (1.8)  are  functions  of  the  radius  a^Cr)  . 

Introducing  the  expressions  for  tr  and  6^  with  Ot^Cr)  into  Eq.  (1.11) 
and  using  a  stress-function  f(r)  as  defined  by  Eq,  (1.10)  to  satisfy  the 
equilibrium  condition,  the  differential  equation  for  the  stress  function  is 
obtained 


-  - 0 


(2.1) 


If  the  variation  of 


with  real  exponents 


where  C,  and  Cz  are 


<Xij  is  of  the  type 

r  >  *-22  =  <*22r  >  ^  21  *  <X 
Eq.  (2.1)  has  the  general  solution 

f(r)  *  C,  r  n'  +  Cirn* 
integration  constants  and 

nt  JL  *  (-vw*  /W1*  ^(Uv  -  m\C)  ) 


(2.2) 


(2.5) 
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with 


k  =J5„/5l22.  , 


K.  -  (X,2  /iXjj 


The  constants  C,  and  C2  are  determined  from  the  boundary  conditions 
C Yr  s  -p  at  the  Inner  surface  and  the  displacement  u*.  at  the  outer  surface 
Is  equal  to  the  radial  displacement  of  the  containing  shell* 


The  problem  can  now  be  solved  of  finding  the  percentage  of  reinforce¬ 
ment  n(r)  which  produces  <T0  ■  constant.  In  this  case  Eq.  (1.10)  can  be 
directly  integrated 


irr  •  ■*  c/r  (2.4) 

where  c  is  an  integration  constant,  and  introduced  into  the  stress-strain 
relations  Eqs.  (1.2)  for  plane  strain  in  idiich  the  strains  arc  expressed  by 
the  displacement  ur.  The  resulting  two  simultaneous  differential  equations 
can  be  separated  and  Integrated  after  introducing  same  simplifying  assump¬ 
tions  and  the  function  n(r)  obtained  [4].  For  certain  assumed  ratios  of  the 
material  constants  this  function  Is  shown  in  Fig.  4. 

In  order  to  determine  the  admissibility  of  the  simplifications  intro¬ 
duced,  the  tangential  stresses  have  been  determined  in  a  cylindrical  grain 
consisting  of  10  orthotropic  layers,  che  variation  of  the  material  parameters 
of  which  In  radial  direction  approximates  the  distribution  of  n  shown  in 
Fig.  4.  The  method  has  been  described  in  detail  in  reference  [4].  The  re¬ 
sulting  stress  distribution  shows  an  approximately  constant  stress  at  the 
center  of  each  layer. 

The  same  method  has  been  used  to  analyze  stresses  during  burning  by  re¬ 
moving  consecutive  layers  from  the  inside  and  suitably  adjusting  the  inter¬ 
nal  pressure  under  the  Implicit  assuiqption  that  the  rate  of  burning  exceeds 
the  rate  of  heat-transfer  from  the  burning  surface. 

A  program  for  the  solution  of  this  problem  for  the  IBM  6  50  has  been  pre¬ 
sented  in  reference  [4]. 

5,  Viscoelastic  Anisotropic  Problems.  In  the  case  of  a  viscoelastic 
anisotropic  material,  the  stress-strain  relations  can  be  represented  In  the 
form  of  linear  differential  equations  containing  the  components  of  stress 
and  strain  and  their  time  derivatives.  In  symbolic  notation  they  can  be 
written  as 


eij  -  aijCoKi 

or 

0*1  j  =  (0)Cij 


(3.1) 

(3.2) 


where  the  differential  operators  aij(b)  and  CijCD)  are  certain  rational 
functions  of  the  operator  O  »  3/dt .  Tho  operators  a{i(0}  can  be  most  con¬ 
veniently  determined  from  the  static  tests  in  uniaxial  stress  or  from  wave 
propagation  along  a  string  or  a  thin  bar.  The  operators  Cij(D)  can  be 


determined  from  static  tests  on  confined  specimens  (uniaxial  strain)  or 
plane  waves  in  a  three-dimensional  continuum.  It  is  also  possible  to  deter¬ 
mine  the  operators  Ei(D),  yii(D),  Gi(O)  corresponding  to  the  " engineering" 
constants  Ei,  V;j  >  &ip  and  then  to  calculate  either  a^(o)  or  Cij(D).  It 
should  be  noted  that  the  operators  Et(D),  cl^(D)  ,  and  c  ij  (Q)  are,  in  gen¬ 
eral,  not  of  the  same  type.  If,  for  Instance,  Ej(D)  corresponds  to  the  be¬ 
havior  of  a  standard  solid,  cl^(d)  and  Cij(D)  are  usually  of  more  complex 
structures  since  thev  can  be  expressed  as  certain  combinations  of  the  oper¬ 
ators  Ei(O)  and  •  The  converse  is  also  true,  i.e.,  even  if,  for  in¬ 

stance,  CtjCO)  are  relatively  simple  operators,  Efi(o)  and  0^(0)  may  become 
much  more  complicated.  With  regard  to  the  problems  of  stress  and  strain 
analysis,  it  is  advisable  to  assume  the  operators  which  are  actually  used 
to  be  of  possibly  simple  forms. 


The  application  of  the  Laplace  transformation  to  the  relations  (3.1) 
and  (3*2)  results  in  the  algebraic  relations 


-  “ijfeisij 


(3.3) 


and 


Eij 


(3.4) 


where  and  9^  are  the  Laplace  transforms  of  6.^  and  o\j  ,  respectively 
while  and  C-ij  ( a)  are  rational  f*mctlons  of  the  trans f ormat ion  para¬ 

meter  5.  The  equations  of  equilibrium,  the  relations  between  the  components 
of  strain  and  the  displacement,  and  the  compatibility  equations,  in  terms  of 
the  Laplace  transforms  <3*^  ,  Z^  ,  C4  are  the  same  as  in  the  case  of  an  elastic 
material.  Therefore,  the  solutions  for  Cfy  ,  £ij  ,  and  are  of  the  same  type 
as  the  solutions  for  <Tq  ,  tjj  ,  and  Uj  for  an  elastic  material. 


Considering  the  problem  of  an  infinite  cylinder  in  axially  symmetrical 
state  of  stress,  the  general  solution  for  the  transformed  radial  displace¬ 
ment  ur will  be  of  the  form  of  Eq.  (1..5),  with 


k  -  /c«(s)/£lt  (*> 


(5.5) 


In  a  similar  way,  the  transform  of  the  stress  function  of  this  problem  is  of 
the  form  of  Eq.  (1.14)  with  k  according  to  Eq,  (3.5)  and  the  components  of 
stress 

<Tr  •  C,r~k  1  +  (3*6) 

5-e  -  -C,Ur-k''  Ctkrk-'  (3.7) 

The  constants  A|»  A2  or  C,,  Ca  are  to  be  determined  from  the  boundary  condi¬ 
tions  written  also  in  the  transformed  version.  The  inversions  of  the  expres¬ 
sions  for  ur  as  well  as  of  (3 «6)  and  (3*7)  become  much  more  conqplicated  than 
in  the  similar  problems  of  viscoelastic  isotropic  media.  It  was  possible, 
however,  to  obtain  approximate  inversions  by  certain  series  expansions  [5], 

In  some  types  of  viscoelastic  anisotropic  materials  the  expressions  c„(s) 
and  E22(s)  are  such  that 

k  -/c2i(<5Vc„(5>  ■  constant, 


and  the  inversions  can  be  obtained  in  an  elementary  way. 

In  the  case  of  elastically  reinforced  viscoelastic  materials  a  specific 
problem  of  the  interaction  between  the  material  and  the  reinforcing  arises. 
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ABSTRACT 

A  brief  review  Is  presented  of  the  Implications  on  stress  analysis  of 
anisotropy  in  elastic  and  viscoelastic  materials.  A  general  solution  for 
axlsymmetrlcally  loaded  elastic  cylinders  Is  given  along  with  quantitative 
results  for  a  pressurized  cylinder  comprised  of  a  hexagonal  material. 

INTRODUCTION 

t 

The  stress  analysis  of  case-bonded  cylindrical  grains  on  the  basis  of 
Isotropic  linear  elasticity  and  viscoelasticity  has  received  considerable 
attention  to  date.  An  extensive  body  of  information  of  this  type  haa  been 
reported  by  Williams,  Blat.z  and  Schapery  [  1  ]  .  It  is  well  known,  however, 
that  filled  propellants  evince  substantially  different  mechanical  behavior 
In  the  presence  of  tensile  stress  fields  than  is  found  In  compressive  stress 
fields,  as  a  result  of  the  presence  of  voids  and  the  pullavay  effect  of  the 
binder  from  the  filler  particles.  Accordingly,  a  type  of  stress- induced 
anisotropy  is  developed  in  the  propellant,  necessitating  consideration  of 
anisotropic  constitutive  equations.  The  general  problem  involves  the  solu¬ 
tion  of  boundary  value  problems  for  each  sub-domain  of  the  body,  defined  by 
a  particular  state  of  stress,  and  the  subsequent  piecing- together  of  solu¬ 
tions  at  common  interfaces.  In  each  instance  the  solution  required  will  be 
that  appropriate  to  an  anisotropic  body.  This  paper  is  intended  to  review 
briefly  the  analysis  of  a  class  of  problems  associated  with  anisotropic 
cylinders.  A  more  complete  discussion  of  elastic  and  viscoelastic  problems 
will  be  presented  in  a  forthcoming  report.  The  authors  have  diawn  heavily 
from  Lekhnitskli  [2]  ,  who  in  addition  to  his  own  contributions,  has 
summarized  previous  work  in  the  field. 

In  view  of  the  inherent  viscoelastic  behavior  of  propellants,  attention 
is  drawn  to  the  correspondence  principle,  first  proposed  by  Alfrey  for 
* 

These  results  were  obtained  during  tbe  course  of  research  supported  by 
Aerojet-General  Corporation,  Sacramento,  California. 


isotropic  bodies  ["3J  and  later  extended  by  Mot  for  anisotropic  bodies  £4]. 
Due  to  complexities  arising  in  the  use  of  the  anisotropic  correspondence 
principle,  this  method  of  solution  is  relegated  to  a  minor  role.  Finally, 
as  an  example  of  the  quantitative  significance  of  anisotropy,  curves  of 
maximum  tangential  stress  are  presented  for  a  pressurised  thick -vailed 
cylinder  whose  elastic  properties  are  those  of  a  hexagonal  material. 


SUMMARY  OF  THE  FUHDAMHITAL  EQPATIOltS 
‘  AND  A  METBDD  OF  SOlSrlOR 


Since  many  propellant  configurations  involve  cylindrical  geometries, 
the  fundamental  elastic  field  equations  vill  be  summarised  in  cylindrical 
coordinates.  The  equilibrium  and  compatibility  equations,  strain- displace¬ 
ment  relations,  and  stress-strain  lavs  are  respectively: 
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Hie  symmetric  C^j  matrix  defines  the  elastic  moduli  of  the  material.  There 
exist  21  independent  coefficients  for  general  anisotropy.  It  is  sometimes 
convenient  to  work  with  a  strain-stress  law  obtained  hy  inverting  E q.  (4) : 


(£)  =  (s.j)H  (5) 

In  Eq.  (5)  the  Sij  are  called  the  elastic  compliances  of  the  material  and 
are  related  to  the  ty  a  matrix  inverse 


P'^lv  55 


(6) 


(su) =  (C'j] 

Restricting  ours e Ires  in  the  sequel  to  problems  of  plane  strain,  the 
previous  system  of  equations  nay  be  reduced  to  two  equations  Involving  two 
dependent  variables  f  Cr,  0) ,  ^  Crj  ®)  »  which  are  stress  functions  identi¬ 
cally  satisfying  the  equilibria  equations  and  defined  by: 

-  J.  at  _  »f 
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In  Eq.  (7)  0  i®  •  body  force  potential  defined  by 
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Upon  substituting  Eq.  (5)  into  the  two  non-vanishing  compatibility 
equations  using  relations  (7)  and  (8),  a  system  of  coupled  differential 
equations  in  F  and  Nf  is  obtained: 

L,F  ♦  *l[CVS»W-V]^t2. *2[%tA*(VSSn)B]S^ 

"  ( p,x+  Pa)|^  +  (pit+p»)r|?0_  (pi.*p»)j*le*  (10) 


I  ^ 


ijr  +  *«.¥•»  [-S3sA+2Sj*B]cose +[25MAtS3Js]s/ne 

4s«-^  +  (p,w*)(t^--p) 

In  Eqs.  (10)  and  (ll),  L^.  ...L^  are  linear  differential  operators,  A,  B, 
and  C  are  constants  associated  with  ,  ^ij  are  composite  elastic 
constants  defined  by  p,j  *  S,^  -  and  Cp  denotes  the 


hi-'  ';■(> 


relative  angle  of  twist  of  the  cylinder.  Explicit  forms  of  the  differential 
operators  may  be  found  in  1 2  J  .  Special  forms  of  these  operators  vill  be 
given  as  they  arise  in  the  discussion  of  specific  cylinder  problems. 

The  stress  boundary  conditions  on  a  cylindrical  surface  are: 

0^  cod(n,r)  +  costae)  * 

Zrt  *«» (ftr)  «■  <*8  “>*(",«)  =  (12) 

C0*(*N,r)  r  X.i  COS  6)  =0 

where  n  is  the  exterior  normal.  The  boundary  conditions  on  the  ends  of  a 
cylinder  are: 
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where  '*1  ,  are  dumay  variables,  S,  1^,  1 2  are  cross-sectional  area  and 
moments  of  inertia,  and  P^,  M^,  Mg,  T  are  the  extensional  force  and  bending 
and  twisting  momenta,  respectively. 

AXISTDMmiCALLT  LOADED  THICK-WALLED  CYLINDER 


(13a) 

(13b) 

(13c) 

(13d) 


In  the  instance  a  thick-walled  cylinder  is  loaded  ax i symmetrically,  the 
stress  functions  F  and  are  dependent  on  r  only.  In  the  absence  of 
body  forces  the  governing  system  of  equations  (10)  and  (ll)  reduces  to: 
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The  boundary  conditions  are: 


on  r  *  a  (inner  radius)  , 

<Tr  =  -  P 

.  (16) 

r  ■  b  (outer  radius)  , 

and  at  the  ends 
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The  general  solutions  of  ftp.  (lb)  and  (15)  are: 
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where  CQ. ...C^  are  constants  of  integration  and  k,  g^,  g^,  g  t 

/*v  «* 

defined  as: 
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Tran  boundary  conditions  and  the  condition  of  single-valued  displace¬ 
ments,  the  constants  of  Integration  can  be  evaluated. 

Knowing  F  and  'Y  ,  the  stresses  may  be  obtained  from  Eqs.  (7)  and 
(8).  These  expressions  will  be  deferred  until  the  discussion  of  a  specific 
example.  The  appearance  of  the  independent  variable  r  raised  to  non- 
integral  povers  containing  the  elastic  coefficients  is  noteworthy*, 


*This  observation  was  also  noted  in  [l]  ,  p.  206. 


particularly  with  reference  to  the  dependence  of  the  stress  distribution  on 
the  elastic  coefficients.  This,  of  course,  has  additional  implications  vith 
respect  to  the  solution  of  anisotropic  viscoelasticity  problems. 

CORRESFOEDHtCE  PRIRCIPLg  FOR  AWISOTOOPIC  VT SCO  ELASTICITY 


In  linear  isotropic  viscoelasticity  a  useful  analogy  exists  for  the 
solution  of  boundary  value  problems.  The  correspondence  principle  has  been 
repeatedly  used  for  many  Isotropic  problems.  Fo Hearing  this  principle  an 
associated  elastic  problem  vith  the  proper  boundary  conditions  In  Iaplace  or 
Fourier  transform  space  Is  Inverted  to  obtain  the  viscoelastic  response.  This 
principle  can  be  formally  extended  for  anisotropic  solids  by  replacing  the 
elastic  constitutive  equations  (h)  by  viscoelastic  constitutive  equations 


-  Q?e 


m 


(summation  on 
repeated  Indices) 


(21) 


where  Is  an  operational  tensor.  apecial  forms  of  this  tensor  appear 

in  [k]  2nd  [5]. 

The  Iaplace  Transform  of  Bq.  (21)  along  vith  similar  transforms  of  the 
equilibrium  and  compatibility  equations,  strain-displacement  relations  and 
boundary  conditions  are  necessary  to  complete  the  formal  analogy. 

Although  this  extension  of  the  correspondence  principle  is  straight 
forward,  a  cursory  examination  of  a  typical  associated  anisotropic  elastic 
problem  to  be  inverted  reveals  the  difficulties  involved.  Recall  from  the 
solution  of  the  cylinder  problem  in  the  previous  section  that  the  independ¬ 
ent  variable  r  appears  raised  to  a  fractional  power  containing  elastic 
coefficients.  Thus,  the  transforms  of  the  viscoelastic  operators  appearing 
in  the  associated  elastic  problem  will  have  the  same  form.  A  formidable 
task  exists  in  reducing  the  associated  elastic  problem  in  general  terms  to  a 
form  which  is  readily  intertable.  Perhaps,  for  a  specific  problem,  when 
numerical  values  of  coefficients  are  inserted,  it  would  be  possible  to 
simplify  and  Invert  with  a  reasonable  amount  of  difficulty. 

An  alternative  method  of  solution  is  to  begin  with  the  viscoelastic 
field  equations  and  formulate  a  governing  system  of  equations  in  both  space 
end  time.  This  system  of  partial  differential  equations  may  then  by  solved 
by  any  suitable  means.  The  invertlgatlon  of  an  orthotropic  cylinder  using 
a  separation  of  variables  technique  has  met  with  seme  success.  Results  of 
this  study  will  be  forthcoming. 
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EXAMPLE  OF  A  THICK-WALLED  CYLIHDER  OF  HEXAGOKAL  MATERIAL 


Stress  analysis  of  a  thick-walled  cylinder  with  hexagonal  material 
properties  was  conducted  to  assess  the  effect  of  this  particular  kind  of 
anisotropy  which  is  characteristic  of  stress-induced  anisotropy  for  a 
pressurized  propellant  cylinder  In  plane  strain.  The  term  hexagonal  refers 
to  a  special  form  of  orthotropy  in  which  two  of  the  three  elastic  compliances, 
Sll'  S22  4114  S33'  eorresPondlnS  w***1-#  tangential,  and  axial  directions, 
are  identical.  With  this  font  of  elastic  symmetry,  it  is  possible  to  reduce 
the  rnrnber  of  Independent  elastic  compliances  from  nine  (for  orthotropy)  to 
five,  viz. :  Sn,  S^,  S^,  S^,  S^.  The  parameters  are  associated 

with  cross-effects  while  Is  a  shear  compliance. 

The  values  of  the  parameters  adopted  for  the  study  are: 

c  _  c  _  •  C-J  c  1 

"  "  54oi  311  '  300  )  ***  ,080 


0.278 


(22) 


The  parameter  k^  will  be  varied  to  obtain  a  family  of  curves.  This  parameter 
is  essentially  a  measure  of  the  cross-effect  between  the  r  and  9  or  the  z 
and  9  directions.  Kb  value  was  assigned  to  since  It  does  not  appear 

in  the  expressions  for  the  stresses.  For  an  Internally  and  externally 
pressurized  cylinder,  whose  boundary  conditio**  are  given  by  Eq.  (l6),  the 
expressions  for  the  stresses  0~r  and  0^  are: 


rr  /  \  /-  -I-*  .  C  r"**®6 

*  C,  r  +  '■'A  r 

(23) 

=  k  [-C,r-'-k  +  ct^*,tle] 
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A  plot  of  0^(fl»)  versus  b/a,  the  radii  ratio,  for  Internal  pressure 
is  shown  In  Figure  1.  The  close  proximity  of  the  family  of  curves  with  k^  as 
a  parsmeter  discloses  that  the  cross-effect  has  a  negligible  influence  on  the 
maxima  stress  for  a  particular  value  of  k^  .  Thus,  It  Is  seen  that  the 
major  factor  In  the  difference  between  the  Maximal  stress  In  the  Isotropic 
and  hexagonal  cases  Is  the  parsaetei  k^  ,  the  ratio  of  the  radial  and 
tangential  ccopllances.  For  solid  propellants,  which  exhibit  stress- Induced 
orthotrqpy,  k  ^  is  less  than  unity.  Consequently,  the  Maximal  stress  lies 
below  that  for  an  isotropic  cylinder  for  all  values  of  b/a.  The  upper 
curve  in  the  figure,  corresponding  to  k^  •  1.80  and  kg  -  k^  *  18  in“ 

eluded  to  show  the  effect  of  Interchanging  the  values  of  radial  and  tangen¬ 
tial  compliance. 
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ON  VISCOELASTIC  SOLID3  WITH  NOTCHES 
by 
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ABSTRACT 


This  paper  represents  a  study  of  a  linear  viscoelastic  solid  molded 
into  a  body  containing  hyperbolic  notches  subjected  to  several  types  of 
applied  stresses.  The  solid  contains  either  shallow  or  deep  notches.  A 
viscoelastic  cylinder  whose  inside  surface  is  irregular  and  subjected  to 
internal  pressure  is  treated  as  a  special  case. 

The  stress  and  strain  fields  are  determined  by  employing  the  elas¬ 
tic  theory  of  Neuber  (l)  and  the  correspondence  principle.  Important 
parameters  include  notch  depth,  root  radius,  and  other  dimensions  of  the 
solid  as  well  as  viscoelastic  material  constants.  The  effect  of  grain 
slzo  in  limiting  the  macroscopic  stress  concentration  is  also  considered. 
The  determination  of  both  stress  and  strain  distribution  on  critical 
sections  enables  computation  of  fracture  initiation  as  predicted  by 
various  criteria  of  failure. 

REVIEW  OF  LINEAR  VT?OOEIASTIC  ANALYSIS 

In  the  classical  work  of  Neuber  the  stresses  resulting  from  the 
presence  of  hyperbolic  notches  in  elastic  bodies  are  determined  for 
various  loading  conditions.  Among  the  special  cases  treated  by  Neuber 
three  have  been  selected  to  exhibit  the  stress-strain  behavior  in  a  lin¬ 
ear  viscoelastic  solid  tinder  a  simple  step  load  input.  These  cases  are, 
(A)  tension  of  a  deeply  notched  bar,  (B)  tension  of  a  bar  with  shallow 
notches,  and  (C)  combined  bending  and  tension  of  a  bar  with  a  deep  notch 
on  one  side  only.  (See  Figure  1).  The  latter  case  is  then  used  as  an 
approximation  to  the  "star"  propellant  geometry. 

Since  only  boundary  forces  are  prescribed  the  elastic  stresses  are 
applicable  for  a  linear  viscoelastic  body.  Thus,  the  strains  can  be 
found  as  a  function  of  time  by  using  the  correspondence  principle  pro¬ 
vided  the  viscoelastic  material  operators  are  known.  Once  the  stresses 
and  strains  are  known  various  theories  of  failure  and  fracture  may  be 
considered. 

The  stress-strain  behavior  of  a  linear  viscoelastic  solid  will  be 
represented  as 


L$ij 


(i) 
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where 

L * am  4  <2> 

Assuming  an  incompressible  material  the  strain  tensor  and  strain 
deviator  are  the  same,  or 

(3) 

Prom  Equations  (l)  and  (3), 

L  Si,  =  Qtq  (4) 

In  using  the  Neuber  solutions  for  stresses  the  stress  deviator  Sj. 
is  quickly  found  and  the  strain  response  determined  from  Equation  (4) 
by  various  methods  (2)  depending  on  the  material  representation.  For 
the  purposes  of  simplification  the  three  element  model  of  Figure  1  will 
be  used  as  well  as  the  step  load  pattern 

LoaJi  a  O  t  ^*0 

toad  s*  C*ntr*utr  “t  ^ 


SPECIAL  CASES 

Case  1:  'Pension  of  a  Viscoelastic  Bar  with  Deep  Notches.  In  Figure 
1  (a)  the  dimensions  of  no£ch  radius,  bar  width  and  thickness  are  shown. 
For  the  elastic  case  the  curvilinear  stress  components  are 

•»  ’ (I'rZ;.'.*:)*  Mh u «*’'  (co*v-colV-)- (6) 

By  subtracting  the  hydrostatic  component  from  the  normal  stress 
components  the  stress  deviator  components  are  found  to  be 


5„  *  ft  twvve  —  _  cash  u  cosv  f  f.  ±  Co«  *4  “  Cos  ^  ^ 
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S'JLimz - smhu  Sinv  (coxv0  -  c**V)*.  S,. 
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Using  the  stress  deviator,  eqs.  (4)  and  (5),  and  the  model  in 
Figure  1(d)  the  strain  components  are 


r,t  j  *  en-s  -t,)*  ^*J 


(7) 


The  material  constants  which  appear  in  Equation  (7)  are  defined  for  the 
three  element  model  in  Figure  1  (d).  The  variation  of  the  strains  with 
time  across  the  narrowest  section  is  shown  in  Figure  2  (a)  where  values 
for  the  material  constants  have  been  assumed.  If  the  criterion  of  fail¬ 
ure  is  maximum  strain,  the  time  for  £ ,,  to  reach  a  critical  value  at 
the  root  of  the  notch  can  be  predicted.  On  the  other  hand,  if  maximum 
strain  energy  is  the  criterion,  this  energy  can  easily  be  determined  at 
each  material  point  according  to  the  equation 


(8) 


For  Incompressible  materials  the  strain  energy  and  distortion  strain 
energy  are  alike.  Other  criterion,  such  as  maximum  shear  strain,  etc. 
can  be  found  from  Equations  (5)  and  (7). 

The  effect  of  the  notch  curvature  a  can  be  found  for  both 
stresses  and  strains  by  noting  that  tan rv0  ■  a/p  .  In  Figures  2  (a)  and 
(b)  a/p  is  5  and  30,  respectively. 


Case  2.  Tension  of  a  Viscoelastic  Bar  with  Shallow  Notches.  Again, 
using  the  stress  solutions  the  strain  field  is  determined  in  the  same 
manner  as  in  Case  1.  The  resultant  strains  are  shown  along  the  section 
through  the  notch  normal  to  the  tensile  load.  In  Figures  2  (b)  and  (c) 
the  notch  curvature  a/p  is  5  and  30,  respectively. 


Case  3«  Combined  Bending  and  Tension  of  a  Viscoelastic  Bar  with  a 
Deep  Notch  on  One  Side,  in  figure  1  (c)  a  bar  is  subjected  to  a  tensile 
load  £  and  bending  moment  M.  The  stress  distribution  across  the  critical 
narrow  section  is 


(T  -  00  V  (XY  —  Co*  x  Ax  f-4*-  CoS  Zy-Co3Mp)j/a2v 

11  h%  '  “  JpE  '  ^  h*-  / 

x  a  A,  c oiv  (c«*V-C®rV0)  4  siaZv  (coslV*  "  Cos2v\ 

xxTfi  *  1 

(9) 


The  values  of  A-^  and  Ag  are  dependent,  on  the  loading  P  and  M  as  well  as 
the  bar  geometry,  namely,  the  curvature  ratio  a/p  .  For  the  case  a/p  -  5, 
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(10) 


4-  .0*0  <J^ 
+  , OS 1 <7$ 


are  defined  as  the  elementary  elastic  stresses  of 
bending,  or 


(11) 

Now  consider  an  unsupported  disk  with  periodic  hyperbolic  notches 
under  internal  radial  stress,  or  pressure  p,  Figure  3(a).  If  the  number 
of  notches  Is  n,  then  a  representative  segment  of  angle  2  TT  /n  may  be 
used  for  analysis.  As  shown  in  figure  3(b)  the  moment  and  axial  force 
for  this  segment  are 

p  *  p  d  cos  WM 

Cos 

It  is  Interesting  to  note  the  effect  of  the  number  of  notch  points 
for  a  particular  geometry  on  the  maximum  stress  at  the  notch  root. 

Suppose  the  dimensions  are  related  as 

Xo"  <  5  - Co®  lVfc}  (13) 

where  xQ  Is  approximated  as 

x.=  R. -1^.+ 

Combining  equations  (9)  through  (13), 


p[71P-75«o-<|  (14 

The  bracketed  term  in  Equation  (14)  is  shown  in  Figure  3(c)  showing  the 
reduction  in  root  stress  with  increase  in  notches.  There  is  little  im¬ 
provement  in  this  stress-relief  beyond  eight  notches..  The  applicability 
of  Equation  (l4)  depends  on  the  approximation  of  the  outer  boundary  of 
the  disk  as  a  straight  line.  The  more  notches  the  greater  the  accuracy 
in  Figure  3(c)*  Hie  stress  distribution  of  $7,  across  the  web  for  the 
case  n  **  4  is  shown  in  Figure  3  (d).  The  stress  component  Oix  is 
negligible  compared  to  G7»  while  (Jgg  is  zero.  From  these  stress  com¬ 
ponents  the  strain  components  and  their  variation  with  time  can  be 
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where  0^  and  <Tg 
simple  tension  and 
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predicted  in  the  same  manner  as  Case  1  and  Case  2. 

The  effect  of  the  curvature  ratio  a/p  on  maximum  stress  at  the 
notch  root  can  be  determined  for  the  preceeding  values  in  Equation  (13) 
and  a  reevaluation  of  and  Ag.  This  dependency  on  a/p  is  plotted 

in  Figure  3  (e).  As  the  radius  of  curvature  f  approaches  the  average 
grain  size  D  the  stress  will  not  increase  at  the  root.  According  to 
Neuber’s  analysis  for  the  elastic  case  an  effective  radius  of  curvature 
D/2  limits  the  stress  magnitude.  Suppose  that  a/C  (.effective)  is  40. 
Then  the  curve  in  Figure  3  (e)  terminates  at  a/p  ■  ho  as  indicated  by 
the  dashed  line. 


(1)  Neuber,  H.,  DTCieory  of  Notch  Stresses,  Edvards  Bros.,  1946. 

(2)  Williams,  M.  L. ,  Fundamental  Studies  Relating  to  Systems  Analysis 
of  Solid  Propellants,  Galcit  Report  SM  61-5,  February,  1961. 
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FIGURE  1.  NOTCH  GEOMETRY  AND  MODEL 
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FIGURE  2.  STRAIN  DISTRIBUTION  IN  NOTCH  SECTIONS 
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END  EFFECTS  DUE  TO  SHRINKAGE  IN  SOLID  PROPELLANT  GRAINS1 
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ABSTRACT 

A  theoretical  study  of  the  end  effect  in  case-bonded  hollow  circular 
propellant  grains  of  finite  length  has  been  made  for  shrinkage  loading  due  to 
curing  and  thermal  shrinkage.  The  effects  of  radius  ratio,  length-to- 
diameter  ratio,  and  Poisson' s  ratio  on  the  stresses  and  displacements  of 
the  inside  surface  at  the  middle  of  the  propellant  grain  are  presented.  It 
was  concluded  that  estimations  of  stresses,  strains,  and  th^  thermal  expan¬ 
sion  coefficients  based  on  a  plane  strain  analysis  may  be  much  in  error  due 
to  the  neglect  of  end  effects. 


INTRODUCTION 

The  current  interest  in  profile  measurements  of  propellant  grains  and 
in  the  use  of  case-bonded  hollow  circular  propellant  grains  to  evaluate  the 
strain  capability  of  propellants  makes  the  prediction  of  actual  stress  and 
strain  states  and  profiles  of  these  configurations  desirable.  A  method  of 
numerical  solution  for  the  stresses,  strains,  and  displacements  in  such 
cylinders  has  been  devised.  A  hollow  circular  cylinder  of  finite  length  with 
flat  ends  was  considered  (  Fig.  1)  which  was  loaded  by  uniform  linear 
shrinkage2  of  the  cylinder  material  and  which  was  bonded  to  a  rigid  case  on 
the  outer  periphery  and  unloaded  on  the  other  surfaces.  ,*  The  assumptions 
of  linearity,  elastic  response,  homogenity,  and  isotropy  were  made. 

Details  of  the  analysis  for  pressure,  shrinkage,  and  acceleration  loads  will 
be  presented  in  a  forthcoming  report  (1)  .  Only  the  results  of  the  analysis 
pertaining  to  shrinkage  loading  are  presented  here. 

For  the  shrinkage  loading,  the  strains  ard  displacements  in  the 
cylinder  were  found  to  be  directly  proportional  to  the  linear  shrinkage, 

-  6  ,  and  to  be  non-linear  functions  of  the  outer-to-inner  radius  ratio  K, 
length-to-diameter  ratio  A.,  and  Poisson' s  ratio  v.  The  ratio  of  each  stress 
to  the  elastic  modulus  was  found  to  be  similarly  dependent  on  the  same 
parameters.  Thus,  the  strain*  and  displacements  depend  on  only  two  mate¬ 
rial  parameters,  the  amount  of  shrinkage  and  Poisson' s  ratio.  The 
stresses  depend  on  the  elastic  modulus  as  well. 


*ThiB  work  was  sponsored  by  the  Army  Ordnance  Corps  under  Contract 
No.  DA-01-021-ORD-12024. 

2In  keeping  with  usual  conventions,  the  shrinkage  is  expressed  in  terms 
of  an  expansion  factor  for  which  negative  values  indicate  shrinkage.  The 
linear  expansion  factor  includes  length  changes  due  to  both  cure  and  thermal 
expansion.  For  thermal  effects  alone  the  expansion  is  simply  the  product 
of  the  linear  coefficient  of  thermal  expansion  and  the  temperature  change. 
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It  was  determined  that  the  numerical  solution  for  an  elastic  solid 
corresponds  to  the  solution  for  a  viscoelastic  solid  for  long  times  if  the 
equilibrium  values  of  the  relaxation  modulus  and  Poisson' s  ratio  are  used 
in  the  elastic  solution.  Thus,  the  solution  should  correspond  to  equilibrium 
conditions  in  the  propellant  grain  and  should  predict  the  profile  of  propellant 
grains  when  the  actual  profile  has  reached  an  equilibrium  position. 

RESULTS 


Fig.  2  shows  the  theroretical  radial  displacement  of  the  inner  radius 
for  a  grain  32  in.  in  length  having  an  outer  radius  of  3  in.  and  an  inner 
radius  of  1  in.  for  four  sets  of  Poisson' s  ratio  and  linear  expansion  factor. 
Superposed  are  measured  displacements  due  to  thermal  and  cure  shrinkage 
from  a  motor  one  inch  longer,  a  6C2-33  static  test  motor  ( a  =  1,  b  =  3,  i  =  33) 
made  with  112L  plastisol  propellant.  The  profile  had  reached  an  equilibrium 
position.  Neff  Her  of  the  properties  v  or  6  is  known  accurately  for  this  pro* 
pellant.  The  computed  displacements  are  directly  proportional  to  6,  and 
therefore  for  a  given  v  it  was  possible  to  select  a  value  of  6  which  would  fit 
the  experimental  data  in  the  middle  of  the  motor. 


Accordingly  displacement  curves  for  v  r  0.49  and  v  :  0.  50  were  fitted 
to  the  actual  displacements  at  the  middle  of  the  motor  to  predict  values  of  6 
of  *0.0050  and  *0.0043  respectively.  (For  this  motor  the  deflection  at  the 
center  for  v  :  0. 5  Is  98.  5%  of  the  plane  strain  solution.  ) 

It  can  be  seen  that  any  value  of  Poisson' s  ratio  from  0.  50  to  0. 49  ( and 
perhaps  lower)  when  combined  with  a  suitable  value  of  6  will  give  a  reason¬ 
able  fit  for  the  experimental  data.  This  obviously  suggests  a  method  of 
determining  Poisson*  s  ratio  if  the  unconstrained  value  of  the  shrinkage  is 
known.  The  converse,  however,  would  not  apply  since  small  errors  in  the 
value  of  Poisson' s  ratio  would  lead  to  large  errors  in  the  shrinkage.  This 
demonstrates  the  dependence  of  the  apparent  shrinkage  when  the  material 
is  in  a  stressed  state  on  the  dilatancy  (or  compressibility) . 


Figs.  3  to  7  demonstrate  the  effect  of  the  parameters  X  ,k,  and  v  on 
the  deviation  of  the  radial  displacement  at  the  middle  of  various  cylinders 
from  the  displacement  in  a  cylinder  of  infinite  length.  The  ratio  of  the 
radial  displacement  at  the  inside  radius  to  the  inside  radius,  u/a,  in  a 
cylinder  of  infinite  length  is  given  (  2)  by 


2  .  Al+JH  [  «*  -l]  . 

*  1  +  ( l-2v)  K* 


(1) 


From  Figs.  3  to  7  it  can  be  seen  that  the  end  effects  are  most  severe 
for  v  s  0.  5  and  decrease  rapidly  with  decreasing  v.  End  effects  become 
less  severe  with  decreasing  radius  ratio  K  ( decreasing  web  fraction)  . 
Most  pronounced  is  the  effect  of  cylinder  length-to-diameter  ratio  X  . 

Figs.  3  to  7  were  constructed  on  the  basis  of  computations  completed 
at  this  time.  Consequently,  the  data  in  some  areas  is  insufficient  so  that 
cross  plotting  was  used  to  produce  the  curves  with  the  data  at  hand.  The 
points  actually  calculated  are  shown  on  the  figures. 
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Figs.  8  and  9  show  the  normal  stresses  in  dimensionless  form  at  the 
inside  surface  in  the  center  of  the  cylinder  as  functions  ofXandX  for  Poisson's 
ratio  of  0.  5.  The  curves  approach  the  plane  strain  solution  asymptotically 
as  X  increases. 


CONCLUSIONS 

It  was  determined  that  within  the  range  of  allowable  strains  in  which 
the  analysis  is  valid,  say  10%  or  less,  the  end  effects,  expressed  in  dimen¬ 
sionless  form  are  functions  of  only  Poisson' s  ratio  v,  the  ratio  of  outer- 
to-inner  radius  X,  and  the  length-to-diameter  ratio  X.  All  three  parameters 
affect  the  nature  of  the  end  effects  significantly  in  their  ranges  of  interest. 

Only  a  few  profiles  are  presented  in  this  paper;  however,  comparison 
of  the  many  profiles  which  have  been  calculated  showed  that  the  apparent 
flatness  of  the  deflection  curve  in  the  center  section  of  the  cylinder  is  not  a 
reliable  indication  of  the  degree  of  approach  to  the  plane  strain  condition. 

In  actual  measurements  the  apparent  flatness  is  further  clouded  by  normal 
scatter  of  data. 

Consideration  of  these  factors  indicates  that  the  use  of  case-bonded 
propellant  cylinders  for  obtaining  values  of  the  thermal  coefficient  of  expan¬ 
sion  and  of  stress  and  strain  failure  a*  rupture  is  not  at  all  straightforward 
and  may  lead  to  large  errors  if  a  plane  strain  analysis  is  used.  For 
instance,  suppose  a  motor  with  K  *  6  and  X:  4  is  used  to  predict  the  thermal 
coefficient  of  expansion.  For  v  z  0.  50  the  deflection  expected  can  be  seen 
from  Fig.  3  to  be  only  65%  of  the  plane  strain  deflection.  If  the  prediction 
is  based  on  a  plane  strain  solution,  the  apparent  coefficient  of  thermal 
expansion  would  be  only  65%  of  the  true  coefficient  of  thermal  expansion.  If 
however,  v  is  known  to  be  0.49,  the  apparent  coefficient  of  thermal  expan¬ 
sion  would  be  only  84%  of  the  true  value.  But  if  v  is  actually  0.  49  for  the 
propellant  and  is  assumed  to  be  0.  50,  the  apparent  coefficient  of  thermal 
expansion  using  Eq.  1  would  be 

QAot  ( Plane  strain  displacement  for  v  r  0.49) 

'*  X  (Plane  strain  displacement  for  v  =  0.  50j 

or  48.  5%  of  the  true  value.  Errors  of  a  similar  type  could  occur  in  the 
prediction  of  stresses  and  axial  strains. 
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FIGURE  5. 

RADIAL  DISPLACEMENT  AT  INNER  RADIUS  IN  MIDDLE  CF  CYLINDER  CF  FINITE  LENGTH  AS  PERCENTAGE 
GF  RADIAL  DISPLACEMENT  IN  EQUIVALENT  CYLINDER  OF  INFINITE  LENGTH  v  =  0.  45  . 


loor  v  100 


Length-to-Diameter  Ratio, X  =  i/d  L>ength-to- Diameter  Ratio,  X  =  i/d 

FIGURE  6.  v  z  0.  40  FIGURE  7.  v  r  0.  35 

RADIAL  DISPLACEMENT  IN  MIDDLE  OF  CYLINDER  OF  FINITE  LENGTH  AS  PERCENTAGE  OF  RADIAL 
DISPLACEMENT  IN  EQUIVALENT  CYLINDER  OF  INFINITE  LENGTH. 
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Length-to-Diameter  Ratio,  \  =  I/d 

FIGURE  8. 

RATIO  OF  CIRCUMFERENTIAL  STRESS  AT  INNER  RADIUS  IN  MIDDLE  GF  CYLINDER  TO  PRODUCT 
OF  SHRINKAGE  AND  ELASTIC  MODULUS,  °q  ,  AS  A  FUNCTION  OF  A  AND  <  FOR  v  ;  0.  50  . 
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Length-to-Diameter  Ratio, X  =  i/d 

FIGURE  9. 

RATIO  CF  AXIAL  STRESS  AT  INNER  RADrJS  IN  MIDDIE  OF  CYLINDER  TO  PRODUCT 
CF  SHRINKAGE  AND  ELASTIC  MODULUS,  Q  z  ,  AS  A  FUNCTION  OF  X  AND  K  FOR 
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DEFORMATION  OP  CASE -BONDED  PROPELLANTS  UNDER  AXIAL  ACCELERATION 


by 

J.  H.  Thacher 

Allegany  Ballistics  Laboratory 
Rocket  Center,  West  Virginia 

ABSTRACT 

An  experimental  method  is  described  for  determining  deformations  of 
casebonded  propellant  charges  under  axial  accelerations  similar  to  those 
encountered  during  flight.  A  twelve -inch  diameter  cylindrical  steel  case 
containing  a  fifteen  inch  long  case-bonded  charge  with  a  six  inch  port 
was  accelerated  to  approximately  1*0  "g”  by  means  of  the  Allegany  Ballistics 
Laboratory  centrifuge.  Measurements  of  deformations  were  made  with  linear 
potentiometers.  Data  from  a  base-restricted  filled  propellant  (one  con¬ 
taining  metal  fuel  and  solid  oxidizer)  and  from  a  free-standing  unfilled 
propellant  approximating  the  binder  composition  of  the  filled  propellant 
are  presented.  The  results  of  these  wo  tests  cannot  be  directly  com¬ 
pared  to  determine  the  effect  of  filler. 

Experimental  data  are  compared  with  the  approximate  linear  visco¬ 
elastic  theory  of  Williams  and  Knauss  with  respect  to  radial,  axial,  and 
time  dependence  of  deformations.  Limitations  of  both  theory  and  experi¬ 
ment  are  discussed.  Good  agreement  is  obtained  except  at  the  bottom  of 
the  grain,  where  experimental  measurements  are  larger  than  theoretical 
prediction. 


INTRODUCTION 

Large  deformations  of  propellant  Induced  by  flight  accelerations  may 
be  harmful  to  the  ballistic  performance  of  a  rocket  motor.  Infinitesimal 
elastic  and  linear  viscoelastic  theories  have  been  applied  to  the  problem 
of  slump  in  finite  length,  hollow,  circular,  case-bonded  cylinders  by 
Williams  and  Knauss. (27  An  experiment  to  check  this  theory  was  conceived 
in  collaboration  with  personnel  from  California  Institute  of  Technology. 
After  a  brief  review  of  the  theory,  the  experimental  apparatus  is  described 
and  the  results  reported  and  compared  with  theory. 

THEORY 


An  approximate  solution  for  the  problem  of  slump  in  finite  length 
hollow  cylinders  was  obtained  by  the  method  of  restricted  variation  of 
potential  energy.  The  potential  energy  per  unit  volume  was  equated  to 
the  strain  energy  density  minus  the  work  done  by  the  applied  forces  per 
unit  volume.  The  strain  energy  was  initially  expressed  in  terms  of  the 
strain  invariants.  Product  type  functions  were  assumed  for  the  radial 
displacement  u  ■  Rl(r)  g(z),  and  the  axial  displacement  w  =  R2(r)  f(z). 
Using  these  product  type  functions  and  the  strain  displacement  relations 
for  an  axially  symmetric  body,  the  strain  energy  (and  consequently  the 
potential  energy)  was  expressed  in  terms  of  Rl,  R2>  f,  g ,  and  their 
derivatives.  By  performing  the  variation  of  the  potential  energy  with  re¬ 
spect  to  g  and  with  respect  to  f  and  equating  each  variation  equal  to  zero, 
and  then  combining  these  equations,  the  governing  fourth  order  differential 


equation  yields  a  fourth  order  algebraic  equation  for  the  eigen  values 
appearing  in  the  hyperbolic  functions  of  the  general  solution.  Substituting 
the  general  solution  in  the  variational  equation  gives  the  relationship  be¬ 
tween  the  arbitrary  constants  for  the  general  solutions  for  f  and  g. 

For  the  free  standing  grain,  the  requirement  that  the  work  on  the  end 
surfaces  was  zero  was  vised  as  a  boundary  condition  to  evaluate  the  remaining 
constants.  This  means  that  forces  are  calculated  on  the  free  surfaces,  but 
the  calculated  displacements  are  the  best  the  assumptions  will  allow.  For 
the  base  restricted  grain,  the  condition  is  used  that  the  displacement  at 
the  supported  end  is  zero. 

The  following  functions  are  assumed  for  Rp  and  R2 
r  b 

Rl  *  (E  -  r),  the  same  as  for  a  pressure  type  loading 

R2  ■  1  '  (§)?  +2  x2  In  |  ,  the  same  as  for  slump  in  an  infinitely 
long  cylinder,  where  r  »  radius  at  any  point  within  grain 
(inches) 

x  »  a/b 

a  =  inner  radius  of  grain  finches) 

b  *s  outer  radius  of  grain  (inches) 

Viscoelastic  Solution 


The  elastic  solution  for  radial  and  axial  deformations  is  the  product 
of  a  factor  depending  on  Poisson's  ratio  and  geometry  Q,  the  number  (n)  times 
the  acceleration  of  gravity  multiplied  by  the  density  ( p )  and  the  reciprocal 
of  the  shear  modulus  (G) 


w  ■ 


On  P 


For  a  ramp  type  loading  function  (see  Figure  3)  using  a  3-element 
model  (a  Maxwell  model  in  parallel  with  a  spring  as  in  Figure  3)  the  force 
(F0)  displacement  ( 0  )  relationship  is  for  t  %  to 


Where  E0,  Ep  a.ndTj_  are  model  constants  for  the  model  shown  in  Figure  3 
and  t  is  the  time,  t0  is  the  time  required  to  reach  maximum  force,  F0. 

In  the  viscoelastic  solution  i  is  replaced  by  the  three  con¬ 

verting  tensile  to  shear  modulus.  G  A  viscoelastic  solQtion  using  an  integral 
operator  to  represent  propellant  response  is  available, (2)  but  sufficient 
data  have  not  yet  been  obtained  to  use  it. 
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EXPERIMENTAL 


The  experimental  arrangement  is  presented  in  Figure  1.  Propellants 
were  cast  in  place  using  established  case-bond  systems.  Measurements 
were  made  using  linear  potentiometers  (Edcliffe  IO9079)  to  determine 
deformations.  Ten,  l/2"  x  l/2"  x  l/32"  brass  tabs  were  bonded  to  the 
propellant  grain  to  prevent  direct  contact  of  the  potentiometers  with 
propellent,  a  material  which  cannot  withstand  high  bearing  stress.  The 
linear  potentiometers  measuring  radial  deformations  were  equipped  with 
ball  point  pen  attachments  and  the  brass  tabs  were  covered  with  paper  to 
enable  axial  movement  of  the  grain  to  be  detected. 

Procedure 


The  test  assembly  (Figure  l)  was  conditioned  overnight  at  a  tempera¬ 
ture  approximating  the  estimated  temperature  during  the  centrifuge  test  in 
order  to  minimize  thermal  stress.  The  test  assembly  was  placed  on  the  ABL 
centrifuge  with  its  center  of  gravity  25  feet  from  the  center  of  rotation. 
Axial  acceleration  was  applied;  the  centrifuge  was  brought  to  the  maximum 
"g"  level  as  rapidly  as  possible  and  maintained  at  this  acceleration  for 
five  minutes  (several  relaxation  times  of  the  propellant).  From  a  typical 
acceleration  vs.  time  curve  (Figure  2)  for  the  free  standing  unfilled  pro¬ 
pellant  grain  it  is  seen  that  a  ramp  type  loading  is  a  good  approximation. 

Propellant  Properties 

Two  propellants  were  used  in  this  program.  One  was  a  double  base  pro¬ 
pellant  with  approximately  1:2  polymer  to  plasticizer  ratio.  The  other 
used  approximately  the  same  binder  matrix,  but  was  filled  with  metal  fuel 
(20  wt.£)  and  oxidizer  (20  wt.  #). 

Poisson’s  Ratio 

From  extrapolation  of  deformed  grid  measurements  of  propellant 
samples  to  small  strains,  it  is  known  that  the  correct  value  of  Poisson's 
ratio  to  use  in  infinitesimal  elasticity  is  approximately  0.5.  However, 
the  maximum  value  for  which  the  theory  is  assumed  to  be  valid  is  0 .46.  There 
fore  a  value  for  Poisson's  ratio  of  0.45  wac  used. 

No  quantitative  estimate  can  be  made  of  the  error  caused  by  the 
selection  of  Poisson's  ratio  =  0.46.  Qualitatively,  since  the  shear  re¬ 
sponse  is  more  important  than  the  bulk  response  of  the  propellant  in  this 
problem,  the  exact  value  chosen  for  Poisson's  ratio  is  not  expected  to  be 
critical. 

Shear  Modulus 


The  time -dependent  shear  modulus  is  assumed  to  be  l/3  the  time  de¬ 
pendent  tensile  modulus  bb  determined  from  tensile  creep  and  recovery  data. 
Sample  creep  and  recovery  data  for  the  unfilled  propellant  at  90°F*  are 
compared  with  the  3-element  model  data  in  Figure  3«  The  model  constants 
giving  the  best  fit  were  El  »  E0  =  223  psi.,  T\  =•  71  seconds.  Constant 
load  data  were  corrected  to  an  effective  value  of  stress  by  assuming  con¬ 
stancy  of  volume  of  material.  The  strain  was  then  related  to  the  initial 
r tress  by  multiplying  by  the  ratio  of  initial  and  actual  stresses.  The 


recovery  of  ohe  sample  Is  expressed  as  the  maximum  length  minus  the  actual 
length  at  a  later  time  divided  by  the  initial  length  of  the  sample  at  the 
beginning  of  the  creep  and  recovery  experiments. 

The  shear  modulus  of  the  filled  propellant  at  40°F.  is  1350  psi. 

Density 

Density  of  unfilled  propellant  O.O56  lb. /in. 3 
Density  of  filled  propellant  O.O65  lb. /in. 3 

Results  and  Discussions 


Unfilled  Free  Standing  Propellant  Grain  Centrifuged  to  28  "g"  at  90 °F. 

The  deformed  shape  of  the  grain  showing  maximum  deformations  at 
experimentally  recorded  points  together  with  the  theoretical  values  at 
these  same  points  is  shown  in  Figure  4. 


The  deformations  predicted  for  the  above  free  standing  grain  are 
intermediate  between  those  of  an  infinitely  long  grain  and  those  of  a 
1.25:1  length: diameter  ratio  calculated  by  Williams  and  Khauss.\2/  The 
observed  radial  deformations  agree  with  the  calculated  values  within  an 
order  of  magnitude.  The  limited  accuracy  of  linear  potentiometers  in 
this  range  of  displacements  prevents  a  more  exact  comparison  of  theory 
and  experiment. 


The  experimentally  measured  axial  deformations  at  the  top  of  the  grain 
are  in  very  good  agreement  with  the  theory;  the  axial  deformations  at  the 
bottom  of  the  grain,  however,  are  much  larger  than  the  theoretical  values. 
No  explanation  for  this  discrepancy  can  be  given  at  the  present  time,  but 


it  is 
models 


interesting 


to  note  that  Power  observed  the  same  effect  in  gelatin 


Time  Dependence 

Theoretical  and  experimental  time  dependence  of  the  displacements  is 
shown  in  Figure  5*  The  experimental  data  art  scattered  about  the  theoretical 
lines,  but  the  general  agreement  with  theory  should  be  noted.  Again  no  ex¬ 
planation  is  given  for  the  extremely  high  values  for  deformations  at  po¬ 
tentiometer  No.  9  (See  Figure  4.) 


Filled  Base  Restricted  Propellant  Grain  Centrifuged  to  40  "g"  at  4o°F. 


The  maximum  radial  deformation  in  a  base-restricted  propellant  grain 
is  given  by  Knauss  as  0.015  b£  pn g 

4  G 

-  2{2i5  (36)  (0.06?)  {hol_  .  2i6  x  10-U  iIiChes 


Observed  experimental  readings  were  too  small  to  measure  which  is 
consistent  with  the  theory. 


ASSUMPTIONS 


Theoretical  assumptions  are  those  involved  in  the  use  of  infinitesimal 
linear  viscoelastic  theory,  the  approximate  nature  of  energy  methods,  1 
to  3  dimensional  association,  ramp  type  discontinuity,  and  the  choice  of 
Poisson's  ratio. 

Experimental  errors  occur  in  the  conversion  of  constant  load  data  to 
constant  stress  data,  the  use  of  linear  potentiometers  for  small  measure¬ 
ments,  the  restraining  effect  of  the  tabs  on  the  propellant,  and  the  bearing 
pressure  of  the  potentiometer  on  the  grain.  Additional  experiments  showed 
these  last  two  effects  were  small. (**•) 

REMARKS 

Additional  tests  with  a  base-restricted  unfilled  propellant  charge  and 
with  a  free  standing  filled  propellant  charge  were  contemplated,  but  experi¬ 
mental  difficulties  prevented  their  completion.  When  such  tests  are  completed 
it  should  be  possible  to  estimate  the  slump  characteristics  in  actual  rocket 
motors  of  propellants  with  various  amounts  of  filler  showing  only  Poisson's 
ratio  and  uniaxial  creep  and  recovery  properties.  There  is  no  a  priori 
reason  why  filled  and  unfilled  propellants  should  have  different  types 
of  rheological  responses. 

The  agreement  between  theory  and  experiment  gives  added  confidence  in 
the  application  of  energy  methods  to  problems  of  this  type.  The  application 
of  energy  methods  to  more  complex  geometries  should  be  considered. 

CONCLUSIONS 

An  experimental  check  has  been  run  on  a  theoretical  analysis  of  a  finite 
length  case-bonded  propellant  charge  under  axial  acceleration  where  it  is 
possible  to  check  with  present  equipment.  Agreement  is  good  except  at  the 
bottom  of  the  propellant  where  deformations  are  much  larger  than  theoretical. 

A  base-restricted  filled  propellant  also  showed  results  consistent  with 
theory. 
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FIGURE  2.  AXIAL  ACCELERATION  OF  THE  TEST  ASSEMBLY  APPLIED  BY  THE  CENTRIFUGE  VS  TIME 
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FIGURE  3.  TENSILE  CREEP  UNFILLED  PROPELLANT  90°F. 
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FIGURE  4.  DEFORMED  GRAIN  SHAPE  (NOTE  SCALE) 
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ABSTRACT 


A  study  at  the  Jet  Propulsion  Laboratory  on  the  deflections  of  the 
inner  surface  of  an  internally-pressurized  tubular-port  propellant  grain, 
case -bonded  in  a  thin- walled  chamber,  is  discussed.  The  effects  of  the 
(b/a)2  ratio,  pressurization  rate,  and  pressure  level  are  under  investi¬ 
gation.  The  results  of  tests  to  date  are  presented  and  a  comparison  with 
a  theoretical  analysis  based  on  small  deformation  elastic  theory  is  made. 
The  test  apparatus  is  also  described. 

INTRODUCTION 

One  of  the  most  difficult  tasks  in  solid-propellant  motor  design  is 
that  of  determining  the  suitability  of  a  particular  propellant -motor  geome¬ 
try  combination  with  respect  to  anticipated  thermal  and  pressure  loadings. 
In  every  case,  extensive  experimental  verification  is  required  and,  more 
often  than  not,  modification  of  the  design  and  even  the  propellant  is  neces¬ 
sary  to  produce  a  workable  system. 

Attempts  have  been  made  to  correlate  the  behavior  of  a  propellant 
grain  under  various  loadings  with  uniaxial  test  data.  None  of  these 
attempts  have  been  particularly  successful.  Knowledge  is  very  lacking 
of  the  manner  in  which  strains  are  distributed  in  a  grain  configuration 
under  thermal  or  pressure  loading.  Equally  scanty  is  knowledge  of  the 
behavior  of  propellants  in  multiaxial  stress -sirain  fields. 

Increased  effort  is  being  expended  in  studying  multiaxial  problems, 
both  experimentally  and,  theoretically.  The  program  described  below  is 
itself  designed  to  study  the  mechanical  behavior  of  a  composite  solid  pro¬ 
pellant  in  situations  more  closely  akin  to  operational  environments.  The 
initial  part  of  the  program  has  been  a  study  of  the  effects  of  internal 


iThis  paper  presents  results  of  one  phase  of  research  carried  out 
at  the  Jet  Propulsion  Laboratory,  California  Institute  of  Technology,  under 
ARPA  Letter  Order  No.  107-60,  for  the  National  Aeronautics  and  Space 
Administration. 
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pressurization.  Subsequently  an  investigation  of  thermal  cycling  will  be 
made  in  an  effort  to  determine  thermal  loading  and  temperature  history 
effects  and  to  try  to  integrate  these  effects  up  to  and  including  operational 
pressurization. 


EXPERIMENTAL  PROCEDURE 


The  test  motor  (Fig.  1)  is  a  7075  -T6  aluminum  chamber  with  a 
wall  thickness  of  0.  040  in.  at  the  center  of  the  case  test  section.  The 
propellant  grain  is  trimmed  back  3.75  in.  from  each  end  so  that  the 
grain  lies  wholly  in  the  thin  portion  of  the  case.  The  ends  of  the  case 
are  tapered  and  threaded  to  accommodate  heavy  end  caps.  The  inside 
diameter  of  the  case  is  2.  646  in.,  and  the  web  thickness  is  adjusted  by 
the  use  of  mandrels  which  vary  from  1.000  to  0.265  in.  in  diameter  to 
give  (b/a)2  ratios  from  7  to  100. 

A  schematic  diagram  of  the  pressurization  system  is  given  in 
Fig.  2.  Nitrogen  at  a  constant  pressure  flows  through  an  orifice  into  an 
accumulator  whose  volume  can  be  adjusted.  The  nitrogen  pressure, 
orifice  diameter  and  free  volume  determine  the  rate  of  pressure  rise. 

The  accumulator  pressure  ia  amplified  by  a  differential  piston  intensifier. 
Mineral  oil.  is  used  downstream  of  the  intensifier  to  pressurize  the  test 
motor  at  a  rate  that  can  be  preset  from  5  psi/sec  to  50  psi/sec.  By 
adjusting  the  parameters,  it  is  possible  to  achieve  pressurization  rates 
that  are  linear  over  the  pressure  range  and  rate  range  of  interest,  to 
within  2%. 

The  pressure,  circumferential  strain,  and  axial  strain  of  the  out¬ 
side  of  the  case  at  its  longitudinal  center,  and  the  change  in  inside  radius 
of  the  grain  at  its  longitudinal  center  are  recorded  during  the  test.  The 
case  strains  are  measured  by  SR-4  strain  gages  and  the  pressure  is 
detected  by  the  Statham  pressure  gage  (Fig.  3).  The  change  in  inside 
radius  is  detected  by  a  probe  designed  at  JFL  specifically  for  this  test 
(Fig.  4).  The  probe  consists  of  a  pivoted  beam  with  a  steel  ball  on  one 
end  which  rests  against  the  propellant  inner  surface.  The  other  end  of 
the  beam  is  attached  to  the  movable  core  of  a  differential  transformer 
set  into  the  probe  base.  The  base  is  located  by  pins  in  the  end  cap  so 
that  the  movable  core  of  the  transformer  is  in  the  most  linear  region  for 
each  mandrel  size,  and,  in  addition,  the  beam  pivot  is  placed  so  that  the 
ball  end  of  the  beam  contacts  the  propellant  in  the  center  of  the  longi¬ 
tudinal  axis  of  the  test  chamber.  The  small  spring  holds  the  beam 
against  the  propellant  surface  with  a  force  at  the  ball  end  that  varies  in 
the  normal  case  from  2  to  4  grams. 

Excitation  of  the  transformer  is  done  with  a  Wiancko  system 
(Fig.  5).  The  sensitivity  of  this  system  is  such  that  it  is  possible  to 
detect  movements  of  as  little  as  0.  0002  in.  over  a  range  of  0.  020  in. 
and  yet  still  be  able  to  monitor  movements  up  to  0.250  in.  Calibration 
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of  the  probe  is  done  in  a  jig  (Fig.  6)  which  is  a  replica  of  the  end  and 
inside  geometry  of  the  test  chamber.  The  ball  is  positioned  by  a 
micrometer  depth  gage  in  a  slot  which  is  precisely  located  with  respect 
to  the  center  line  of  the  chamber. 

The  accuracy  figure  stated  above  is  true,  strictly  speaking,  in 
one  direction  only  as  the  probe  has  some  mechanical  hysterisis.  For 
this  reason  calibration  is  done  in  the  direction  of  increasing  radius  only. 
In  use,  the  ball  end  of  the  beam  is  held  off  the  propellant  surface  during 
assembly  of  the  case  and  upper  cap  by  a  thin  metal  tube  placed  in  the 
bore.  After  the  cap  is  in  place,  the  tube  is  withdrawn  and  the  end  of  the 
beam  is  let  down  on  the  propellant  surface.  This  method  seems  to  be  a 
satisfactory  method  of  dealing  with  the  hysteresis  problem. 

With  the  probe  in  place,  the  motor  is  placed  in  the  test  fixture 
(Fig.  3),  evacuated,  and  filled  with  mineral  oil.  At  this  point,  the  oper¬ 
ation  becomes  remote  and  the  test  is  made. 

DISCUSSION 


Tests  have  been  run  and  the  data  reduced  on  motors  of  (b/a)2 
ratio  of  7  to  25  at  a  single  rate  of  20  psi/sec.  The  results  of  these  tests 
are  shown  as  points  in  Fig.  7,  where  the  percentage  change  of  the  inner 
radius  is  plotted  against  (b/a)2.  Also  shown  in  point  form  is  the  change 
of  radius  that  would  result  if  the  inner  surface  deformed  in  a  geometric¬ 
ally  similar  manner  with  respect  to  the  case  deformations  and  with  no 
change  in  volume  of  the  propellant.  It  is  interesting  to  note  that  the 
agreement  is  quite  good. 

The  curves  in  Fig.  7  are  derived  from  small -deformation  elastic 
theory  for  plane  strain  of  an  internally  pressurized  case -bonded  propel¬ 
lant  grain  using  a  theoretical  model  (Ref.  1)  fairly  similar  to  the  experi¬ 
mental  configuration  used  in  these  tests.  Th*  difference  is  that  the 
theoretical  case  assumes  the  propellant  is  cast  completely  up  to  the  ends 
and  bonded  there,  while  the  test  motor  grain  is  trimmed  back  and  has  the 
full  bore  pressure  acting  on  it.  The  motor  is  made  long  to  minimize 
this  end  effect  within  the  midsection. 

In  the  theoretical  treatment,  both  the  case  and  the  propellant 
grain  are  considered  elastic.  Stresses  are  specified  which  match 
boundary  conditions,  and  then  the  strains  and  displacements  are  deter¬ 
mined  within  the  requirement  that  at  the  bonded  surfaces  the  stresses 
and  displacements  match  between  propellant  and  case.  This  development 
is  most  accurate  for  small  strains,  but  should  be  useful  in  indicating 
trends  for  large  strains.  Experimentally  and  theoretically  the  effects  of 
the  axial  strain  are  small,  so  that  a  considerable,  reduction  in  the  com¬ 
plexity  of  the  equations  can  be  made  with  the  assumption  of  plane 


strain.  The  plane -strain  hoop  stresses  and  strains  are  quite  close  to 
those  of  the  three-dimensional  model,  particularly  in  the  incompressible 
region  (Ref.  2). 

The  parameters  used  in  the  plane -strain  equation  in  Fig.  7  were 
E  8  103  psi  and  v  for  the  propellant  of  0.5000  and  0.4995.  The  actual 
modulus  of  this  propellant,  using  a  JANAF  uniaxial  tensile' test  at  the 
strain  rates  of  this  experiment,  is  of  the  order  of  600  psi;  however,  using 
a  larger  tensile  specimen  and  a  photographic  measurement  of  strains,  the 
modulus  tends  to  be  closer  to  103  psi.  In  any  event  the  effect  of  modulus 
on  inside  strain  should  be  small  -  below  E  *  103  psi  for  motors  with 
(b/a)2  <  25  and  v  •  0.  500  (Ref.  3).  The  effect  of  hydrostatic  pressure 
on  the  modulus  in  tension  was  not  considered,  but  it  would  probably 
cause  an  increase  (Ref.  4).  The  change  in  radius  with  pressure  in  these 
tests  is  linear  within  the  accuracy  of  the  measurements,  so  that  the  test 
results  were  normalized  to  a  common  pressure. 

Based  on  the  agreement  of  the  data  with  the  plane-strain  treat¬ 
ment,  the  theory  could  be  used  to  extrapolate  these  results  to  predict 
strains  at  higher  (b/a)2  ratios  (Fig.  8).  At  (b/a)2  >  50,  it  is  predicted 
that  strains  in  excess  of  20%  and  even  30%  are  to  be  obtained  during  some 
part  of  the  test.  Thus  it  is  to  be  expected  that  failures  will  occur  and  that 
the  inside-diameter  measuring  probe  will  detect  the  development  of  cracks. 
A  few  tests  have  been  run  at  (b/a)2  ratios  of  50,  75,  and  100.  Data  reduc¬ 
tion  is  not  yet  complete,  but  preliminary  results  indicate  that  the  hoop 
strains  are  falling  increasingly  below  the  theoretical  curve  as  the  (b/a)2 
ratio  increases.  However,  the  case  deformation  is  not  decreasing  rapidly 
enough  to  indicate  that  the  effective  modulus  of  the  propellant  is  increas¬ 
ing.  A  probable  explanation  for  this  is  that  the  end  effects  are  becoming 
important  and  that  compressive  axial  strain  near  the  inner  surface  is 
reducing  the  radial  movement  of  the  propellant  inner  surface  at  the  center. 

SUMMARY  AND  CONCLUSIONS 

• 

The  deflections  of  the  midpoint  of  the  inner  surface  of  a  tubular 
bore  case -bonded  propellant  grain  pressurized  at  a  constant  rate  of  20 
psi/sec  have  been  measured  over  a  range  of  (b/a)2  ratio  from  7  to  25. 

The  data  obtained  agree  very  well  with  the  equation  for  plane  strain  of  a 
case -bonded  grain  using  a  modulus  of  the  propellant  equal  to  103  psi  and 
assuming  that  v  of  the  propellant  8  0.  5000.  It  is  not  possible  to  state 
conclusively  here,  but  it  appears,  that  the  agreement  will  be  less  satis¬ 
factory  at  higher  (b/a)2  ratios. 
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FIGURE  1.  STRAIN-TEST  MOTOR  CASE  AND  MANDREIS 
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FIGURE  2.  STRAIN-TEST  MOT® -PRESSURIZATION  SYSTEM 


FIGURE  4. 
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RADIAL  DISPLACEMENTS 


FIGURE  3. 

DISPLACEMENT-MEASURING  SETUP 
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FIGURE  5.  INSTRUMENTATION  SYSTEM  FOR  PROBE 


FIGURE  6.  CALIBRATION  JIG  FOR  PROBE 
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COMPUTATION  OF  THE  THERMAL  HISTORY  OF  A 


SOLID  PROPELLANT  GRAIN  DURING  PROCESSING 


Frank  A.  Graf,  Jr. 
Process  Department 
Wasatch  Division 
Thiokol  Chemical  Corporation 


ABSTRACT 

A  two  dimensional  heat  conduction  problem,  with  associated  heat  generation 
for  a  large  Polybutadiene  Acrylic  Acid  (PBAA)  propellant  grain,  was  solved  in  the 
experimental  program  with  which  this  paper  deals.  The  equation  was  solved  for  a 
grain  with  a  star-shaped  cavity.  The  frequency  factor,  heat  of  reaction,  and  acti¬ 
vation  energy*  of  the  polymer  binder  system  was  evaluated  by  trial  and  error  on  the 
analog  computer.  The  resulting  values  are  influenced  by  the  zero  order  reaction 
assumption.  With  the  equation  solved,  various  processing  cycles  were  evaluated. 

INTRODUCTION 

This  paper  discusses  the  investigation  of  two  dimensional  heat  conduction 
with  associated  heat  generation  for  a  large  Polybutadiene  Acrylic  Acid  (PBAA) 
propellant  grain.  The  grain  was  cast  with  a  star-shaped  core.  Other  authors 
have  found  solutions  to  annular  or  solid  cylindrical  grain  configurations,  but  these 
solutions  were  one  dimensional  and  academic.  (See  Bibliography  1,  2,  3,  and  4) 

The  heat  generation  term  in  the  heat  transf  t  equation  was  assumed  to 
follow  the  Arrhenius  expression,  but  no  method  of  evaluating  the  activation  energy 
and  frequency  factor  was  described. 

Large  solid  PBAA  propellant  grains  have  exhibited  an  appreciable  exothermic 
heat  of  reaction  during  cure.  This  phenomenon  was  not  detected  with  smaller  masses 
due  to  heat  losses.  Laboratory  determinations  of  exothermic  heat  were  not  success¬ 
ful  due  to  the  slow  reaction  rate  of  the  PBAA  propellant  curing  system. 

The  temperature  distribution  encountered  in  a  large  PBAA  propellant  grain 
during  different  proctssing  cycles  was  investigated.  When  the  thermal  gradients 
during  the  curing  process  were  fully  calculable,  improved  processing  cycles  could 
be  evaluated. 


Papv  99 


An  analog  computer  was  used  to  simulate  the  curing  reaction,  since  instal¬ 
lation  of  thermocouples  through  a  large  live  propellant  grain  was  not  possible.  An 
engine  case  which  was  to  be  cast  with  inert  propellant  was  available  for  a  processing 
study. 


The  inert  propellant  grain  was  extensively  thermocoupled  so  that  the  tem¬ 
perature  profiles  could  be  studied.  The  propellant  had  the  same  polymeric  binder 
system,  except  that  a  different  percentage  of  polymer  was  used  than  is  normally 
compounded  in  live  propellant. 

EVALUATION  OF  PHYSICAL  PROPERTIES  FOK  COMPUTER  STUDY 

The  heat  of  reaction  could  not  be  successfully  determined  by  using  small 
samples  in  the  laboratory.  The  maximum  temperature  increase  experienced  in 
the  inert  propellant  was  corrected  for  heat  losses.  The  calculated  heat  of  reaction 
determined  from  this  experiment  was  initially  used  in  the  heat  transfer  equation. 

It  was  assumed  that  the  heat  of  reaction  would  be  constant  over  the  temperature 
range  studied. 

The  activation  energy  was  calculated  from  curing  data  determined  for  the 
propellant  system  at  various  temperatur  wj.  The  reaction  rates  were  not  known. 
The  average  reaction  rate  was  assumed  to  be  inversely  proportional  to  the  elapsed 
time  necessary  to  partially  cure  the  propellant.  By  using  the  equation: 

E„  saUfaU 

T2  “  T1  t2 

a  value  was  obtained  for  the  activation  energy.  The  propellant  binder  system 
curing  reaction  was  composed  of  several  complex  reactions.  This  procedure 
yielded  the  activation  energy  in  terms  which  was  believed  to  suffice  for  the  com¬ 
puter  study. 

There  was  no  apparent  way  of  pre- calculating  the  frequency  factor  in  the 
Arrhenius  expression.  Various  values  for  the  frequency  factor  could  be  succes¬ 
sively  evaluated  with  the  computer  to  match  the  experimental  data,  however. 

The  thermal  conductivity  was  determined  as  a  function  of  time  during  the 
curing  reaction.  Figure  1  indicates  the  relationship  obtained.  Note  that  the  con¬ 
ductivity  continued  to  drop  after  exceeding  the  normal  cure  time.  This  was  one  of 
the  unexpected  results  of  the  program.  The  thermal  conductivity  of  the  propellant 
at  time  zero  was  somewhat  indefinite  due  to  the  inherent  difficulty  found  in  deter¬ 
mining  it  at  that  point. 


COMPUTER  SIMULATION  OF  THE  HEAT  TRANSFER  EQUATION 


The  specific  area  in  the  grain  chosen  for  investigation  with  the  computer 
simulation  is  shown  in  Figure  2.  Temperature  stations  were  established  at  points 
radiating  from  the  aluminum  core  (mandrel),  as  indicated,  in  order  to  study  local 
hot  zones  between  the  flutes.  The  Analog  Simulation  Department  of  Thiokol  Chemical 
Corporation’s  Wasatch  Division  employed  a  Pace  231-R  Analog  Computer  for  this 
work. 


The  curing  reaction  was  assumed  to  follow  a  zero-order  reaction  for  sim¬ 
plicity.  The  heat  generation  term  was  represented  by  the  Arrhenius  expression 
and  the  steel  case  was  thermally  thin.  The  Analog  Simulation  Department  em¬ 
ployed  the  following  equation  to  describe  the  system; 


5T  = 

St 

where  dn 
dt 


a 


I S2 T  +  1  ST  +  1  s2 T  \  4.  Q  /  dn  \ 

[Tt2  r  F  r1  ~6W  J  (IT) 

-  A/RT 

-  kn  and  k  =  Be  (Arrhenius  Equation) 


The  variable  thermal  conductivity  or  therm*'1  diffusivity  was  taken  into  account 
during  the  curing  cycle.  The  value  10*3  hr"1  was  initially  chosen  for  the  frequency 
factor  and  the  experimentally  determined  value  for  the  activation  energy  used. 
Reasonable  values  for  the  frequency  factor,  the  previously  calculated  heat  of  re¬ 
action,  and  the  activation  energy  could  not  be  matched  with  the  experimental  data. 

It  was  realized  that  the  zero  order  reaction  assumption  was  not  correct.  The  three 
values  were  each  substituted  by  trial  and  error  on  the  Analog  Computer  until  a 
match  between  the  computed  and  experimental  data  was  reached. 


The  unreacted  polymer  fraction  was  assumed  to  be  1. 00  when  the  problem 
was  initiated.  The  center  cross  section  of  the  engine  was  chosen  for  the  study. 

A  plot  of  the  unreacted  polymer  fraction  versus  time  was  made  after  the  acceptable 
match  was  reached.  See  Figure  3.  A  correction  of  1. 00  to  .  90  for  initial  condi¬ 
tion  was  necessary  to  allow  for  the  time  delay  since  jhe  cure  reaction  actually 
commences  in  the  propellant  mixer  and  continues  in  the  casting  can.  Because  of 
the  unreacted  polymer  fraction  correction  the  hnat  of  reaction  and  frequency  factor 
had  to  be  slightly  rematched. 


Once  an  acceptable  correlation  of  the  experimental  data  was  acquired, 

(See  Figure  4),  it  was  only  a  matter  of  correcting  the  heat  of  reaction  term  to  the 
live  propellant  problem  to  determine  Its  thermal  history.  The  heat  of  reaction 
varied  linearly  with  the  polymer  percentage  in  the  propellant  since  the  polymer 
binder  system  was  common  to  both.  The  activation  energy  and  the  frequency  fac¬ 
tor  remained  the  same. 
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COMPUTER  STUDY  RESULTS 


The  major  portion  of  the  propellant  mass  is  relatively  insensitive  to  the 
environment  outside  of  the  case  due  to  the  low  thermal  conductivity,  the  large 
mass  of  the  propellant,  and  the  generated  heat  during  cure.  Extremely  slow 
cool-down  rates  were,  therefore,  not  unexpected.  To  cure  such  large  propellant 
masses  at  a  lower  temperature,  the  propellant  has  to  be  cast  at  the  lower  tem¬ 
perature.  The  thermal  history  of  a  large  propellant  grain  under  normal  curing 
conditions  is  shown  in  Figure  5.  The  exothermic  heat  of  reaction  results  in  a 
temperature  gradient  across  the  grain  which  persisted  throughout  processing. 

The  computer  simulation  evaluated  various  cure  cycles.  The  cure  cycle 
could  not  be  optimized  academically  because  there  was  a  lower  practical  limit 
for  the  casting  or  curing  temperature. 

Adiabatic  curing  was  investigated,  but  it  permitted  the  entire  exothermic 
heat  of  reaction  to  be  retained.  This  phenomenon  raised  the  temperature  exces¬ 
sively.  A  system  was  suggested  which  would  control  the  core  temperature  during 
curing  by  using  a  fluid  for  the  temperature  control  medium.  A  lower- cure  tem¬ 
perature  was  also  evaluated  using  the  core  temperature  control  system  suggested. 
See  Figure  6.  Thermal  gradients  were  lower,  but  the  apparent  cure  time  was 
longer. 

Since  the  propellant  is  exposed  to  a  curing  environment  during  the  cool¬ 
down,  it  was  postulated  that  the  normal  cure  could  be  reduced.  Processing  cycles 
involving  two  and  three  days  of  cure,  rather  than  the  present  four-day  cure,  were 
also  evaluated. 

PRACTICAL  APPLICATION  TO  OTHER  PROPELLANT  SYSTEMS 


The  same  frequency  factor  and  activation  energy  calculated  for  one  propel¬ 
lant  system  cannot  be  applied  to  other  propellant  systems  which  have  different 
polymer  binders.  It  is  impractical  to  install  thermocouples  in  a  full  scale  engine 
each  time  a  new  propellant  is  to  bo  evaluated.  Instead,  a  small  sphere  can  be 
thermocoupled  radially  out  from  the  center  of  the  wall,  cast  with  propellant,  and 
cured.  The  sphere  would  then  serve  as  an  adequate  means  of  evaluating  the  heat 
of  reaction,  frequency  factor,  and  activation  energy. 

CONCLUSIONS 

A.  The  thermal  histories  of  solid  propellant  grains  can  be  calculated  by 
means  of  an  analog  computer.  The  heat  conduction  with  associated  heat  generation 
problem  was  solved  two- dimensionally  for  a  grain  with  a  star- shaped  configuration. 
By  assuming  a  zero  order  of  reaction,  the  frequency  factor  and  activation  energy 
obtained  are  influenced.  When  the  thermal  experimental  data  is  matched  to  the 
computer  data  proper  values  for  the  frequency  factor,  heat  of  reaction,  and  acti¬ 
vation  onergy  will  bo  obtained  for  the  equntion.  Once  known,  the  thermal  history 
of  any  sized  propellant  grain  for  any  processing  cycle  can  bo  calculated. 

Paryj  102 


B.  The  PBAA  propellant  grain  is  relatively  insensitive  to  the  environment 
and  acts  as  an  excellent  insulator.  Temperature  control  of  the  core  during  proces¬ 
sing  results  in  lower  thermal  gradients.  A  combination  of  the  lower  temperature 
cure  and  the  core  temperature  control  system  proved  to  be  most  effective. 
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=  activation  energy 
=  frequency  factor 

=  average  specific  heat  of  the  propellant 
=  unreacted  polymer  fraction 
=  gas  constant 
=  radial  distance 
=  heat,  of  reaction  of  propellant 
=  temperature,  absolute 
=  time 

=  thormal  diffusivity 
=  angle  in  radians 
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Normal  Cure 


Curing  Time 

FIGURE  1.  THERMAL  CONDUCTIVITY  OF  FL«A  PROFEUANT  AS  A  FUNCTION  OF  CURING  TIME 


FIGURE  2.  LOCATION  OF  TEMPERATURE  STATIONS  IN  PROPELLANT  GRAIN 


Tlnreacted  Polymer  Fraction 


FIGURE  3.  UNREACTED  POLYMER  FRACTION  AS  A  FUNCTION  OF  TIME 
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FIGURE  4.  MATCH  CF  ANALOG  CURVE  VERSUS  ACTUAL  EXPERIMENTAL  DATA 
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FIGURE  5. 

TEMPERATURE  PROFILES  FOR  A  LARGE  FBAA  PROPELLANT 
GRAIN  UNDER  NORMAL  CURE  CYCLE 


Temperature 


FIGURE  6.  IMPROVED  PROCESS  CYCLES  FOR  A  LARGE  PBAA  PROPELLANT  GRAIN 


FORCED  TRANSVERSE  VIBRATIONS  OF  A  SOLID,  ELASTIC  COKE 
CASE -BONDED  TO  AN  INFINITELY- LONG,  RIGID  CYLINDER  1 


By 

J,  H.  Baltrukonie 
Professor  of  Civil  Engineering 
THE  CATHOLIC  UNIVERSITT  OF  AMERICA 
Washington  17.  D.  C. 


ABSTRACT 

Ths  problem  Is  solved  of  the  forced,  transverse  vibrations  of  a 
solid,  compressible,  elastic  core  case-bonded  to  an  infini tely-long , 
rigid  cylinder.  It  is  show  that  the  ratio  of  the  amplitude  response  of 
the  core  axis  to  the  amplitude  of  the  casing  depends  or  both  the  frequency 
of  the  forced  vibration  and  Poisson1  a  ratio  for  the  core  material.  By- 
plotting  amplitude  ratio  versus  frequency  curves  for  different  values  of 
Poisson’s  ratio  it  is  demonstrated  that  the  amplitude  ratio  versus  fre¬ 
quency  plot  for  an  incompressible,  elastic  core  is  a  simple  line  spectrum. 
On  the  basis  of  this  result  it  is  colluded  that  considerable  care  must 
be  exercised  When  interpreting  the  results  of  solutions  of  problems  where¬ 
in  the  assumption  of  incompressible  material  is  involved. 


nrraoDPCTimi 

The  problem  of  the  free,  transverse  vibrations  of  a  solid,  compress¬ 
ible,  elastic  core  case-bonded  to  an  infinltely-long,  rigid,  circular- 
cylindrical  tank  has  been  previously  treated,*  and  the  following 
frequency  equations  among  other  things  were  derived. 

J,.,  In)  «£.>n)  *  J„jn)  J„pn)*o,  (n-/,z,.j  m 

These  transcendental  frequency  equations  define  a  doubly  infinite  set  of 
natural  circular  frequency  coefficients  O  The  mode  of  vibration  is 
identified  by  the  subscript  n  while  the  subscript  m  identifies  the 
frequency  msriber  within  a  given  mode.  Jn  Eq.  (1)  k2  denotes  the  ratio 
of  the  square  of  the  shear  wave  velocity  c8  to  the  square  of  the  dila- 
tatlonal  wave  velocity  ee)  1.  e.. 


1.  This  investigation  was  supported  by  the  National  Aeronautics  and 
Space  Administration 

2.  Baltrukonls,  J.  H.,  "Free  Transverse  Vibrations  of  a  Solid  Elastic 
Mass  in  an  Inflnitely-Long,  Rigid,  Circular-Cylindrical  Tank" 

J.  Appl.  Mechanics  27  663  (December  I960) 
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Since  k  depends  only  on  Poisson's  ratio,  it  is  clear  that  the  natural 
frequencies  of  free  vibrations,  as  defined  by  Eq.  (1),  also  depend  only 
on  Poisson  »s  ratio.  Fifure  1  has  been  reproduced  from  the  previous 
paper2  in  order  to  demonstrate  this  dependency  for  the  first-order 
(n  -  1)  natural  frequency  coefficients  Q  w  These  curves  exhibit  very 
peculiar  and  Interesting  shapes  but  we  win  to  make  the  point  here  that 
as  k  tends  to  aero,  the  curves  tend  to  finite  real  values  of  the  natural 
frequency  coefficients.  The  aero  value  for  k  corresponds  to  a  value  of 
1/2  for  Poisson’s  ratio  V  which  value  defines  incompressible  material. 
Thus,  Fig.  1  demonstrates  that  natural  frequencies  do  exist  for  incom¬ 
pressible  material. 

Ve  recall,  the  problem  under  consideration,  m  the  previous  paper 
the  question  was  posedt  "Can  natural  frequencies  exist?”  The  answer 
was  affirmative  even  for  incompressible  material.  The  question  immedi¬ 
ately  arises:  "Row  can  natural  frequencies  exist  for  incompressible 
materiel  when  it  occupies  the  entire  internal  volume  of  the  tank?”  The 
vibration  under  consideration  is  one  of  plane  strain  in  which  there  can 
be  no  displacement  out  of  the  plane  of  a  cross-section}  it  has  been 
shown,  however,  that  free  vibrations  can  exist  in  the  modes  under  dis¬ 
cussion.  Ih  the  present  report  we  are  concerned  with  the  explanation 
of  this  apparent  contradiction. 

We  shall  consider  the  problem  of  transverse  vibrations  of  the  solid, 
compressible,  elastic  core  when  the  infinitely- long,  rigid  casing  is 
oscillated  by  some  external  means  with  simple  harmonic  motion.  The 
response  of  the  core  at  a  generic  point  r  will  be  calculated.  This 
result  will  be  specialised  to  obtain  the  amplitude  response  of  the  core 
axis.  The  ratio  of  the  amplitude  response  of  the  core  axis  to  the  ampli¬ 
tude  of  the  casing  will  then  be  plotted  as  t  function  of  the  forcing 
frequency  for  various  values  of  Poisson's  ratio  tending  to  l/2.  It  will 
be  seen  that  as  Poisson’s  ratio  tends  to  1/2,  that  is,  as  the  core 
material  tends  to  become  incompressible,  the  amplitude  ratio-forcing 
frequency  plots  tend  to  a  simple  line  spectrum.  Clearly,  this  type  of 
frequency  response  is  physically  Impossible.  That  this  should  be  the 
case  is  not  surprising  since  Incompressible  material  is  an  hypothetical 
material  which  cannot  exist  In  nature.  Nevertheless,  the  assumption  of 
such  a  material  is  quite  regularly  used  in  practice.  The  present  report 


2.  Baltrukonis,  J.  H.,  'Tree  Transverse  Vibrations  of  a  Solid  Elastic 
Mass  in  an  mfinitely-Long,  Rigid,  Circular-Cylindrical  Tank" 

J.  Appl.  Mechanics  27  663  (December  1960) 
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presents  one  difficulty  arising  from  the  use  of  such  an  hypothetical 
material. 
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radial,  circumferential  and  axial  coordinate  variables 
of  polar  cylindrical  coordinates 

time 

radial,  circumferential  and  axial  components  of  dis¬ 
placement 

displacement  of  potentials 

ratio  of  shear  ware  velocity  to  dllatatlonal  wave 
velocity 

dllatatlonal  wavs  velocity 
shear  wave  velocity 
Poisson's  ratio 
shear  modulus 
mass  density 


mean 


nojF.1  strain  -  -±(4^  ♦  -*=*•  ♦  T  4^  ♦tt5) 

3>  dr  r  r  de  dz/ 


Lapladan  operator 


i  a  i 

4  r1  dox  dz* 


ar*  r  5? 

natural  circular  frequency 

natural  circular  frequency  coefficient 

forcing  circular  frequency 

forcing  circular  frequency  coefficient 

radius  of  Interface  between  elastic  core  and  rigid  tank 

order  number  of  vibration  mode 

frequency  number  within  a  given  mode 

Bessel  function  of  the  first  kind  of  order  n 

Constants 

Amplitude  of  vibration  of  the  rigid  casing 
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Amplitude  response  of  the  core  axis 


A  prime  over  a  quantity  denotes  the  ordinary  derivative  of  the 
quantity  with  respect  to  its  argument. 

STATEMENT  AM)  90UTTID1f  OF  THE  PR0BU3M 


The  general  theory  of  vibrations  of  elastic  continue  in  polar, 
cylindrical  coordinates  has  been  previously  outlined2.  In  accord  with 
this  general  theory  we  define  the  components  of  displacement  as  follows 
in  terms  of  two  displacement  potentials  (p  and  X 


“x 


.£±.11*. 

(3«) 

dr  r  de 

m  i  d±  .  ax 
r  de  dr 

(3b) 

•  o 

(3c) 

It  was  demonstrated2  that  the  displacement  equations  of  motion  will  be 
identically  satisfied  provided  that  ^<e  displacement  potentials  are 
taken  as  solutions  of  the  following  differential  equations: 


/  d'4> 

(U) 

Tr* 

r  dr  tL  6  0‘ 

c*  dtx 

d*X 
a  r' 

.  1  dX  .  1  d'X 
*  r  dr  *7 *  j® 

*  ±J2L 

c;  at» 

(lib) 

We  now 

apply  this  general  theory  to  the  problem  under  consideration 

for  which  the  boundary  conditions  are: 

Uf  |*  cos  0  ($») 

r«  b 


B  I 
r  »  b 


-V/e  sit*  O 


(5b) 


We  take  a  solution  for  the  displacement  potentials  of  the  following 

form: 

<p  ■  C,  J.  (k  Xf)  eiptcos  e  («»> 


2.  Baltrukonis,  J.H.  "Free,  Transverse  Vibrations  of  a  Solid  Elastic 
Mass  in  an  Inflnitely-Long  Rigid,  Circular-Cylindrical  Tank", 

J.  Appl.  Mech.  27  663  (December  I960) 


Pu<jo  112 


X  *  Ct  Jt  (  Af  )  e*pt  SIH  e  (6b) 

It  may  be  verified  by  direct  substitution  that  these  potentials  are 
solutions  of  Eqs.  (b)  provided  ire  take 


Because  of  its  relation  to  the  forcing  frequency  p,  X  will  be  referred 
to  as  the  forcing  frequency  coefficient. 

Substitution  from  Eqs.  (6)  into  Eqs.  (3)  results  in  the  following 
expressions  for  the  displacements! 

*k  -  -7*-r  •  (7.) 

um  •  *  7*  J  (**•{}*  £  J  i^T j]e<A  s/ N  9  (7b) 

» 

Ve  must  now  evaluate  the  constants  Involved  in  the  solution  given 
above.  To  this  end  we  substitute  from  Zqs.  (7)  into  the  boundary  con¬ 
ditions  given  by  Eqs.  (5>)  to  obtain  the  following  non-homogeneoua  system 
of  two  linear  algebraic  equations  in  the  unknown  constants: 

jr(x)  c,  wt> 

--  (8.) 

X  [k  A)  A /(A)  Ct  Wl 

Such  a  system  can  have  a  consistent  solution  only  If  the  determinant  of 
the  coefficients  of  the  unknowns  does  not  vanish.  On  expansion  of  this 
determinant  we  obtain 

A(X)  -  -  [  k  A1  [je  (X)  J,  (k  X)  .  Jt  (X)  J0  [k  X)]  (8b) 


On  comparison  of  this  result  with  Eq.  (1)  we  find  that  Eq.  (8b)  has 
identically  the  same  form  as  the  frequency  equation  given  by  Eq.  (1) 
except  that  the  natural  circular  frequency  coefficient  Q  is  replaced 
by  the  forcing  frequency  coefficient  ^  j  i.e., 

A(0,J  *0,  (m  .  I  ,  i  .3  ,  ...)  (8c) 

Thus,  the  determinant  of  the  coefficients  of  the  unknowns  in  Eq.  (8a) 
will  vanish  whenever  the  forcing  frequency  coefficiont  ^  is  equal  to 
the  first-order  natural  circular  frequency  coefficient  Q^.  As  a 
result,  we  cannot  expect  to  obtain  a  consistent  solution  of  Eq.(8a) 
whenever  \  -  St  lm.  With  this  restriction  in  mind  we  proceed  to 
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obtain  the  solution  for  the  arbitrary  constants,  and  substitution  into 
Eqs.  (7)  finally  results  in 

u,  -  lwuV(A)[l,(Xl  S>[H) 

-  j*w  WHil  e^cos  •  <« 

ue  .IWk  XM"<A)[j,(X)  J.(kA§)-J,<k»  J,(Az) 

♦  J.(A£)  J,  (k  X)  ♦  JJA)  J0(kA£)]e‘>fW  ®  (» 

To  obtain  some  Insight  Into  the  physios  of  the  problem  let  ns  in¬ 
vestigate  further  the  response  of  the  axis.  Fran  Eqs.  (9)  it  follows 
that 

u.  =  u,  |-  AWk  A*^'(A)[j,{x;  J,{kArJ- J»(kA)  Jt(X£) 
-£(Ar)  Jz(kA)  -  JJA)  J.(kAE)]eipt 


u,  I  s  9eipt  =  Wk  X*  ^'(A;[jt(WA)  ♦  Jt(A)]  e  ,pt 

r  »o 

o»o 

Finally,  therefore,  if  we  make  use  of  Eq.  (8b), 

S.  [j*(A)  *  J,(kX|]  [jo(X)  JjkAJ  4  JJX,  X(kA)]''  <10’ 

W 

This  result  defines  an  amplification  factor  for  the  axis  of  the  core. 

We  observe  that  this  amplification  factor  depends  not  only  on  the 
forcing  frequency  but  also  or  Poisson's  ratio,  since  k  depends  on 
Poisson's  ratio  only. 

ANAITSIS  OF  RESULTS  AND  CONCLUSIONS 


Figure  1  shows  velocity  ratio  k  in  function  of  the  first-order 
circular  frequency  coefficients  for  free,  transverse  vibrations  of  a 
solid,  compressible  elastic  core  case-bonded  to  an  infinitely-long 
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rigid,  circular  cylindrical  tank.  These  plots  demonstrate  that  natural 
modes  of  vibration  exist  even  for  an  incompressible  core  when  k  »  0. 

This  fact  seems  rather  curious  on  closer  consideration  since  the  mode 
of  vibration  under  investigation  is  one  of  plane  strain  and  there  appears 
to  bo  no  way  in  which  an  incompressible  core  can  be  deformed.  In  an 
attempt  to  provide  at  least  a  partial  explanation  of  this  apparent 
anomaly,  Fig.  2  has  been  plotted  to  demonstrate  variation  with  Poisson's 
ratio  of  the  amplitude  ratio-frequency  characteristics  of  the  core  axis 
making  use  of  Eq.  (10).  Since  we  are  mainly  interested  in  amplitude 
response  in  the  neighborhood  of  the  natural  frequencies,  the  forcing 
frequency  was  normalised  with  the  fundamental  first-mode  frequency  in  Fig. 
2(a),  and  with  the  second  first-mode  frequency  in  Fig.  2(b).  We  observe 
that,  as  Poisson's  ratio  approaches  1/2  resonance  peaks  tend  to  become 
sharper  and  sharper  until,  finally,  for  an  incompressible  material 
( 1/  •  1/2)  the  frequency  response  is  s  simple  Impulse  function  and  the 
entire  characteristic  curve  is  a  discrete  line  spectra*  as  shown  in 
Fig.  3. 

It  is  clear  that  such  a  response  characteristic  is  physically  im¬ 
possible  for  a  real  material.  That  this  should  be  the  case  ought  not  to 
be  surprising  inasmuch  as  an  incompressible  material  is  an  ideal  material 
which,  a  priori,  would  not  be  expected  to  behave  physically,  exactly  and 
entirely,  as  a  real,  nearly  incompressible  material.  Although  many  phy¬ 
sical  characteristics  of  incompressible  materials  have  counterparts  in 
compressible  materials,  other  properties  of  incompressible  materials  aa 
e.g. ,  frequency  response,  cannot  be  physically  realized.  This  obser¬ 
vation  Is  important  sines  many  analytical  studies  are  being  carried  out 
based  on  this  assumption.  In  most  cases,  assumption  of  an  incompressible 
material  simplifies  analysis  considerably  but  we  must  be  aware  of  its 
limitations. 

Another  interesting  and  important  observation  concerning  Figs.  2 
is  the  tremendous  sensitivity  to  Poisson's  ratio  exhibited  by  the 
response  curves.  Very  small  changes  in  Poisson's  ratio  in  the  neigh¬ 
borhood  of  1/2  produce  considerable  changes  in  the  shape  of  the  curves. 
This  is  important  since  many  materials  are  very  nearly  incompressible, 
notably  many  high  polymers  including  solid  propellant  materials. 

The  foregoing  points  up  the  necessity  for  considerable  care  when 
analyses  are  performed  on  the  assumption  of  an  ideally  incompressible 
material.  In  many  respects  such  material  exhibits  the  properties  of 
real  materials  but  it  sometimes  displays  characteristics  that  cannot 
be  reproduced  in  nature.  Furthermore,  when  the  material  tinder  study  is 
nearly  incompressible,  analysis  must  be  performed  with  considerable 
care  and  precision  since  they  are  very  sensitive  to  small  changes  in 
Poisson's  ratio.  It  is  clear  that  we  must  take  great  care  in  conducting 
experimental  measurements  of  Poisson's  ratio  for  these  nearly  incom¬ 
pressible  materials. 
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FIGURE  1. 

FIRST-ORDER  CIRCULAR  FREQUENCY  COEFFICIENTS  AS  FUNCTIONS  OF  POISSON'S  RATIO 
FOR  TRANSVERSE  VIBRATIONS  OF  A  SOLID  ELASTIC  CORE  CASE-BONDED  TO  AN  INFINITELY- 
LONG,  RIGID,  CIRCULAR -CYLINDIRCAL  TANK 
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FIGURE  2.  (a) 

AMPLITUDE  RATIO-FREQUENCY  PLOTS  IN  THE  NEIGHBORHOOD  OF  THE  FUNDAMENTAL 
RESONANCE  OF  A  SOLID,  ELASTIC  CORE  CASE-BONDED  TO  AN  INFINITELY-LCNG, 
RIGID  CYLINDER 
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jITUDE  RATIO-FREQUENCY  PLOTS  IN  THE  NEIGHBORHOOD  OF  THE  SECOND  RESONANCE- 
FORCED  TRANSVERSE  VIBRATIONS  OF  A  SOLID,  ELASTIC  CORE  CASL’-BONDED  TO  AN 

:nitely-long  ricid  cylinder 


AMPLITUDE  RATIO-FREQUENCY  PLOT  FOR  FORCED  TRANSVERSE  VIBRATIONS  OF  A  SOLID  INCOMPRESSIBLE 
ELASTIC  CORE  CASE -BONDED  TO  AN  LIFINITELY-LONG,  RIGID  CYLINDER 


PROPELLANT  SLUMP  IN  IARGE  SOLID  ROCKET  MOTORS 
DURING  LONG-TERM  VERTICAL  STORAGE 


Robert  A.  Chase  and  Bernard  L.  Iwanciow 
United  Technology  Corporation 
A  Subsidiary  of  United  Aircraft  Corporation 
Sunnyvale,  California 

ABSTRACT 


Propellant  slump  becomes  an  important  design  consideration  as  the 
size  of  solid  rocket  motors  increases.  Thus,  study  was  conducted  to 
develop  a  method  of  predicting  propellant  slump  in  large  solid  motors  due 
to  long-term  vertical  storage. 

Creep  tests  of  propellant  samples  under  constant  shear  showed  a 
linear  stress-strain  behavior  with  a  logarithmic  time  variation.  Similar 
tests  involving  constant  tensile  stress  displayed  similar  behavior.  These 
creep  data  serve  as  basic  material  properties  information  for  the  pre¬ 
diction  of  grain  slump. 

Maximum  slump  deformation  is  predicted  for  tubular  perforation, 
cylindrical  grains  for  a  typical  PBAA  nropellant. 

Due  to  propellant  slump,  large  tensile  stresses  are  generated  near 
to  the  free  end  at  the  liner-propellant  Interface.  When  combined  with 
stresses  due  to  propellant  shrinkage  resulting  from  polymerization  and 
post-cure  cool  down,  the  propellant  to  liner  bond  becomes  highly  loaded. 

INTRODUCTION 


Propellant  slump  becomes  an  Important  design  consideration  as  the 
size  of  solid  rocket  motors  increases.  Long-term  vertical  storage  of 
large  solid  rocket  motors  can  result  in  significant  grain  deformations 
which  must  be  taken  into  consideration  in  motor  design.  Stresses  Induced 
by  gravity  forces  during  storage  in  combination  with  stresses  due  to 
propellant  shrinkage  as  a  result  of  polymerirstion  and  post-cure  cool  down 
can  cause  liner  to  propellant  separation  at  upward  facing  free  ends.  Such 
a  separation  in  a  model  test  employing  a  Lucite  case  and  binder  to  simu¬ 
late  the  propellant  is  shown  in  Photograph  1.  Thus,  it  is  important  that 
consideration  be  given  to  propellant  slump  resulting  from  vertical 
storage  of  larger  solid  rocket  motors. 
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Photograph  1  -  Simulated  Liner- to-Propellant  Bond  Failure 
in  a  Model  Slump  Test  Motor 

TRANSIENT  DEFORMATION  OF  A  TUBULAR  GRAIN  DURING  VERTICAL  STORAGE 

A  tubular  grain  configuration  with  burning  of  the  free  surfaces  offers 
certain  advantages  in  large  segmented  solid  ro«.Vet  motors.  Thus,  study  of 
this  particular  grain  configuration,  shown  in  Figure  1,  is  quite  appro¬ 
priate  . 

Saint-Venant ' s  principle^,  which  we  presume  can  be  carried  over  to 
viscoelastic  or  plastic  materials,  tells  us  that  sufficiently  far  removed 
from  the  free  surfaces  the  grain  is  unaware  of  the  existence  of  the  free 
surfaces  and  the  problem  becomes  one-dimensional  spacewise.  Tests  indicate 
that  two  to  three  web  thicknesses  away  from  the  free  surfaces  is  sufficient 
to  satisfy  this  condition. (2)  As  a  first  step  we  will  consider  grain  de¬ 
formations  and  stresses  at  points  sufficiently  far  from  free  surfaces  to 
be  uninfluenced  by  the  free  surfaces,  or  equivalently,  grain  deformations 
and  stresses  of  an  infinitely  long  tubular  grain. 


SEGMENTED  JOINT 


FIGURE  1.  FREE  ENDED  TUBULAR  GRAIN  CONFIGURATION 

The  Infinitely  Long  Tubular  Grain  -  The  tubular  grain  configuration 
shown  in  Figure  2  is  considered  to  consist  of  a  viscoelastic,  or  plastic, 
isotropic  propellant  and  the  motor  case  is  considered  to  be  rigid  compared 
to  the  grain.  Transient  deformation  of  the  grain  is  sufficiently  slow  so 
that  Inertial  forces  can  be  neglected.  Therefore,  the  equations  of  equi¬ 
librium  are 


djZr 

dr 


Or- Ob  ^  . 
~r  O 


(1) 


dVr* 

dr 


o 


(2) 


where  6^c» si  Weight  density  of  the  propellant 
and  the  stress  boundary  conditions  are 


0$  Ch,  i)  *  o  (5) 

Equation  (2)  can  be  integrated  directly  and  applying  the  boundary  condi¬ 
tion  (3),  the  shear  stress  distribution  is  found  to  be 

trx  *  4*>s-r ,  (6) 

a  well  known  result. It  is  noted  that  the  shear  stresses  are  constant 
with  respect  to  time  and  that  the  maximum  shear  stress, 

is  proportional  to  the  diameter  of  the  grain. 
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The  strain-deformation  relations  are 


2* 

dr 


(8) 

(9) 

(10) 


The  boundary  conditions  on  these  deformations  are 

u(b,  6)  *  a 

W  Cbft)T  6 

Integrating  equation  (10)  and  applying  the  boundary  condition  (12), 

•b 


/o 

7rx(r,t)  dr 

r 


(ID 

(12) 

(13) 


To  evaluate  the  integral,  the  functional  relationship  between  the  time 
and  space  dependent  shear  strain,  ,  and  the  space  dependent 

shear  stress,  Tr/(r)  ,  must  be  determined.  This  functional  relationship 
is  expressed  by 

'  &rY  C  .  & ) 


(14) 


Long-Term  Shear  Stress-Strain  Relation  -  Constant  shear  stress  tests 
were  conducted  on  a  typical  PBAA  aluminized  propellant  to  determine  the 
functional  relationship,  equation  (14).  The  test  setup  is  shown  in 
Photograph  2.  Thin  slabs  of  propellant  were  cast  between  steel  plates 
which  loaded  the  propellant  in  shear.  The  length  to  thickness  ratio  of 
the  propellant  slabs  was  made  as  large  as  practical  to  minimize  the  end 
effects.  The  shear  strain  was  measured  by  means  of  a  cathetometer,  Cenco 
model  1164-A,  far  enough  from  the  free  end  to  be  uninfluenced  by  the  end 
effect.  The  temperature  was  maintained  at  75°F. 

The  results  of  the  test  are  plotted  in  Ffgure  3.  Linearity  of  the 
data  on  a  semilog  pJot  was  established  following  over  one  thousand  hours 
of  testing.  It  became  apparent  early  in  time  that  the  shear  strain  was 
proportional  to  the  shear  stress  at  any  Instant  of  time.  The  functional 
relationship 


*V?,  t)  -  /.37*/03rJo2  0+  (15) 

is  a  reasonably  good  fit  of  the  data  and  satisfies  the  initial  condition 

that  y*(o,  r)~o 

Propellant  Transient  Deformation  -  Since  the  functional  relationship 
between  shear  stress  and  strain  has  been  established  to  be  of  the  form, 

7t(t,  t)  -  C  •  (/+  C,  i)  as) 

the  integral  of  equation  (13)  now  can  be  evaluated.  Substituting 
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equation  (6)  into  equation  (15)  and  integrating,  the  transient  longitudinal 
deformation  becomes 

The  maximum  longitudinal  deformation  becomes 

*/„AX  9  Wtej  £)m; as) 

where  it  is  noted  that  the  deformation  is  proportional  to  the  square 
of  the  diameter. 

As  an  example,  we  will  substitute  into  equation  (18)  physical  pro¬ 
perties  of  a  typical  PBAA  propellant  and  determine  the  magnitude  of  slump 
deformations  which  is  possible  in  bi«  motors.  Substituting 

Cx  -  1.365  x  10*3  in2/lb 
C2  -  8.7  x  104  l/hrs 
ti>p  -  0.063  lbs/in3 

and  determining  the  maxlimim  deformation  as  a  function  of  time  and  b/a  ratio, 
the  result  is  plotted  in  general  in  Figure  4.  The  grain  slump  to  be  ex¬ 
pected  in  a  typical  large  solid  rocket  motor  where 

b  -  80  inches 
b/a  -  3 

for  a  typical  PBAA  propellant  after  10,000  hours  vertical  storage  is  seen 
to  be 


wmax  "  **®3  inches 

Determination  of  the  Normal  Stresses  -  The  compatibility  equation 
can  be  written 


<?r  ~&r(r€e) 

We  make  the  assumptions  that  the  normal  stress-strain  relation  is  of 
the  form 


(19) 


6  ,  (20) 

similar  to  the  shear  stress-strain  relation,  and  that  the  normal  stresses 
are  constant  with  time,  assumptions  which  will  be  validated  subsequently. 
Further,  the  propellant  is  considered  incompressible  so  that  *  !/g 
Thus, 

<£>=  fdsA^C/t<^t)[or-c^l  (2i) 

&em  (22) 
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GRAIN  MAXIMUM  SLUMP  VERSUS  TIME  FOR 
VARIOUS  b/a  RATIOS  -  PRAA  PROPELLANT 

Substituting  (21)  and  (22)  into  the  compatibility  condition  (19),  we  find 


o-r-oi  -  $?tr(<r»-<rr) ] 

Solving  for  01&  and  Or  simultaneously  in  equations  (1)  and  (23)  and 
satisfying  the  boundary  conditions  (4)  and  (5),  we  find  that 


<r0(r,t)  -  crr(r,t)~c 

Thus,  the  normal  stresses  are  found  to  be  aero,  satisfying  the  previous 
assumption  that  the  normal  stresses  are  time  independent. 


Establishment  of  the  Stress-Strain  Relation  -  Tests  were  conducted  to 
establish  the  creep  properties  of  a  typical  PBAA  propellant  under  constant 
stress.  The  test  setup  is  shown  in  Photograph  3.  The  specimens  were 
standard  JANAF  tensile  coupons  and  the  transient  strain  was  determined 
optically  by  means  of  a  cathetometer.  The  results  of  the  test  are  plotted 
in  Figure  5.  Linearity  of  the  function  on  a  semilog  plot  was  evident  until 
tiny  transverse  cracks  began  to  form  at  the  higher  stress  levels  late  in 
time.  The  functional  relationship 

6(t,<r)  -  346 x/0~4(rj^c (/+  S.yx/O+i) 

fits  the  actual  data  quite  well,  thus,  establishing  the  validity  of 
equation  (20)  with 

-  3.46  *  (6  4 & 


(26) 


The  Finite  Length  Tubular  Grain  -  Gelatin  tests  have  shown  that  the 
maximum  longitudinal  deformation  at  the  lower  free  surface  is  increased  by 
as  much  as  46%  and  at  the  upper  free  surface  is  reduced  by  as  much  as  46%.'^' 

Thus,  equation  (18)  is  corrected  to  account  for  end  effects  by  a 
multiplication  factor,  fC t  or 

a)  -  cjy,  ( 

where  ^  ■  1.46  at  X  • ^ 

-  0.54  at  X  -  0 

-  1.0  at  X  -  4  if  4r  >  3(b-a) 

t  C— 

If  the  assumption  is  made  that  during  slump  the  complete  stress  field 
is  time  independent,  then  the  stresses  and  deformations  can  be  determined 
by  the  elastic  solution  with  time  dependent  modulus  of  elasticity.  This  is 
possible  because  of  the  linearity  of  strain  with  stress  at  any  instant  of 
time.  It  is  seen  from  equation  (20)  that  the  instantaneous  "effective 
modulus  of  elasticity"  is 

£(t'>  ■  (28) 

Since  the  uniform  body  forces  are  constant  with  time,  it  is  quite  plausible 
that  the  stress  field  also  will  be  constant  with  time. 

The  free  ends  tend  to  promote  high  normal  stresses  at  the  propellant 
to  liner  bond.  This  can  be  seen  by  considering  the  elastic  solution  as 
the  superposition  of  two  solutions.  The  previously  obtained  solution  for 
the  infinite  tubular  grain  satisfies  all  boundary  conditions  for  the 
finite  length  grain  except  that  the  free  surfaces  have  distributed  shear 
stresses  equal  to 

fa,  r,i)-  (?) *J  c»> 

If  we  add  to  this  solution  the  elastic  solution  free  from  body  forces  with 
equal  but  opposite  sign  surface  shear  stresses  as  shown  in  Figure  6,  then 
the  solution  with  free  ends  will  be  obtained.  These  surface  shears  are 
reacted  locally  to  the  ends  by  normal  stresses  in  the  liner  to  propellant 
bond,  tension  at  the  top  and  compression  at  the  bottom.  Numerical  proce¬ 
dure  currently  is  being  set  up  to  obtain  the  approximate  solution  of  the 
latter  problem. 


CONCLUSIONS 


Propellant  slump  in  large  solid  rocket  motors  is  sufficiently  large 
to  warrant  consideration  in  grain  design.  The  normal  stresses  induced  in 
the  liner  to  propellant  bond  are  high  and  can  promote  liner  to  propellant 
bond  failure.  Further  study  to  evaluate  the  magnitude  of  these  stresses 
is  mandatory. 
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FIGURE  6. 

REDUCED  PROBLEM  FOR  DETERMINATION  OF  NORMAL 
STRESSES  AT  THE  LINER-TO-FROFELLANT  BOND 
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ABSTRACT 

The  feasibility  of  using  stress  models  of  larger  prototype  systems  to 
obtain  a  failure  criteria  was  tested.  This  technique  differs  from  others* 
which  have  been  reported  in  two  important  respects;  first,  the  case  material 
and  stiffness  was  preserved  through  use  of  case  model  fabricated  of  steel 
to  duplicate  the  case  material  of  a  larger  prototype.  Accurate  simulation 
of  the  thermal  stressing  wes  thereby  permitted  in  addition  to  stressing 
caused  by  case  stretching  during  pressurization.  Second,  the  rate  of  strain 
during  pressurization  duplicated  that  characteristic  of  large  prototype 
engines.  Strain  rates  of  the  order  of  ^00  per  cent  per  second  were  attained. 
Preliminary  results  appear  encouraging,  but  suffer  from  lack  of  prolonged 
storage  before  the  pressurization  tests.  Future  tests,  which  will  include 
longer  storage  periods  will  undoubtedly  cause  the  region  of  successful 
performance  to  shrink  considerably. 

INTRODUCTION 


The  demonstrated  success  of  large  solid  propulsion  systems  is  a  prelude 
to  the  use  of  still  larger  systems  for  important  propulsion  requirements  of 
the  future.  Tests  to  develop  a  grain  failure  criteria  utilizing  only  small 
amounts  of  propellant  must  be  devised  to  permit  economic  large  engine  devel¬ 
opment  without  the  need  of  resorting  to  unusually  conservative  grain  designs. 

Through  the  use  of  subscale  model  tests,  Kt  is  anticipated  that  a 
satisfactory  grain  failure  criteria  will  evolve.  These  tests  avoid  the 
difficulties  associated  with  stress  analysis  of  viscoelastic  materials  and 
the  ambiguities  associated  with  interpretation  of  results  of  uniaxial  tensile 
tests. 

The  authors  are  indebted  to  John  B.  Baldwin  and  Johann  Mertens  for 
preparation  and  performance  of  the  tests. 

MODEL  TESTS 


Model  tests  make  use  of  a  small  scale  stress  model  of  a  prototype  rocket 
engine.  An  identical  geometric  model  of  the  grain  is  cast  into  a  thin-wall 
case,  carefully  following  processing  procedures  which  are  observed  in  the 
production  of  the  prototype.  After  cooling,  the  subscale  engine  is  subjected 
to  any  of  a  variety  of  conditions  which  duplicate  those  anticipated  for  the 
prototype.  Long  term  storage  at  selected  temperatures  and  thermal  cycling 
•re  the  two  conditions  of  principal  Interest.  Upon  successful  survival  of 


environment  tests,  the  model  is  hydraulically  pressurized  at  rates  simulating 
the  ignition  transient.  The  grains  are  inspected  and  monitored  for  failure 
during  each  phase  of  the  tests. 

REQUIREMENTS  FOR  STRAIN  SIMULATION 

Straining  conditions  which  must  be  simulated  for  successful  application 
of  model  tests  are: 

1.  Shrinkage  and  thermal  strains  during  cure. 

2.  Thermal  strains  from  differential  contraction  between  the 
grain  and  the  case,  especially  upon  cooling  from  cure 
temper ature . 

3.  Thermal  strains  from  normal  temperature  fluctuations. 

4.  Pressurization  upon  ignition  and  steady-state  burning. 

The  use  of  stress  models  of  prototype  systems  permits  accurate  simula¬ 
tion  of  the  above  strain  producing  conditions.  It  Is  necessary  to  use 
identical  materials,  both  for  the  propellant  and  the  case  and  to  design  the 
cases  to  the  same  stiffness  to  preserve  the  grain  strains  in  the  model. 

Through  the  use  of  identical  propellant  formulations  and  careful  dupli¬ 
cation  of  processing  techniques,  the  grain  strains  resulting  from  cure  shrin¬ 
kage  will  be  preserved  for  corresponding  geometries  since  cure  shrinkage  is 
an  extensive  property.  One  difficulty  which  arises  in  practice  is  due  to  the 
lack  of  a  measureable  exotherm  during  cure  of  the  model  as  compared  to  the 
prototype  engines.  Measurements  of  exotherms  in  large  grains  indicate  a  5  to 
10°F  temperature  rise.  If  necessary  this  difference  can  be  compensated  for 
by  adjusting  the  model  cure  temperature  to  reflect  the  difference  in  exotherms. 

Thermal  strains  will  be  greater  in  large  engines  because  of  the  nature  of 
the  heat  transfer  phenomena  and  the  insulating  characteristics  of  propellant. 
However,  accepted  operating  procedures  during  cool  down  of  large  grains  make 
use  of  gradual  temperature  changes  to  minimise  large  gradients.  Fortunately, 
the  cooling  procedure  for  large  grains  will  result  in  smaller  differences  in 
the  thermal  gradient  in  models  and  prototypes  than  might  be  realized.  Thus 
no  great  differences  in  strains  from  thermal  cycling  will  occur.  Moreover, 
large  grains  are  stored  in  temperature  controlled  facilities,  further  tending 
to  minimize  gradients  and  producing  better  simulation  of  temperature  strain¬ 
ing  between  model  and  prototype. 

Ignition  transients  are  the  most  difficult  strain  producing  condition  to 
simulate.  Generally,  the  ignition  transients  are  sigmoid  curves  which  can  be 
conveniently  approximated  by  a  ramp  function.  The  slope  of  the  ramp  functions 
can  be  converted  to  constant  strain  rates  which  are  necessary  for  quantitative 
description  of  the  conditions  leading  to  grain  failure.  The  grain  geometry 
and  case  rigidity  must  be  preserved  to  obtain  accurate  strain  simulation 
during  ignition. 


The  use  of  identical  grain  and  case  materials  in  the  model  and  prototype 
cannot  be  overemphasized.  Inaccurate  simulation  of  grain  strains  will  result 
from  attempts  to  substitute  other  materials.  For  example,  substitution  of  a 
thicker  walled  aluminum  case  for  a  thin  walled  steel  case  will  permit  simula¬ 
tion  of  straining  conditions  during  ignition  and  steady  state  pressurization, 
but  will  not  permit  proper  straining  to  be  realized  during  cure  and  thermal 
cycling. 

Thus,  by  preserving  propellant  and  case  materials,  grain  geometry,  case 
rigidity,  grain  processing  conditions,  ignition  transient  and  operating 
pressure,  complete  simulation  of  the  structural  behavior  of  the  prototype 
grain  can  be  achieved  through  subscale  testing.  The  mode  of  grain  failure 
will  become  evident  -  whether  it  is  during  cure,  post-cure  temperature  re¬ 
duction,  ignition  or  quasi-steady  state  pressurization. 

DISCUSSION 


The  grain  failure  envelope  for  many  propellants  as  determined  by  uni¬ 
axial  tests  has  the  characteristic  shape  (curve  A-B)  illustrated  in  Figure  1. 
This  envelope  is  defined  by  the  terminal  points  of  stress-strain  curves  ob¬ 
tained  during  uniaxial  testing  of  the  propellants  over  a  wide  range  of 
temperatures  and  strain  rates.  The  grain  failure  pattern  during  triaxial 
test  may  ijot  necessarily  follow  the  identical  behavior  as  for  uniaxial  test, 
however,  a  general  correspondence  between  temperature,  strain  rate  and  grain 
failure  should  exist. 

It  is  instructive  to  describe  the  anticipated  behavior  of  the  failure 
pattern  from  model  tests  in  a  qualitative  manner  through  the  use  of  the  uni¬ 
axial  failure  envelope.  Superposed  upon  the  stres  i-strain  space  are  the 
initial  stress-strain  states  of  the  free  grain  surface  of  the  propellant 
grain  (open  symbols)  as  determined  by  the  cure  and  thermal  shrinkage  to¬ 
gether  with  grain  geometry.  (For  cylindrical  geometries,  the  important 
parameter  is  the  b/a  ratio;  the  case  to  perforation  diameter).  Upon 
pressurization  the  case  expands  and  the  bonded  grains  follow  the  case  ex¬ 
pansion,  the  total  volumetric  expansion  of  the  case  must  be  accommodated 
by  a  corresponding  increase  in  volume  of  the  perforation.  The  case  strain 
is  independent  of  the  grain  geometry  and  is  determined  solely  by  the  oper¬ 
ating  pressure,  however,  the  grain  strain  at  the  free  surface  will  be  deter¬ 
mined  by  the  geometry  of  the  grain  together  with  the  magnitude  of  the  case 
strain.  Increasing  the  b/a  ratio  will  result  in  a  higher  final  circum¬ 
ferential  strain.  The  vertical  lines  (Figure  1)  terminated  by  solid  symbols 
corresponding  to  the  initial  stress-strain  states  represent  the  corresponding 
circumferential  strains  of  the.  grain  upon  reaching  operating  pressure. 

For  each  initial  state  (b/a  ratio)  consider  two  stress-strain  trajec¬ 
tories;  xy  corresponding  to  pressurization  at  low  rates  or  at  high  grain 
temperatures,  and  xz  corresponding  to  pressurization  at  high  rates  or  at  low 
grain  temperatures.  Whenever  these  trajectories  cross  the  failure  envelope, 
(AB) ,  the  grain  will  fail.  Conservative  grain  geometries  (b/a^)  survive  all 
combination  of  ignition  rate  or  grain  temperature.  High  performance  grain 
geometry  (b/a2)  survive  high  temperature  or  slow  ignition,  but  fail  upon 
fast  ignition  or  low  temperature.  The  configuration  (b/a^)  illustrates  a 
poor  grain  design  which  survives  storage,  but  fails  upon  ignition  for  all 
conditions . 


.The  model  tests  in  progress  consist  of  determination  of  the  failure 
envelope  of  the  grain  by  examination  of  a  series  of  geometries  (b/a  ratios) 
over  wide  pressurization  rates  and  a  wide  temperature  range.  Establishment 
of  this  envelope  for  any  grain  configuration  will  aid  the  development  engineer 
to  select  grain  designs  with  greater  confidence. 

PRELIMINARY  TESTS  AND  RESULTS 


A  polybutadiene-acrylic  acid  based  propellant  was  cast  into  three 
identical  thin-wall  cases.  The  b/a  ratios  were  3,  4.5,  and  6.0.  After 
curing,  these  grains  were  stored  under  ambient  conditions  for  two  weeks. 
Periodic  visual  inspection  for  grain  failure  was  made  but  none  was  observed. 
The  grains  were  tested  for  failure  by  thermal  straining  induced  by  cooling 
to  40,  20,  0,  and  -20°? .  Inspection  again  indicated  no  cracking  of  the 
grains.  Time  did  not  permit  extended  storage  at  any  of  the  test  temperatures 
but  this  extended  storage  condition  will  be  Included  in  future  studies. 

The  grains  were  brought  to  room  temperature  and  pressurization  tests 
were  initiated.  In  order  to  obtain  preliminary  data  to  demonstrate  the 
feasibility  of  this  proposed  method  of  strain  simulation  through  model 
testing,  it  was  necessary  to  carry  out  these  initial  dynamic  tests  without 
the  benefit  of  a  transducer  to  monitor  the  grain  perforation  diameter.  The 
test  procedure  was.  modified  to  operate  without  a  transducer  to  detect  grain 
strain  and  grain  failure  by  stepwise  pressurization  of  about  200  psi  inter¬ 
vals.  After  each  cycle  the  case  was  depressurized,  dismantled  and  the  grains 
Inspected  for  failure.  In  this  way  it  was  possible  to  obtain  the  failure 
pressure  to  within  only  ±  100  psi.  The  maximum  test  pressure  was  limited 
to  about  800  psi  to  prevent  damage  to  the  case. 

When  the  grain  strain  transducer  is  available  these  tests  will  be 
carried  to  maximum  test  pressure  in  one  cycle.  The  failure  point  will  be 
recorded  as  a  discontinuity  in  the  tracking  of  the  grain  strain  transducer 
trace  as  compared  to  the  case  pressure  transducer  trace  without  requiring 
dismantling  the  grains  during  a  test. 

All  tests  weie  run  at  a  nominal  pressurization  rate  of  5000  psl/sec. 

The  measured  rates  of  pressurization  usually  fell  within  ±  200  psi/second 
of  this  value.  This  particular  rate  was  selected  as  it  is  characteristic 
of  the  transient  pressure  rise  to  be  expected  in  large  booster  systems. 
Subsequent  testing  will  Include  a  range  of  rates  from  1000  psi/second  to  the 
maximum  attainable  by  the  system.  By  substitution  of  larger  valves,  it  will 
be  possible  to  attain  rates  two  to  five  times  greater  than  are  presently 
available. 

Tests  at  transient  ignition  rates  were  run  at  (75°F),  40,  20,  and  0oF. 
Again,  only  short  time  conditioning  at  each  test  temperature  was  used 
(about  one  hour  after  steady-state  temperature  was  reached.)  No  failures 
were  observed  in  any  of  these  tests  except  at  a  b/a  ■  6,  and  here  only  at 
0  F.  This  failure  occurred  between  400  and  600  psi.  Based  upon  these  re¬ 
sults,  the  failure  envelope  at  a  pressurization  rate  of  5000  psi/second 
(  200  per  cent  per  second)  for  the  PBAA  propellant  selected  at  b/a  ratio 

of  six  is  presented  in  Figure  6. 


DESCRIPTION  OF  EQUIPMENT  AND  OPERATION 


1.  Thin-walled  case. 

A  sketch  of  the  case  used  to  simulate  the  prototype  is  shown  in  Figure  2. 
The  case  is  constructed  of  4130  steel  heat  treated  to  180,000  psi  stress.  The 
inside  diameter  was  accurately  maintained  by  a  honeing  operation,  the  threads 
were  cut  into  the  end  and  the  piece  was  heat  treated.  An  expandable  mandrel 
was  used  to  support  the  case  during  the  subsequent  grinding  operation  to  pro¬ 
duce  a  uniform  thin  wall  specified  to  be  0.0087"  thick.  These  walls  proved  to 
be  slightly  thicker  (about  0.0090").  However,  systematic  measurements  showed 
the  thickness  to  be  uniform  within  3  per  cent.  Strain  gauges  both  circum¬ 
ferential  and  axial  are  mounted  at  90*  intervals  at  the  outside  center  of  the 
case.  The  case  was  hydrostatically  tested  to  950  pel  and  inspection  proved 
that  the  elastic  region  was  not  exceeded  during  these  tests.  The  end  pieces 
are  slightly  concave  to  allow  easy  removal  of  entrained  gas  during  filling 
with  hydraulic  fluid.  A  photograph  of  the  loaded  case  with  strain  gauges 
attached  is  shown  in  Figure  3.  Figure  4  shows  the  model  mounted  on  the 
hydraulic  system. 

2.  Pressurization  System. 

A  block  diagram  of  the  pressurization  system  is  shown  in  Figure  5. 

Figure  4  is  a  photo  of  the  pressurization  except  for  the  high  pressure  pump. 
Referencing  to  the  callouts  in  Figure  5,  the  operation  of  the  system  follows. 

Hand  valve  (5)  is  closed  and  the  high  pressure  pump  is  adjusted  to  de¬ 
liver  500  psi  greater  than  test  pressure.  Valves  (10)  and  (14)  are  opened 
and  hydraulic  fluid  (13)  is  metered  into  the  subscale  model  (11)  and  the  flow 
lines.  The  ballast  tank  (3)  is  filled  about  half  full.  Evidence  of  complete 
purging  of  trapped  air  is  obtained  by  smooth  flow  of  liquid  from  high  point 
bleed  (10).  Valves  (10)  and  (14)  are  closed,  valve  8  is  adjusted  to  select 
the  correct  pressurization  rate.  High  pressure  nitrogen  (1)  is  metered  into 
the  ballast  tank  (3)  by  use  of  the  regulator  valve  (2)  until  the  desired  test 
cutoff  pressure  is  reached.  The  check  valve  (6)  prevents  pressurization  of 
the  system  during  this  operation.  The  system  is  now  ready  for  pressurization. 
The  high  speed  solenoid  valve  (7)  is  opened  and  the  high  pressure  fluid  is 
throttled  into  the  test  system  at  a  controlled  rate  until  the  preset  test 
cutoff  pressure  is  reached.  At  this  point  the  check  valve  (6)  opens  and 
diverts  the  flow  into  the  ballast  tank.  The  solenoid  valve  (7)  is  closed. 

The  system  is  maintained  at  the  test  pressure  until  the  hydraulic  fluid  re¬ 
turn  valve  (5)  is  opened  to  allow  the  excess  fluid  to  return  to  the  pump 
reservoir.  During  the  pressurization  cycle  the  strain  and  pressure  trans¬ 
ducer  outputs  are  recorded  on  a  high  speed  oscillograph. 

SUMMARY 

The  description  of  the  failure  process  presented  in  the  discussion  was 
validated  by  the  preliminary  test  results.  In  order  to  define  completely 
the  failure  envelope,  longer  conditioning  times  at  test  temperatures  are 
required  lu  duplicate  the  effects  of  stress  relaxation  and  delayed  failure. 
These  tests  focus  attention  on  the  need  for  specifying  propellant  mechanical 
property  requirements  only  after  the  interaction  with  the  case  design,  rate 
of  ignition  transient  and  effect  of  quasi-steady  state  pressurization  are 
considered. 
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FIGURE  1. 

RELATIONSHIP  OF  GRAIN  FAILURE  ENVELOPE  TO 
IGNITION  TRAJECTORY  AND  GRAIN  GEOMETRY 


FIGURE  H.  PRESSURIZATION  SYSTEM 


1#  High  Pressure  Nitrogen 

2.  Grove  Regulator 

3.  Ballast  Tank 

4.  Hydraulic  Pump 

5.  Return  Flow  Valve 

6.  Check  Valve 

7.  Solenoid  Valve 

8.  Metering  Valve 

9.  Pressure  Transducer 

10.  High  Point  Bleed 

11.  Subscale  Model 

12.  Strain  Transducers 

13.  Hydraulic  Fluid  Reservoir 

14.  Hand  Valve 


FIGURE  l).  BLOCK  DIAGRAM  OF  PRESSURIZING  SYSTEM 
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FIGURE  6.  EXPERIMENTAL  FAILURE  ENVELOPE 
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THE  STRESSES  IN  AN  ELASTICALLY  REINFORCED 
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ABSTRACT 


The  stress  distribution  has  been  determined  for  a  hollow  viscoelastic 
sphere  having  a  thin  elastic  reinforcing  shell  and  subject  to  internal  time- 
dependent  pressure*  The  treatment  includes  the  more  general  problem  of  an 
eroding  internal  boundary.  The  solution  is  discussed  in  detail  for  an  incom¬ 
pressible  Voigt  material  and  the  results  compared  with  the  analogous 
cylindrical  situation. 


INTRODUCTION 


The  viscoelastic  stress  distribution  in  an  elastically  reinforced  visco¬ 
elastic  cylinder  under  internal  pressure  has  been  discussed  by  Radok  and 
Lee  (1).  The  purpose  of  the  present  investigation  is  to  study  the  analogous 
situation  for  a  hollow  sphere  and  hence  examine  the  effect  of  equal  biaxial 
hoop  stresses.  It  may  then  prove  desirable  to  return  to  a  study  of  the 
cylinder  except  that  one  could  now  impose  arbitrary  biaxial  stress  ratios  by 
subjecting  the  tube  to  axial  tension  or  compression. 

First  of  all,  there  is  no  particular  difficulty  in  determining  the 
stresses  for  small  strains  in  even  a  viscoelastic  pressurized  sphere  if  it  is 
not  reinforced  and  has  a  constant  internal  boundary.  For  such  a  situation,  it 
can  be  easily  demonstrated  that  the  elastic  and  viscoelastic  distributions  are 
identical,  although  the  deformations  in  the  latter  case  are  of  course  time- 
dependent. 

Next,  the  situation  for  an  elastic  reinforcing  case  can  also  be  simply 
found,  and  within  a  knowledge  of  the  appropriate  material  representation,  e.g. 
Kelvin,  Voigt,  etc,,  the  linear  viscoelastic  stresses  can  also  be  determined. 
Finally,  and  as  an  interesting  and  novel  extension,  the  situation  can,  follow¬ 
ing  the  work  of  Radok  and  Lee,  be  treated  for  the  case  when  the  internal 
boundary  of  the  reinforced  sphere  is  eroding. 

Following  this  outline  then,  the  above  problems  will  now  be  presented, 
MATHEMATICAL  FORMULATION 


Consider  a  hollow  sphere  of  concentric  internal  and  external  boundar¬ 
ies  a  and  b,  respectively,  subjected  to  an  internal  pressure  p..  The  external 
surface  is  reinforced  and  bonded  to  a  thin  elastic  spherical  container  of  out¬ 
side  radius  c  with  properties  E  ,  G  and  v  ,  i.  e..  Young's  modulus,  shear 
modulus,  ancl  Poisson's  ratio,  resp§ctively.c  For  such  geometry  and  loading 
conditions,  considerations  of  spherical  symmetry  lead  to  the  reduction  of  the 
usual  three  equations  of  equilibrium  to  one,  viz., 
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(1) 


do-  Z(<r-<r) 

_£+  _ l _ =  o 

dr  r 

and  only  one  non-zero  displacement,  u  in  the  radial  direction,  through 
which  the  related  strains  and  stresses  are 

C  —  ^  s  -L  r  nr  _  7  u  ir  1 


e«'F  =  rl<I'v>Vv,rr1 


where  the  material  properties  without  subscripts  apply  to  the  sphere  it¬ 
self. 

Equations  (l)-(3)  are  three  equations  in  three  unknowns  <r  ,  and 
u  which  are  readily  solved  to  give  r 

*r  *  A  "  7  "7 

r 


u«gBl-2v)Af  ] 


Boundary  Conditions .  -For  the  problem  under  consideration,  one 
has  as  the  boundary  condition  at  the  internal  radius 

«rr(a)  •  -p£  (7) 

and  at  the  interface,  the  conditions  that 

°r 

u“(b)  «  u+(b)  (9) 

while  outside  the  sphere  and  reinforcing  container 

<rr(c)  *  0  (10 

Using  these  conditions  and  the  considerations  of  membrane  theory 
for  the  thin  reinforcing  shell,  the  pressure  <r  (b)  is  related  to  the 
tangential  stress  as  follows: 


',«•>■ — i-i  -Eb  '8<b|  *  ^e(b)  <u> 

v  ■  -z^inr 

c  c 

Proceeding  with  the  determination  of  the  constants  A  and  B  in  (4) 
and  (5),  using  (7)  and  (11),  one  has 

A  -  j—j  =  ~Pi  (12) 
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(13) 


A 


2  B 

-  J~J  * 


from  which  B  can  be  eliminated  in  (13)  using  (12)  to  give 


B  3  .a. 3  /  *  *  « 

jj  iW  {A  +  pi} 


(14) 


so  that 

0[l  +  j  (^-)^]A  "  [l  “  (^)^J  A  *  -  (-^+  1)  (^)^  p.  (15) 


from  which  A  can  be  determined. 

ELASTIC  SOLUTION 


First,  in  the  case  ofapurely  elastic  material,  the  solution  for  the 
constants  is  immediate: 


A  _t1+fi  <t>3p1 

1  -  <B>3  -  (3[1+  2  (|)J1 
b  .  3  <i-f»  <t>3  Pi 

b5  7  1  -  (|)S  -  0[1+  2<|>3] 


(16) 

(17) 


Since  A  and  B  depend  on  fi  which  in  turn  is  a  function  of  the  material  prop¬ 
erties  of  the  sphere  and  case,  both  the  stresses  (equations  (4)  and  (5))  and 
deformations  (equation  (6)) are  affected  by  the  relative  rigidities  of  the 
materials  involved. 


If  no  reinforcing  shell  is  present,  (3*0  and  the  stresses  are  inde¬ 
pendent  of  the  material  properties  of  the  sphere. 

TIME  DEPENDENT  BEHAVIOR 


Suppose  now  that  we  have  a  viscoelastic  situation  wherein  the  mater¬ 
ial  properties  depend  upon  time.  Thus  /3  becomes  a  time  dependent  differ¬ 
ential  operator,  and  as  pointed  out  by  Radok  and  Lee,  it  is  important  to 
retain  the  order  of  the  terms  in  (15)  which  now  becomes  a  differential  equa¬ 
tion  in  A(t). 


As  an  example  one  can  proceed  to  analyze  the  same  case  as  Radok 
and  Lee,  namely  an  incompressible  Voigt  or  Maxwell  material.  Recalling 
the  definition  of  P  in  (ID. 


1-  v 


tr-Vcib,  e 

UTK — JT 

c  c 


v-t 


1  -  v  1-r 

v  v  *  "v-y(l+v)G 

T  y 


(18) 


where  y  *  b(l- Vc )/(Echc )  is  time -independent ,  one  has  for  the  special  case 
of  an  incompressible  material,  v  ■  1/2, 


higt'  1  h 


(19) 


^  “  T3yC 

From  the  stress-strain  relations  we  have  the  viscoelastic  formulation 


pPs.s  «QV.,  Rr  <r..  «  S8  €  . . 


where 


ij  ~~  "ij 

’ij  *  -  T  6y  'kk- 


®ij  "  €ij  ‘  7  6ij  €kk 

and  the  operators  are  defined  as 

PP  ■  I  p„  dP/dtn.  -  Qq«In  8n/8tn 
0  n  0 

Rr«lr  8n/ 8tn ,  S8  ■  X  s  8n/8tn 

0  n  0  n 

Thus  the  shear  modulus  is,  in  operator  form, 

Qq 


2G  *  2  p.  ■ 


and  so 


/3 


pP 


pP 


mr^fcpp-(^,Qq 


Writing 


equation  (15)  thus  becomes 
PP 


[  a(t)/b]  3  ■  m(t) 


*  ^  i'"'  [  1  +  -?■]  A  -  ( 1  -  m )  A  »  -  [ j3  ■  +  limp. 

PP  -  (^)Qq  T  2(pP-(^)Qq)  J  Pl 


and  clearing,  we  find 


(20) 


(21) 
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(24) 


(25) 


(26) 


pP[mA]  +  YQq  [  (l-m)A]  -  -  [  pP-vQq]  mp.  (27) 

For  the  special  two-element  model  operators 

pP  ■  P0  +  Pi  d/dt,  Q^qo+qj  d/dt  (28) 

where  the  values  p.  ■  1,  p,  *  0,  q^#  0,  q ,  *  0  imply  an  incompressible 
Voigt  material,  ana  Pq  #  CT,  p^  #  0,  q^  *  0,  and  q^  *  1  imply  the  incompres- 


sible  Maxwell  model,  (27)  becomes 


[  (p0  +  Pi  +  Y(q0+<ii  at-)<1”m)]A(t)*-[(Po"Yq0>f<Pi-Yq1>-J-]ni(t)pi(t)  (29) 

which  first  order  equation  can  be  solved  using  an  integrating  factor. 

CONSTANT  INTERNAL  BOUNDARY 


In  this  case,  specializing  to  m  #  f(t),  the  equation  (29)  has  the  intc 
grating  factor 

r  mP0+Y<1-m)q0  1 


(30) 


so  that  the  solution  is  easily  written  down  as 

A(t>*  PlWl-m)qi  j’'Kt[-P0+Vq0*<-PitVq1)  P,  dt  *  Ce 


-Kt 


(31) 


where 


v  p0m  +  v<1‘m>q0 

*  pxm  +  Y<i-m)q1 


(32) 


and  the  constant  is  to  be  determined  by  initial  conditions. 

THE  BURNING  BOUNDARY 

When  the  boundary  is  eroding  and  m  *  m(t),  the  calculations,  as 
expected,  become  more  complicated.  The  equation,  however,  can  again 
be  solved  using  an  integrating  factor  G(t)  after  first  writing  (29)  in  the 
form 

[pxm+  yq^l-m)]  +  [ mp0+  Yq0(l-m)+  (pj-yqj)  ]  A 

“  [  (-Po  +  Yq0)  +  (-Pi  +  Yqx)  af-  ]  (mpj) 

Cr  mPo+Yq0(1-m>f  (Pi“Yq,Xdrn/dt) 

G(t)  *  exp  \  [ - H - 2 - - - lTT-\ - ]  dt 

J  Pjm  +  yq^(l-m)  1 

_ H(t)  . — 

Pj^m  +  Y^U-m) 

where  as  a  result  of  division,  integration,  and  simplification, 


Thus 


H(t)  *  exp 
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t  + 


Pi  "  Yqi 


dt 


m  +  yq^(l-m) 


(33) 

(34) 

(35) 


Hence,  for  zero  initial  conditions  the  solution  (after  performing  the  indi¬ 
cated  operations)  becomes 


i ’.'xv  l-'iy 


(36) 


A(t)  *  -G(t) 


f(p1-vq1)(mp.)  p* 

\  hTTJ  +  v(p0qi'Piq0)J 


mp.  d  t 


)[  Pxm  +  vqjU-m)] 
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Equations  (34),  (35),  and  (36)  depend  upon  the  materials  involved. 

If  the  particular  constants  are  specified,  the  expressions  may  be  evaluated, 
numerically  if  necessary,  to  give  the  time  dependent  stresses  for  an  in¬ 
ternally  pressurized  elastically  reinforced  sphere  of  incompressible  Max¬ 
well  or  Voigt  type  material  characteristics. 


APPLICATION  TO  INCOMPRESSIBLE  VOIGT  MATERIAL 


The  particular  case  of  an  incompressible  Voigt  material  will  now 
be  considered.  The  viscoelastic  coefficients  in  (28)  are 


p0.l,  Pl.O.  q0*0.  q^O 
Equations  (34)  to  (36)  correspondingly  simplify  to 

G(t)  ■  v5pn- 

1*Yq0 


H(t) 

A(t) 


L  Yqx  Yqx  J  J 

r-yq.tmp  )  p‘  mp.  dr  "1 

"-G(t)  [ — mr~  +  J  Tr^TPTR-J 


(37) 

(38) 

(39) 

(40) 


A  burning  time  function  for  annihilation  of  the  viscoelastic  interior 
can  be  approximated  as 

a(t)  -  a°  i/3  (41) 

(l-kt)1/:> 

where  ag  is  the  initial  radius.  Analogously  to  the  function  used  by  Radok 
and  Leeior  the  cylinder,  this  function  leads  to  simple  integrals  for  evalu¬ 
ation  of  the  stresses.  The  annihilation  tin-e  tp  for  the  whole  interior  to  be 
burned  out  will  be  given  by 


(l-ktQ) 


T 7T 


(42) 


and  (41)  may  now  be  written 


=  [1-  (1 


>f  ] 
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1 
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(43) 


Cognpgred  to  these,  the  cylindrical  relations  of  Radok  and  Lee  involve 
ag  /o  and  the  square  root  instead  of  the  cube  root.  The  annihilation  func¬ 
tion  (43)  for  various  ratios  b/aQ  is  shown  in  Fig.  1.  While  these  curves 
are  slightly  more  non-linear  than  those  indicated  by  Radok  and  Lee  for  the 
cylinder,  still  an  approximately  constant  burning  rate  is  exhibited  if  the 


(44) 


ratio  b/an  is  not  too  large. 


For  this  function,  (39)  gives 

-t/r,  t  J', 
H(t)  «  e  1  (t-t0)  v 


where  is  defined  as 


T1 


<h 

qo 


(45) 


that  is,  the  delay  time  of  the  viscoelastic  material,  and 

kt  _ 

T0  *  Yql  ( — T  "  *  vqx  <-nr  )  (46) 

ao  0 

has  the  dimension  of  a  time;  it  involves,  besides  the  geometrical  quantities 
b  and  aQ,  the  viscosity  q,of  the  internal  material  and  the  elastic  property 
y  of  the  reinforcement.  Hence  it  can  be  thought  of  as  a  sort  of  delay  time 
for  the  elastic  casing  when  it  is  associated  with  the  viscosity  of  the  inner 
material. 


Denoting  the  ratio  of  the  annihilation  time  tft  and  by 

&  w  V 

t.i  . 

To 


(47) 


equation  (40)  now  becomes 

l-kt„  p.  .  .  ,  —  T-l 

A(,)  *  *  ir2  pt-  -  nr  T  *n  "-V 


t 

I 


e  T1  (r'-t0) 


”(T+1) 


p.  dr' 


(48) 


where  the  notation  r'  is  used  for  the  variable  of  integration.  This  result 
may  now  be  used  to  evaluate  the  radial  and  tangential  stresses  in  the  visco¬ 
elastic  material.  For  example,  using  (4)  and  (14),  the  radial  stress  is 
given  by 

2  R  3  3 

vr  (r»t)  *  A  -  t— 3  ■  A(1 - r  )  “  ~r  p.  (49) 

r  r  r*  1 


In  particular,  for  r  =  b,  the  pressure  on  the  casing  is  found  to  be 
T  “irC  £  -(T+l) 

«rr(b,t)  «  T(t-t0)  e^j  (r'-t0)  p.tr'Jdr'  (50) 

0 

By  equation  (11),  this  pressure  is  directly  proportional  to  the  hoop  stress 
produced  in  the  casing,  the  ratio  of  biaxial  hoop  stress  to  pressure  beine 
given  by  the  factor  (b/2hc).  s 
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At  this  point,  it  may  be  noted  that  (50)  for  the  pressure  on  the  casing 
is  of  essentially  the  same  form  as  the  comparable  solution  given  by  Radok 
and  Lee  for  the  case  of  cylindrical  symmetry.  The  reason  is  apparent 
from  a  comparison  of  the  operator  form  (27)  of  the  differential  equation 
and  the  stress  equation  (49)  with  the  corresponding  expressions  on  pages 
8  and  11  of  Radok  and  Lee's  paper.  Furthermore,  the  similarity  is  depen¬ 
dent  on  choosing  the  burning  function  (41)  which,  as  was  noted  above,  de¬ 
fines  a  different  burning  rate  for  the  sphere  than  the  comparable  function 
for  a  cylinder.  Hence  direct  equivalence  of  the  type  noted  for  equation 
(50)  does  not  in  general  hold  good  for  radii  other  than  the  boundaries  of 
the  viscoelastic  material.  This  latter  feature  is  valuable  however,  as 
certain  non-dimensionalized  results  derived  by  Radok  and  Lee  for  the  , 
cylinder  can  be  used  for  the  sphere,  keeping  in  mind  the  appropriate  sign 
conventions  and  definitions  of  parameters. 

Specifically,  they  consider  the  case  of  a  step  function  pressure 
variation  in  which 


{0  for  t  < 
P0  *or  *  > 


«  0 
0 


(51) 


and  the  ratio  T  is  an  integer.  Integration  of  (50)  by  parts  T  times  results 
in 

P0 


T-i , 


(b.t> . 

r  lmQ  n* 

T-l 

-X  <-l)1+1  (T-l-l)l 

i=°  "lT  1  -2 

♦  <-l)T  <^>T  J  ^  d,  ] 


where 


1-r 


T1  .  t 

n  ■  - —  and  r  *  t — 

l0  0 


(52) 


(53) 


As  noted  by  Radok  and  Lee,  the  integral  of  (52)  may  be  expressed  in  terms 
of  the  exponential  integral 

Ei(-x)  «  -  J  dy  (54) 

x 

which  is  tabulated  in  Jahnke  (2).  In  fact, 

S  -5F-d”  I,"  *T  dy-Ei(-i)-EU^i)  (55) 

11— r 

-T  - 

n 

A  plot  of  the  stress  o-^Jb,  r)  at  the  interface  against  t  *  t/t q  is  shown 


in  Fig.  2  for  the  particular  case  when 


(56) 


(57) 


which  indicates  a  fixed  relationship  between  the  elastic  properties  of  the 
internal  and  reinforcing  materials. 

The  plot  of  Fig.  2  is  obtained  directly  from  the  corresponding  graph 
of  Radok  and  Lee  in  accordance  with  the  statement  above  regarding  the 
equivalence  of  this  non-dimensional  presentation  at  r  a  b.  The  parameters, 
however,  must  be  taken  as  defined  herein  for  the  spherical  geometry. 

Since  T  is  the  ratio  between  the  annihilation  and  casing  retardation  times, 
the  curves  illustrate  the  time  histories  of  the  stress  in  the  reinforcement 
(since  it  is  directly  proportional  to  the  radial  stress  in  the  inner  material) 
for  different  annihilation  times  for  a  given  sphere  and  casing.  The  curve 
corresponding  to  T  as  oo,  that  is,  for  very  slow  burning  rate  relative  to 
delay  time,  may  be  deduced  from  the  elastic  results  since  in  this  case  the 
elastic  solution  corresponding  to  the  spring  element  of  the  Voigt  model  ap¬ 
plies  except  for  a  duration  of  the  delay  time  order  of  magnitude  immediately 
after  application  of  the  pressure.  In  this  quasi-steady  region,  putting 
2G  =  q^,  this  stress  is 

-P0 

*T  (b,r)  *  "2^  (58) 

During  the  initial  period  of  the  order  of  the  delay  time,  the  pressure  on 
the  casing  increases  from  zero  along  the  line  OA  due  to  the  viscoelastic 
stress.  For  T  oo  this  appears  as  a  vertical  line  with  r*  0  as  abscissa. 

As  the  inner  material  disappears,  the  pressure  on  the  casing  in¬ 
creases  until  the  casing  carries  the  full  gas  pressure  at  time  tg,  as  indi¬ 
cated  by  the  point  B  in  Fig.  2.  For  longer  times  than  tg,  the  casing 
stress  remains  constant  if  the  gas  pressure  is  maintained. 

As  the  parameter  T  decreases  to  the  order  unity,  the  pressure 
rise  on  the  casing  becomes  more  gradual.  For  the  limit  T  *  0,  annihila¬ 
tion  is  completed  in  a  time  short  compared  with  the  delay  time,  and  visco¬ 
elastic  deformation  does  not  have  time  to  take  place  to  transmit  the  gas 
pressure  to  the  casing.  Thus  the  casing  stress  curve  approaches  OCB, 
the  gas  pressure  being  carried  by  the  casing  only  when  the  inner  material 
has  been  burned  away. 

Analogous  curves  may  be  calculated  for  cases  in  which  vg  is  a 
multiple  of  or  vice  versa.  The  quasi-steady  solution  in  each  individual 
case  will  establish  the  proportionality  factor  and  give  the  limiting  curve 
for  the  time  history  of  the  radial  stress. 


r0"Tl 


which  implies  by  (45)  and  (46)  that 
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DISCUSSION 


A  comparison  can  be  made  on  the  basis  of  Fig.  2  between  the  stress 
build-up  in  the  spherical  geometry  and  that  in  the  cylinder  treated  by  Radok 
and  Lee.  It  will  be  assumed  that  the  viscoelastic  and  reinforcing  mater¬ 
ials  in  each  geometry  have  the  same  set  of  material  properties  (qg,  q. ,  v  , 
etc. ).  Inasmuch  as  Fig.  2  is  drawn  for  the  case  of  Tq  *  i},  (57)  immedi-  C 
ately  requires  the  satisfaction  of  the  following  condition: 


where  the  subscripts  3  and  2  refer  to  the  sphere  and  cylinder,  respectively. 

Assuming  the  reinforcement  to  be  made  of  steel  ( vc  *  0.3)  and  tak¬ 
ing  standard  rocket  design  practice  of  a  roughly  constant  ratio  of  reinforce¬ 
ment  thickness  (hc)  to  radius  (b),  the  differing  boundary  conditions  of  the 
two  geometries  require  that 

V2*1*3V3  (60) 

As  noted  earlier,  the  radial  burning  rate  is  considered  to  be  ap¬ 
proximately  constant,  which  permits  the  approximate  relation  of  burning 
times  to  be  written  as 


Consider  now  for  a  specific  comparison  a  cylinder  with  ^^02  *  2, 
for  which  (59)  and  (60)  give  bo/ag^  *  1.7  as  the  corresponding  sphere. 

To  give  the  same  initial  conditions,  set  ag^  equal  to  ag^.  These  results, 
combined  with  (61),  (47)  and  the  fact  that  the  casing  retardation  time  tq 
must  be  the  same  for  the  two  configurations,  give 

T 

7p —  *0.7  (62) 

1  2 

Since  T^  is  less  than  T2,  Fig.  2  indicates  a  more  gradual  pressure 
rise  on  the  casing  as  a  function  of  r  for  the  spherical  geometry.  However, 
since  the  actual  burning  time  tg^  for  the  sphere  is  only  70°/o  of  that  for 
the  comparable  cylinder,  the  stress  rise  at  the  reinforcement  is  in  fact 
more  rapid  time-wise  for  the  sphere  throughout  the  complete  burning 
time  to,.  This  is  illustrated  in  Fig.  3.  Similar  results  occur  for  other 
T  ratios. 

While  a  direct  comparison  for  the  same  b/ag  ratio  would  require  the 
calculation  of  a  new  graph  comparable  to  Fig.  2  for  another  Tq/tj  ratio,  the 
indication  from  the  present  work  is  that  the  pressure  rise  in  tne  sphere  is 
at  a  faster  rate  than  in  the  cylinder. 


I  'ar,'-  Vj2 
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FIGURE  2. 
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FIGURE  3. 
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ABSTRACT 

Vertical  slump  tests  were  carried  out  for  a  50  percent  web  fraction, 
1.5  L/D  circular  port  grain  segment.  One  test  was  conducted  using  a 
10-inch  long  gelatin  grain  and  the  other  test  was  conducted  using  a 
54-inch  long  Polycarbutene  grain.  Propellant  properties  were  determined 
in  the  laboratory  and  described  by  a  fourth  order  linear  differential 
operator.  Scaling  relations  between  the  gelatin  model  and  the  propellant 
model  were  confirmed.  A  consistent  35  percent  deviation  from  the 
predictions  of  Knauss'  theory  was  found.  A  prediction  for  a  ramp  function 
acceleration  setback  using  the  finite  linear  viscoelastic  operator  is  given. 


INTRODUCTION 


The  problem  of  accurately  predicting  axial  slump  in  solid  propellant 
grains  has  become  quite  acute  with  the  advent  of  large  solid  propellant 
grains.  This  paper  will  briefly  set  forth  the  results  of  the  following  steps 
in  the  investigation. 

(1)  Creep  and  stress  relaxation  experiments  on  constant  cross- 
section  tab  end  samples  carried  out  in  order  to  determine  the 
coefficients  ^  ^  in, 


(2)  The  finite  linear  differential  operation  stress-strain  law 


used  to  characterize  the  gelatin  and  the  propellant, 


'This  paper  describes  the  results  of  research  carried  out  in  a  program 
sponsored  by  the  Grand  Central  Rocket  Co. 
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(3) 


The  axial  slump  equation  derived  by  Knauss  and  given  in 
these  proceedings,  yielding  the  slump  at  the  inner  periphery 


where  p  =  density,  a  -  standard  gravity,  A  =  inner  port 
radius,  b  =  outer  grain  radius,  A  =  v5t,  £  =  elastic  modulus, 
and  $(jt)  is  the  time -dependent  <*  -loading  function. 


(4)  Use  of  the  viscoelastic  analogy  wherein  (writing  the  stress- 
strain  law  of  step  (2),  as  “P^rOr)  **  (£)€£*) 
where  *P  and  Q  are  the  differential  operators),  one  substitutes 
the  value  of  E  in  the  equation  of  step  (3)  with  ^-and  solves  the 
resulting  differential  equation. 


(5)  Slump  tests  on  a  50  percent  web  fraction  (  X  =  2.  0)  gelatin 

model  with  L/D  =1.5  where  D  =  2b  and  the  length  L  =  10  inches. 


(6)  Slump  tests  on  a  50  percent  web  fraction  Polycarbutene  propel¬ 
lant  model  36  inches  in  diameter  by  54  inches  long  (L/D  =1,5) 
containing  2,  500  lb  of  live  propellant. 


(7)  Comparison  of  experiment  with  predicted  theory. 


PROPELLANT  CHARACTERIZATION 

Creep  and  stress  relaxation  experiments  provided  values  for  the 
stress-strain  law  referred  to  such  that  it  becomes 

f  I.M9  +  44.7  ^  ♦  147.4  7-  46.7C.  §£  *  '  oj  <r(i) 

r  v»  2?  ^  ,,  +  15994#*  *ZiZ-rf]e(t) 

,  U,  ^  *  34,42 4  3?  *  +  ,3'  J 


or  p<rM  «  Qed) 

ANALYTICAL  SOLUTION 

Rewriting  Knauss'  solution  as 

u)  d)  »  A  ^  fM 

where  ^  w  3/a 

and  i(*)  i,  the  ramp  acceleration  function 

£(*)e  Rt  -  ea-tjua-fct) 

yields  upon  Laplace  transformation  t  S  \ 

C  b,S4  +  b,  S*  +-  b.  »*■  +  t>,  5  .  k.  ) 
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Letting  the  four  roots  of  the  polynomial  in  the  denominator  be 

-ft,  f-ft and  ‘ft+  (after  normalizing  )  and  considering  the  two 
zero  poles  -fig  =  -/S^  =  0  given  by  then  yields  the  six  residues  K,  , 
through  Kfc.  The  solution  in  the  time  space  is  then  readily  written  as 


TESTS 

A  10-inch  by  approximately  6.6-inch  gelatin  model  was  first  used 
to  check  the  theory.  The  relaxation  times  were  such  as  to  cause  the 
solution  to  degenerate  to  an  elastic  solution  with  a  relaxation  modulus 
£  =  *»/a#of  about  4.  5  psi  in  a  few  minutes.  The  resultant  experimental 

slump  exceeded  the  predicted  slump  by  1.  35  times. 

A  36-inch  diameter  evaluation  grain  of  polycarbutene  propellant  was 
tested  for  long-term  slump  wherein  tj|  was  several  seconds.  The 
theoretical  curve,  as  well  as  the  1. 35  factor  curve  ,  are  plotted  in 
Figure  1.  Again  it  can  be  seen  that  the  1. 35  factor  applies  here. 

Figure  2  shows  the  gelatin  test  setup  and  Figure  3  shows  the  propellant 
evaluation  grain  test.  Figure  4  shows  the  prediction  for  a  120-inch 
diameter  1. 5  L/D  grain  with  a  6-Qacceleration  setback  and  a  ramp 
time,  ti  ,  of  0.  1  seconds.  ** 

CONCLUSION 

Utilizing  a  modification  of  Knauss'  theory  such  that 

U)(t)  s 

yields  vertical  slump  predictions  that  have  been  confirmed  by  approx¬ 
imately  6-inch  diameter  gelatin  models  and  by  36-inch  diameter  propel¬ 
lant  models.  The  use  of  the  finite  linear  differential  operator  charact¬ 
erization  of  the  propellant  appears  to  be  fully  justified  for  slump  predic¬ 
tions  when  a  fourth  order  or  higher  operator  is  used.  The  use  of 
uniaxially  determined  operators  appears  to  be  valid  in  predicting 
slump  deflections  in  full-scale  grain  analogs. 
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FIGURE  1.  AXIAL  SLUMP  VERSUS  TIME 


120-Inch  Diameter,  1 .5  L 
50  percent  Web 
Polycarbutene  Propellant 
Temperature  72°F 


FIGURE  k.  SLUMP  VERSUS  TIME,  LAUNCH  ACCELERATION 
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ABSTRACT 

The  magnitude  and  direction  of  principal  strains  on  the  surface  of 
propellants  may  be  measured  by  using  the  photoelastic  coating  technique. 
Classical  photoelasticity  theory  is  found  to  define  the  stress -optic  proper¬ 
ties  of  a  low-modulus  birefringent  resin  used  to  coat  propellant  struc¬ 
tures.  A  beam  structure  of  propellant  is  examined.  A  method  to  separate 
the  principal  stresses  in  the  resin  coating  is  illustrated.  The  technique 
is  then  applied  to  four  internally  pressurized  motors.  Two  six-pointed 
grains  and  two  tubular  grains  are  examined  and  found  to  exhibit  smaller 
strains  than  would  be  predicted  by  contemporary  theory. 

INTRODUCTION 


Failure  of  any  material  may  be  defined  as  a  strain  limit.  When  an 
environment  causes  a  material  to  deform,  it  may  eventually  not  satisfy 
design  requirements.  The  problem  of  predicting  strains  is  usually  resolved 
by  assuming  stress  conditions  in  a  material  and  essentially  relating  strains 
to  stresses  via  material  parameters.  The  structures  problem  is  then 
solved,  at  least  for  the  first  approximation,  if  two  of  the  three  unknowns 
arc  known.  Usually  the  material  parameters  are  the  "catch  all"  in  stress 
analyses. 

The  photoelastic  coating  technique  represents  one  method  of  meas¬ 
uring  the  two-dimensional  strain  field.  Ideally,  the  method  corresponds 
to  an  infinite  array  of  strain  gages  in  two  dimensions  with  the  subsequent 
feature  of  point  analysis.  The  object  of  this  paper  is  to  present  an  engi¬ 
neering  technique  that  will  enable  the  investigator  to  formulate  more  cor¬ 
rect  hypotheses  regarding  propellant-grain  stress  analysis. 


aThis  paper  presents  the  results  of  one  phase  of  research  carried 
out  at  the  Jet  Propulsion  Laboratory,  California  Institute  of  Technology, 
under  Advanced  Research  Projects  Agency  Letter  Order  No.  107-60,  for 
the  National  Aeronautics  and  Space  Administration. 


The  theory  of  the  photoelastic  coating  technique  is  derived  from 
classical  photoelasticity  (1,  2,  and  3),  which  is  based  on  an  experimentally 
observed  stress -optic  relationship.  It  has  been  found  that  the  relative 
retardations  of  normal  polarized  light,  as  it  passes  through  a  birefringent 
material,  is  proportional  to  the  thickness  of  the  birefringent  material  and 
to  the  difference  of  principal  stresses  (1). 

61-62  -  2Ct  (oj  -  <73)  (1) 

where 

61-62  =  relative  retardation  of  light  in  wavelengths  (X) 

C  =  stress -optic  constant 
cri  -<72  '  principal  stresses  difference,  <71  ><72 
t  *  thickness  of  coating,  in. 

The  photoelastic  coating  technique  has  existed  for  some  time  (4, 

5,  6,  and  7)  and  is  analogous  to  the  classical  method.  Its  application  to 
propellant  work  has  been  made  feasible  by  the  development  of  low -elastic - 
modulus  (500  lb/in?  or  less),  linear  stress -optic,  birefringent  coating 
materials. 

The  experimental  procedure  is  to  bond  the  linear  model  (coating) 
to  the  structure.  Upon  stressing  the  structure,  the  strains  are  trans¬ 
mitted  to  the  linear  model.  The  strains  in  the  linear  model  are  measured 
by  the  same  techniques  available  tr  the  classical  method. 

The  mechanical -optical  system  used  for  this  study  is  a  crossed 
polariscope  (Figure  1).  Essentially,  this  system  consists  of  a  light  source 
and  two  polarizers,  two  X/4  birefringent  plates,  the  coated  propellant 
under  investigation,  and  a  camera.  Polychromatic  light  is  plane  polar¬ 
ized  as  it  passes  through  the  first  polarizer.  The  first  X/4  plate  trans¬ 
forms  this  plane  polarized  light  to  circular '7  polarized  light,  which  then 
enters  the  birefringent  coating,  is  reflected  at  the  coating-structure 
interface,  passes  through  the  second  X/4  plate,  and  finally  transmits 
through  the  second  polarizer  (analyzer)  to  the  camera. 

If  polychromatic  light  is  used  as  a  source  and  the  structure  is 
loaded,,  the  observer  (camera)  will  see  through  the  analyzer  a  repeating 
color  spectrum  over  the  entire  surface  area  of  the  birefringent  model. 

Each  repetitive  cycle  (fringe)  represents  a  linear  increase  in  differences 
of  principal  stresses  as  indicated  by  Equation  1.  Any  specific  colored 
curve  describes  a  region  in  which  the  difference  in  magnitude  of  principal 
stresses  is  constant.  These  lines  are  called  "isochromatics".  Super¬ 
imposed  on  the  above  curves  are  other  regions  of  extinguished  light. 

These  "black"  curves  are  called  "isoclinics"  and  have  the  property  of 
mapping  out  regions  where  the  directions  of  principal  stresses  are  the 
same.  By  rotating  the  polnrizer-nnaly/.er,  the  entire  dirn-tionnl  map 


associated  with  the  stresses  may  be  plotted.  These  isoclinics  may  be 
effectively  removed  by  inserting  the  A/4  wave  plates  into  the  system. 

To  separate  the  principal  stresses,  a  second  equation  must  be 
introduced  to  solve  for  the  second  unknown;  this  may  be  done  by  applying 
the  equilibrium  equation  to  arbitrarily  chosen  cuts  through  the  model — 
the  principal  stresses  may  be  graphically  reduced  by  application  of  the 
boundary  conditions  (8  and  9).  It  should  be  noted  that  other  methods  may 
be  used  to  separate  the  principal  stresses. 

EXPERIMENTAL  PROCEDURE 

The  optic  constant  C  in  Equation  1  was  obtained  by  taking  a  rec¬ 
tangular  sample  of  the  coating  material  and  subjecting  it  to  a  tensile  test. 
By  applying  a  relatively  uniform  tensile  stress,  oj  =  P,  02  =  0»  a  linear 
stress -birefringent  relationship  was  observed.  Average  longitudinal  and 
lateral  strains  were  measured  by  recording  displacements  using  a  photo¬ 
graphic  technique.  C  was  evaluated  to  have  a  value  of  0.512  x  10“^ 
lb/in?;  the  modulus  of  the  material,  E,  was  approximately  530  lb/in?; 
and  the  average  Poisson’s  ratio  based  on  Cauchy  strains  was  found  to  be 
about  0. 44. 

Defining  the  strain -optic  constant 


1+1/ 

where  v  is  Poisson’s  ratio.  Equation  1  may  be  transformed  to  relate  the 
relative  retardation  to  the  difference  in  magnitude  of  the  principal  strains: 

-  fi2  =  2Kt  (<!  -  c2)  (2) 

This  relationship  is  based  on  the  assumption  that  the  principal  strains 
coincide  with  the  direction  of  the  principal  stresses,  and  that,  the  modulus 
and  Poisson's  ratio  remain  constant.  The  optic -constant  calibration  is 
based  on  the  stress -optic  relationship  (Equation  1)  insofar  as  the  principal 
strains  cannot  be  measured  precisely.  However,  the  strain-optic  relation 
ship  (Equation  2)  is  applicable  to  the  coating  because  the  strain-fringe  and 
the  stress -strain  relationships  are  linear.  K  is  found  to  have  a  value  of 
0,0019.  Table  I  summarizes  the  correlation  between  principal  stress  and 
relative  retardation. 

To  illustrate  the  applicability  of  the  photoelastic  coating  method  to 
the  basic  study  of  propellant  stress  analysis,  a  simple  beam  of  inert  pro¬ 
pellant  was  studied.  The  birefringent  coating  was  bonded  to  the  surface 
of  the  beam.  This  specimen  was  subjected  to  a  symmetrical  three -point 
load  applied  by  means  of  the  hydraulic-pneumatic  system.  Figure  2  shows 
the  loading  system,  the  shear  diagram,  and  the  moment  distribution.  A 


camera  polariscope  was  used  to  obtain  the  photoelastic  data  which  was  in 
turn  reduced  by  graphical  superposition  to  Figure  3.  The  isochromatic 
fringe  values  correspond  to  those  values  shown  in  Table  I.  After  the  iso- 
clinics  and  isochromatics  had  been  plotted,  the  principal  stresses  were 
separated  graphically. 

A  section  of  the  beam  surface  (A -A)  was  arbitrarily  chosen  to  be 
examined  for  strain  distributions.  For  the  beam  it  is  noted  that  the  coat¬ 
ing  material  exhibited  the  same  stress -optic  properties  in  compression 
as  it  did  in  tension.  Figure  4  is  self-explanatory  and  demonstrates  the 
graphical  procedure  employed  to  separate  the  stresses  in  the  coating. 
Figure  5  compares  the  photoelastic  measurements  in  the  coating  to  the 
theoretical  stress  distribution  in  the  propellant. 

The  basic  equipment  and  procedure  were  extended  to  a  more  useful 
and  practical  strain  measurement.  Two  motor  geometries  were  chosen 
for  study:  a  simple  tubular  and  a  typical  star  propellant  grain  (Figure  6). 
The  material  tested  was  of  the  same  inert  formulations  used  in  the  beam 
and  had  physical  properties  very  similar  to  those  of  an  operational  poly¬ 
urethane  composite  propellant.  Both  configurations  were  studied  as 
external  radially  restricted  and  as  free-standing  grains,  mounted  vertic¬ 
ally  in  a  test  fixture.  The  contained  grain  consisted  of  the  free  grain 
inserted  in  a  greased  cylinder,  permitting  axial  extension  and  minimizing 
any  shear  stresses. 

Loading  in  all  cases  was  applied  internally  by  a  nitrogen  pressur¬ 
ized  contoured  latex  bag,  sealed  to  a  shaft  at  both  ends.  The  longitudinal 
expansion  of  the  bag  was  controlled  by  means  of  adjustable  end  plates 
machined  with  a  conical  taper;  the  taper  was  required  to  compensate  the 
specimen's  internal  radial  expansion  due  to  pressurization.  A  two- 
dimensional  loading  was  assured  by  constant  adjustment  of  the  axial 
positions  of  the  end  plates  during  pressurization  so  that  the  bag  could 
just  be  seen  between  the  grain  and  tapered  rt>d  plate. 

A  large  sheet  of  birefringent  coating  resin  was  calibrated  and  cut 
to  the  desired  shape,  then  bonded  to  the  end  of  the  grain  so  that  neither 
the  end  plate  nor  the  metal  cylinder  would  touch  the  coating. 

The  pressure  applied  to  the  grains  was  60  psi  for  the  free  standing 
grain  and  150  psi  for  the  contained  grain.  The  isoclinic  data  are  shown  in 
Figure  7  for  the  two  different  grain  configurations.  Both  geometries  were 
traced  from  projected  enlargements  of  color  negatives;  six  photographs 
were  used  to  give  a  sufficient  isoclinic  distribution. 

The  principal  strains  were  determined  at  arbitrarily  chosen  cuts. 
Figure  8  illustrates  the  graphical  representation  of  the  isochromatics  for 
their  corresponding  geometry  and  loading.  In  Figure  8  a  plot  in  Cartesian 
coordinates  oT  constant  shear  contours  is  superimposed  upon  the 


isochromatic  plot.  These  shear  contours  are  referenced  with  respect  to 
the  direction  of  the  arbitrarily  chosen  cuts  and  polarizing  angles. 


DISCUSSION  AND  CONCLUSION 


For  purposes  of  comparison  and  prediction,  the  strain  distribution 
across  the  web  of  the  tubular  grain  has  been  computed  from  small  deform¬ 
ation  elastic  theory.  Because  of  its  geometric  complexity,  no  attempt  was 
made  to  treat  the  star  shaped  configuration  analytically.  The  strain  equa¬ 
tions  for  a  tubular  grain  are  as  follows: 

Free  tubular  grain,  plane  stress  conditions 

(3) 

a2Pi  f  b2  1 

(3T73>i  [o-rtMi  +  rtjjJ 

where 

tr  ~  radial  strain,  in. /in. 

*q  =  circumferential  strain,  in.  /in. 
a  =  inner  radius  of  tubular  grain  =  1.25  in. 
b  =  outer  radius  of  tubular  grain  =2.50  in. 

Pi  =  internal  pressure  =  60  psi 
E  =  tensile  modulus  =  730  psi 
v  =  Poisson’s  ratio  =  0. 50  (assumed) 
r  =  radial  distance  to  point  in  tubular  grain,  in. 


r 

1.25 

1.  50 

1.75 

2.00 

2.25 

2.50 

*0 

«r 

0. 178 
-0. 151 

0.  128 
-0. 100 

0.0097 

-0.070 

0.078 

-0.050 

0.  064 
-0.037 

0.055 

-0.027 

Contained  tubular  grain,  plane  stress  conditions 

«r  -  — —1 — —  |(1  +  y)a2b2(p'  -  Pi)  -4  +  (1  -  i/)(Pia2  -  p'b2)] 

(b^  -  a^)E  L  r^  J 

'  (b5~-l2~K  [-(1  +  p)a2b2(p'  •  pi> ;?  +  (1  ■  "Xpi32  -  p'b2>] 


where 


'  _ 2a2p. _ 

[(1  +  v)a2  +  (1  -  t/)b2]  +  [<1  +  vc)C2  +  (1  -  i/c)b2] 

(cz  -  b^)Ec 

(4) 

All  symbols  are  the  same  except: 

p;  =  pressure  at  Interface  between  grain  and  metal  container,  psi 
Ec  =  tensile  modulus  of  metal  containers  =  30  x  106  psi 
vc  *  Poisson's  ratio  of  metal  container  =  0.33 
C  =  outside  radius  of  metal  container  =2.75  in. 


r 

1.25 

1.50 

1.75 

2.00 

2.25 

2.50 

*e 

0. 132 

6.  078 

0.  046 

0.  023 

0.010 

0.000 

«r 

-0.220 

-0. 166 

-0. 134 

-0. 113 

-0.098 

-0.090 

The  applicability  of  photoelastic  coating  technique  for  the  determi¬ 
nation  of  propellant  deformations  ij  demonstrated  by  comparing  standard 
beam  theory  with  the  experimental  results  (Figure  5).  Note  that,  although 
the  beam  exhibited  large  rigid  motion  and  rotation,  the  maximum  strain 
at  Section  A -A  was  only  about  7%.  The  close  agreement  between  meas¬ 
urements  and  theory  indicate  that  the  experimental  error  (both  recording 
and  reduction)  is  relatively  small.  The  discrepancies  between  small 
deformation  elastic  theory  and  experimental  observations  for  the  strain 
distribution  corresponding  to  internal  pressurization  of  a  tubular  grain 
are  illustrated  in  Figure  9.  It  is  noted  that  the  theoretical  prediction  of 
strains  would  require  that  the  specimen  begin  to  blanch  on  the  interior 
surface.  This  was  not  confirmed  by  visual  inspection.  Thus,  for  a  free 
standing  tubular  grain  at  test  pressure,  it  is  shown  that  the  theoretical 
prediction  (Equation  3)  is  conservative  by  about  100%.  For  the  contained 
tubular  grain  the  circumferential  strain  agreed  rather  well;  however,  the 
radial  strain  prediction  by  theory  (Equation  4)  was  about  1000%  conserva¬ 
tive.  In  the  experiment,  direct  contact  between  the  grain  and  metal 
cylinder  was  prevented  by  a  film  of  grease.  This  film  was  intended  to 
create  an  experimental  plane -stress  condition  which  may  have  contributed 
part  of  the  radial  discrepancy. 

Figure  10  illustrates  the  radial  and  circumferential  strain  distribu¬ 
tions  across  a  star  tooth  (Section  B-B)  and  across  the  web  (Section  A -A). 
For  Section  B-B  the  point  of  interest  is  at  Cut  5  located  in  the  interior  of 
the  grain.  This  point  exhibited  the  largest  strain.  The  high  strain  con¬ 
centrations  at  the  star  fillets  are  not  examined  in  this  paper.  It  is  noted 
that  these  areas  contain  the  largest  strains  of  the  grain.  On  comparing 
Figure  10  to  Figure  9  for  web  strains,  it  is  noted  that  the  corresponding 
circumferential  strains  have  about  the  same  maximum  magnitude  but  that 
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the  star  grain  has  a  much  steeper  gradient  for  150  psi.  The  maximum 
radial  strains  for  the  star  configuration  are  somewhat  higher  than  for  the 
corresponding  tubular  configuration;  again  a  steeper  gradient  is  observed. 

These  examples  illustrate  how  the  photoelastic  coating  technique 
may  be  used  to  study  strain  distributions  on  the  surface  of  a  propellant 
for  any  changing  boundary  condition.  With  this  information,  the  general 
stress -distribution  problem  can  be  studied  by  use  of  the  semi-inverse 
method  of  solution. 
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FIGURE  2. 

BEAM-LOADING  SCHEMATIC 


FIGURE  1.  MECHANICAL- OPTICAL  SYSTEM 
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FIGURE  5. 

MEASURED  VS  THEORETICAL 
STRESSES  IN  BEAM 
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FIGURE  4.  SEPARATION  OF  PRINCIPAL  STRESSES  IN  COATING 
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FIGURE  6. 

TUBULAR  AND  STAR 
PROPELLANT  GRAINS 
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SECTIONS  INVESTIGATED  FOR  STRAIN 


DISPLACEMENTS  IN  AN  AXIALLY  ACCELERATED  SOLID 

- PROPELLANT  ftOCKE’rgftAlN* - 


Wolfgang  G.  Knauss 
California  Institute  of  Technology 
Pasadena,  California 

ABSTRACT 

Approximate  deformations  of  a  case  bonded  tubular  rocket  grain  of 
finite  length  have  been  calculated  by  the  minimum  energy  principle  of  infini¬ 
tesimal  elasticity.  In  order  to  estimate  the  accuracy  of  this  method  two 
solutions  of  different  complexity  have  been  compared  with  deformations  in  a 
gelatin  model  and  fair  agreement  is  found  with  respect  to  the  deformation 
pattern. 

The  extension  of  the  elastic  solution  to  the  time  dependent  case  is 
accomplished  only  after  some  simplifying  assumptions  which  are  consistent 
with  the  approximate  nature  of  the  elastic  solution.  Sufficient  information  is 
presented  to  estimate  the  usefulness  of  the  method  in  preliminary  design  and 
to  aid  in  the  analysis  of  similar  problems. 

INTRODUCTION 


In  the  development  of  solid  rocket  motors  the  designer  meets  three 
major  problem  areas,  namely  the  analysis  of  stress, of  deformation  and  of 
temperature  influence  on  -  oth.  While  the  analysis  of  stress  is  closely 
related  to  failure  by  rupture,  deformation  analysis  concurs  itself  with 
failure  due  to  excessive  deformations,  and  in  particular  with  the  problem  of 
slump.  Slump  may  occur  in  short  time-high  acceleration  flights  of  multi¬ 
stage  rockets  due  to  high  inertial  loading  or  in  storage  under  gravity  loading 
of  one  "g".*#Although  there  are  propellants  available  today  which  reduce  this 
problem  to  a  minimum  in  a  moderate  temperature  environment,  the  trend  to 
large  solid  propellant  boosters  emphasizes  the  importance  of  slump  analysis. 
Because  of  the  high  cost  of  large  booster  grains, testing  for  slump  becomes 
impractical  and  analytical  means  of  predicting  slump  are  needed.  The 
analysis  which  we  shall  make  is  approximate:  but  it  is  hoped  that  it  will 
provide  a  useful  step  in  slump  analysis  and  related  problems. 

In  order  to  keep  the  analysis  tractable  the  usual  complex  grain  perfo¬ 
ration  is  replaced  by  a  circular  port  area  and  the  propellant  is  considered  to 
be  bonded  to  an  infinitely  rigid  case.  Two  cases  will  be  considered.  In  one 
case  the  annular  end  surfaces  are  free  to  deform  (FIGURE  la)  and  in  the 
other,  the  lower  end  surface  is  restrained  from  any  motion  (FIGURE  lb); 
these  cases  will  be  referred  to  as  unsupported  and  supported  cylinders, 
respectively.  Although  slump  may  be  associated  with  large  deformations  we 
shall  assume,  as  a  matter  of  expediency,  that  the  cylinder  material  is 
isotropic  and  linearly  viscoelastic,  and  further  that  strains  remain  small  so 
that  the  infinitesimal  theory  of  elasticity  applies.  The  time  dependent 
solution  is  then  obtained  by  first  finding  the  solution  for  the  case  of  time 
This-  work  was  supported  in  part  by  the  Thiokol  Chemical  Corporation, 
Huntsville,  Alabama, 

**  The  problem  of  horizontal  grain  storage  has  been  considered  by 
G.  Lianis  (1). 
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FIGURE  lb  -  SUPPORTED  CYLINDER 


independent  material  properties,  and  by  then  extending  this  elastic  solution 
to  the  caoe  of  time  dependent  material  properties  through  the  method  given 
by  Lee  (2). 

In  the  following  »  V  •  an<*  \  represent,  respectively,  the  body 
force  (density  times  acceleration),  the  shear  modulus,  Poisson's  ratio,  and 
the  Lame  constant  ZM/(  1-2 1/  ). 

An  exact  solution  of  the  present  problem  could  be  attempted  through 
a  method  given  by  Pickett  (3).  However,  this  method  is  indeed  very  complex 
and  non-convergence  of  the  solution  is  expected  at  points  where  end  surfaces 
and  case  meet;  therefore  the  less  time  consuming  Kantorovich  restricted 
variation  energy  method  is  chosen  at  some  expense  in  accuracy.  Because 
displacements  are  sought  in  the  solution,  the  potential  energy  theorem  is 
used:  the  mathematical  foundation  of  this  theorem  is  given  in  detail  else¬ 
where  (4,  5,  6)  but  it  will  be  useful  to  recall  here  its  essential  features  and 
requirements  as  they  relate  to  the  mechanics  of  this  solution. 

The  theorem  states  that  the  potential  energy,  to  be  defined  below,  is 
an  absolute  minimum  for  displacements  satisfying  boundary  conditions  and  the 
equations  of  equilibrium;  an  approximate  solution  results  if  the  potential 
energy  is  minimized  without  satisfying  the  equilibrium  equations.  The 
theorem  thus  requires  the  selection  of  displacement  functions  which  satisfy 
the  given  displacement  boundary  conditions  of  the  problem  but  contain  some 
arbitrariness  which  allows  the  variational  procedure  to  minimize  the 
potential  energy. 


In  the  present  problem  the  displacements  vanish  at  the  external 
radius  and  for  the  supported  cylinder  also  at  one  end  surface;  stresses  are 
prescribed  at  the  remaining  surfaces.  The  requirements  of  the  theorem  are 
satisfied  by  choosing  displacement  functions  u.(  i  »  1,  2,  3  )  as  a  sum  of 
products  1 


N 

E. 
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where  the  <j>n  are,  for  convenience,  functions  of  the  radius  only  which 
vanish  at  the  outer  radius,  .and  the  are  arbitrary  functions  of  z.  The 
selection  of  the  functions  requires1 for  best  results  some  intuition  or  other 
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guiding  principle,  because  some  functions  obviously  will  bring  the 
potential  energy  closer  to  its  absolute  minimum  than  others  and  thus  lead 
to  a  better  approximation.  Having  chosen  the  displacement  representations 
u,  one  proceeds  to  calculate  the  potential  energy  V  which  is  defined  as  the 
difference  of  the  strain  energy  and  the  work  done  by  the  body  forces  F.  and 
the  surface  tractions  Tj  in  moving  through  the  displacements  u^.  * 


V  ^d(voO”^k<Kvoi0-  ^TjUjciF  . 

VOL  VOL  Ir 

Here  $  and  are  the  first  and  second  strain  invariants, 
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repeated  subscripts  indicate  summation  and  Zr  indicates  that  the  third 
integral  is  to  be  taken  only  over  that  part  of  the  boundary  where  the  stresses 
are  prescribed.  The  potential  energy,  V,  is  then. minimized  by  setting  its 
first  variation  equal  to  zero*  when  the  functions  gl  are  varied.  This 
procedure  will  yield  (Nxi)  second  order  differential  equations  for  the  deter¬ 
mination  of  the  functions  g*  ,  often  called  Euler  equations,  as  well  as  the 
appropriate  boundary  conditions  for  the  functions  g^. 


ANALYSIS  OF  THE  PROBLEM 


In  order  to  apply  this  method  to  the  problem  of  the  accelerated 
cylinder  one  first  notes  that  the  radially  symmetric  loading  makes  the 
radial  and  axial  displacement  u  and  w,  dependent  on  the  radial  and  axial  co¬ 
ordinates  r  and  z,  only,  and  implies  zero  circumferential  displacement. 
Choosing  two-term  displacement  representations 

u  *  Rj(r)  gl(z)  +  R2(r)  g2(z) 

w  «  fY(r)  fj(z)  +  f2(r)  f2  (z) 
and  selecting  the  functions  ** 

R1  *  “  7  (  1  "  B  )2  Rt:  *  ( £  )2  111 TJ 
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one  proceeds  to  calculate  the  potential  energy  V,  EQUATION  (2);  because  the 
body  force  acts  only  in  the  axial  direction  and  surface  tractions  are  zero 
where  they  are  prescribed, the  expression  reduces  to 

V  «s  ]d(v8i_)-  rjwd(veL) 

-Vol  v#l- 

Substitution  of  the  displacement  representations  EQUATION  (4)  into 
EQUATION  (6)  and  subsequent  integration  over  the  radial  coordinate  renders 
the  final  expression  for  the  potential  energy  as  *** 

~  For  a  treatment  of  calculus  of  variations  see  e.  g.  ref.  (7). 

**  An  explanation  for  the  choice  of  these  functions  has  been  given  in  ref.  (6). 
*** Primes  denote  differentiation  with  respect  to  z. 
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kmlgl  +  m2g2  +  m3glg2  +  m4(fl)2  +  m5(f2?Z+  m6flf2 

+  tti7gj£  {  +  +  ™9&Z{\  +  ™10g2f2  +  rifg\) 

+  nz^)  +  ”38182  +  n4fl  +  n5f2  +  n6flf2  +  n7glfl 

+  +  n982fi  +  niOg2f2  “  rifl  '  r2f2  5  dz 


where  the  constants  m^,  n,  andf[#  are  defined  in  the  appendix.  The 
variation  of  the  potential  energy  with  respect  to  the  independent  functions 
gj,  g£,  f  j  and  f^  leads  to  four  differential  equations 

2njg j 1  +  n3g2U+  (n?-m7)fj  +  (ng-mg)f2  -  2m1g1-m3g2  «  0  (8a) 

n3g}1  +  2n2®21  +  ^n8”m8^  fl  +  <n10“m10,f2“m3gr2m2g2  *  0  (8b) 

2m 4f  j1  +m6^21  +  (*n7"n7)g}  +  ^m8"n8^g2  “  2n4fl“n6£2  *  "  ri  (8c) 

m6fl1  +  2m5f21+(m8‘n8,gl  +  (m10‘n10,g2  "  Vl’2n5f2  *  “  P2  <8d> 

and  to  the  boundary  conditions  for  the  functions  g.  and  f^ 

2njgj  +  ”382  +  n,-fj  +  ngf2  *0  or  g^prescribed  at  *  *  ^ i  ,  0  (9a) 

2n2g2  +  n3gl  +  n8£l  +  n10£2  *  0  or  82Prescril>ed  at  z  *  -l  ,  0  (9b) 

2m4fj  +  mgf2  +  m78i  +  nigg2  *  0  or  fj  prescribed  at  z  *  tl  ,  0  (9c) 

2mgf2  +  m^f  j  +  niggj  +  miQ82  *  0  or  f2  prescribed  at  z  •  ^JL,  0  .  (9d) 

The  solutions  to  the  differential  EQUATIONS  (8a-d)  are  obtained  by  standard 
methods*  as 


(10a) 


rXK*  r2n«-2nftr;  f  »  r*_  Xx  TTn*-2n4r2 

+,  -  S.*te„e  -  »  f,-  £*.e»e  -  4 
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Where  the  constants  o( J  are  determined  by  substituting  expressions  (lOa-b) 

into  the  differential  equations  8,  and  the  eight  constants  of  integration  c,  are 
determined  from  the  boundary  conditions  EQUATION  (9).  Because 
displacements  are  not  prescribed  at  z  »  it  for  the  unsupported  cylinder,  the 
boundary  conditions  represented  by  the  set  of  four  equations  in  EQUATION 
(9)  must  be  satisfied;  but  for  the  supported  cylinder  the  displacements 
vanish  at  the  supported  end  (z  «  0)  and  hence  the  boundary  conditions  at 
z  *  0  become 

Si  *  8?  *  *  l->  *  0  » 


7*  See,  eTgT  reference  (8)  or  any  other  textbook  on  differential  equations. 
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At  z  s  i  the  displacements  are  again  unspecified  and  therefore  the  set  of 
EQUATIONS  (9)  applies.  Thus  the  displacements  satisfy  the  displacement 
boundary  conditions  where  displacements  are  prescribed  and  the  require  - 
ments  of  the  potential  energy  theorem  are  met. 

It  should  be  recalled  here  that  these  boundary  conditions  arise  in  the 
minimization  of  the  potential  energy  and  that  satisfaction  of  these  "natural" 
boundary  conditions  is  required  if  the  potential  energy  is  to  be  a  minimum. 

CALCULATIONS 

The  further  solution  of  the  problem  is  not  readily  cast  into  a  closed 
form  and  requires  therefore  the  numerical  analysis  for  a  particular 
cylinder  configuration.  Inasmuch  as  this  paper  intends  to  convey  a  feeling 
of  the  quality  of  the  solution  and  not  only  a  numerical  result,  solutions  have 
been  found  for  the  two  term  displacement  expansions  given  in  EQUATION  (1) 
as  well  as  for  one  term  displacements  for  which  the  radial  functions  are 
chosen  as 

Ri  -  —  pi ;  r2-°  <u> 


Calculations  have  been  carried  out  for  the  following  cylinder 
geometry 

b  *  2a 

l  «  1.  25  b  (unsupported  cylinder) 

£  a  2.  5  b  (supported  cylinder) 
tf  *  0.  45 

and  the  resulting  radial  displacement  patterns  of  the  internal  boundary  are 
shown  in  FIGURE  2  for  the  one  and  two  term  solutions. 


F IGURK  2.  RADIAL  DISPLACEMENT  OF  TIM  INTERNAL  BOUNDARY  FOR  THIS 
ONE  TERM  AND  TWO  TERM  SOLUTIONS  (UNSUPPORTED  CYLINDER) 

It  was  not  possible  to  obtain  a  two  term  solution  for  the  supported 
cylinder  as  this  solution  involved  differences  of  very  large  numbers  (of  the 
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order  10^)  to  obtain  numbers  smaller  tnan  unity;  but  a  one  term  solution 
could  be  calculated  and  this  is  shown  in  FIGURE  8.* 

A  limit  check  of  the  solutions  for  an  incompressible  material 
(t)  9  1/2)  shows  that  as  Poisson's  ratio  approaches  1/2  the  unsupported 
cylinder  tends  to  deform  like  the  infinite,  unsupported  cylinder  and  that  the 
deformations  of  the  supported  cylinder  tend  to  zero.  This  result  is  not 
physically  reasonable  because  shear  deformations,  do  exist  in  spite  of  the 
fact  that  volume  changes  do  not  occur.  This  limit  behavior  is  a  direct 
consequence  of  the  approximate  nature  of  the  solution  inasmuch  as 
incompressibility  requires  the  dilatation  *  e1  j  +  e.^  +  e_,  to  vanish, 
which  in  turn  requires,  under  the  assumed  form  of  the  displacements,  that 
the  displacements  vanish.  For  this  reason  the  solutions  are  very  sensitive 
to  Poisson's  ratio,  in  the  neighborhood  of  if  *  1/2,  yet  for  a  Poisson's 
ratio  smaller  than  about  0.46  this  sensitivity  is  not  any  greater  than  one 
should  normally  expect;  we  therefor^  somewhat  arbitrarily,  restrict  the 
approximate  solutions  to  be  valid  for  Poisson's  ratio  smaller  than  0.46. 

The  fact  that  the  solution  is  approximate  could  be  simply  illustrated 
by  calculating  the  stresses  from  the  displacements  and  substituting  them 
into  the  equilibrium  equations.  Further,  the  boundary  stresses  do  not 
vanish  as  prescribed  in  the  exact  solution:  the  radial  stress  o*  as 
calculated  for  the  one  and  two-term  solution  is  shown  in  FIGURE  3.  It  is 
interesting  to  note  that  near  the  point  (  r  »  a,  z  •  t)  the  one  term  solution 
renders  a  tensile  stress,  whereas  the  two  term  solution  exhibits  a  com¬ 
pressive  stress.  (The  radial  displacement  at  this  point  is  positive,  i.  e., 
outward. )  If  stresses  are  superposed  on  the  stresses  calculated  from  the 
approximate  displacements  to  render  zero  boundary  stresses,  a  com¬ 
pressive  stress  would  be  required  for  the  one  term  solution,  and  a  tensile 
stress  for  the  two  term  solution;  these  stresses  would  cause  the  displace¬ 
ment  to  increase  for  the  one  term  and  to  decrease  for  the  two  term  solution. 
One  is  thus  justified  in  claiming  cautiously  that  the  exact  displacement 
(at  the  corner)  lies  between  that  given  by  the  one  and  two  term  solutions. 

To  predict  a  smaller  bound  on  the  maximum  radial  displacement  on  the 
basis  of  the  absolute  values  of  the  maximal  stresses  does  not  appear  to  be 
justified. 


COMPARISON  WITH  A  MODEL 


For  the  purpose  of  qualitative  comparison,  a  model  was  made  of 
commercial  Jell-O  having  a  length  to  diameter  ratio  of  1.25  and  a  radius 
ratio  a/b  «  1/3,  The  mold  consisted  of  a  clear  thin  walled  lucite  cylinder, 
a  central  brass  mandrel  and  brass  bottom.  By  pouring  hot  water  through 
the  hollow  mandrel  it  was  removed  without  destroying  the  internal  surface; 
a  similar  procedure  allowed  removal  of  the  bottom*? 

^  For  more  details  on  the  calculations  see  REFERENCE  (6). 

**  In  the  process  of  removing  mandrel  and  bottom,  the  corner  formed  by 
the  end  surfaces  and  the  internal  boundary  was  not  preserved  perfectly.  The 
apparent  displacements  in  the  immediate  vicinity  of  the  corners  are  there¬ 
fore  not  true  displacements.  Oval  shaped  and  round  objects  in  the  photo¬ 
graphs  are  bubbles  caused  in  the  removal  of  the  mandrel. 


Because  the  model  exhibits  large  deformations,  a  comparison  with 
an  infinitesimal  displacement  solution  as  given  here  is  perforce  of  a 
qualitative  nature.  Furthermore,  no  mechanical  properties  of  the  model 
material  have  been  determined,  so  that  agreement  should  be  expected  to  be 
qualitative  only.  Quantative  comparison  thus  showed  differences  of 
approximately  100  percent  even  after  accounting  for  different  radius  ratios 
used  in  the  calculations  and  in  the  model. 

FIGURE  5  shows  the  model  cylinder  supported  by  the  outside  wall 
hanging  under  axial  gravity  forces.  A  close-up  of  the  lower  end,  FIGURE  \ 
shows  that  the  bottom  surface  is  concave  downward  and  not  concave  upward 
as  the  analytical  result  indicates  in  FIGURE  6.  It  is  readily  understandable 
that  the  one-term  solution  should  exhibit  this  behavior  because  it  is  imposed 
by  the  choice  of  the  radial  function  p;  the  fact  that  in  the  two-term  solution 
one  of  the  functions  f  j  or  L  is  not  such  as  to  produce  the  downward-concave 
bottom  surface  can  be  explained  by  noting  that  this  solution,  too,  makes  use 
only  of  the  same  functions  and  does  not  introduce  anything  essentially  new.* 
In  view  of  this  statement  it  is  almost  surprising  that  the  two  solutions 
differ  as  much  as  they  do. 

Agreement  for  the  deformation  of  the  internal  cylindrical  surface  is 
fairly  good,  as  can  be  seen  by  comparing  FIGURES  5  and  6  for  the 
unsupported  cylinder,  and  FIGURES  7  and  8  for  the  supported  cylinder.** 

TIME  DEPENDENCE  OF  THE  DISPLACEMENT 


Having  obtained  an  approximate  elastic  solution,  we  shall  now 
consider  the  effects  of  time  dependent  material  properties.  Because  the 
numerical  nature  of  the  two  term  solution  does  not  lend  it9elf  easily  to  the 
following  considerations,  we  shall  restrict  ourselves  to  the  one  term 
solution  which  can  be  written  in  closed  form,  yet  exhibits  essentially  the 
same  time  dependent  behavior  as  the  two  term  solution. 


The  one  term  displacement  solutions  are  of  the  form 
U  a  R(r)|3|  Sinh  CoshTi'J'  +  a4Sinh +a,eosh^j-^-J 

Xk-  I  +  A,%inhX,^-+  AjSinhX,-^-  •+ A4  coshXt  JLj 

where  "Kj  ^  are  the  solutions  of  the  equation 


(12) 


T4  [  .  4TU  (4nT-mT^1Ti  jVU  BO 

A  L  4n,  »n4  l*n,w4  i  >n*"i  (13) 

It  will  be  useful  to  recall  for  later  reference  that  the  constants  m.  and  n^ 
depend  on  the  shear  modulus  and  the  Lame  constant  and  that  the 
constants  of  integration  a^  and  A^  are  functions  of  X  . 


a  »2 


Note  that  p^  for  the  one-term  solution  is  equal  to  +  2  (^-  ) 


for  the  two-term  solution, 

**  For  more  detailed  comparison  the  reader  is  referred  to  REFERENCE 

(6). 


We  shall  now  describe  the  determination  of  the  time-dependent 
deformations  as  outlined  by  Lee  (2).  According  to  this  approach,  the 
equations  of  elasticity  and  the  boundary  conditions  are  subjected  to  a 
Laplace  transformation  so  that  the  time  dependent  properties  are  replaced 
by  functions  of  the  transform  parameter  p,  In  this  transformed  state,  the 
problem  constitutes  an  associated  elastic  problem  which  can  be  solved  by 
ordinary  elastic  analysis.  The  solution  of  this  associated  elastic  problem 
must  then  be  inverted,  in  general  by  contour  integration,  to  obtain  the  time 
dependent  solution  of  the  physical  problem. 

In  the  present  cylinder  problem,  the  boundary  conditions  are  not 
time  dependent  and  therefore  the  solution  to  the  associated  elastic  problem 
is  given  by  the  elastic  solution,  e.g.  EQUATION  (12),  if  one  considers  the 
material  constants  to  be  functions  of  the  transform  parameter  p.  If  the 
material  responds  elastically  in  bulk  and  is  represented  in  shear  by  a 
Wiechert  model,  then  the  transformed  material  constants  take  the  form 


n 

A  (p)  *  Me  +  2 
i  «  1 


A  i 


(14) 


and 

\(p)  *  k  -  A  (p) 

Here  k  is  the  constant  j)ulk  modulus  and  M  ,  and  T\  are  long  time 
elastic  modulus,  the  ith  spring  element  an§  i**1 1  relaxation  time  of  the 
Wiechert  model,  respectively*.  Upon  substituting  M(p)  and  X(p)  into  the 
m.  and  n.,  one  obtains  from  EQUATION  (13)  the  characteristic  values  Tv(p) 
so1  that  e\  g.  the  associated  elastic  radial  displacement  becomes 


u(r,  [a.cpisiHhA.ipjf-  ■+  az(p)coshX,(p^  + 

Mvp)  ^  1  _  ' 1  * 

+  a9(p)sinhXt(p)-|.  •+■  5»4<P>CoshX2(p)-^~j 

where  «£.[  )  denotes  the  Laplace  transform  of  the  quantity  contained  in  the 
bracket.  In  the  following  we  shall  deal  onl  ;  with  the  radial  displacement  u 
as  an  example;  the  analysis  for  the  axial  displacement  w  follows  identical 
arguments. 

Let  for  simplicity  of  notation 

Rj (p.  z)  *  a j(p)sinh  X  j(P>^-  +  a2(p)cosh  (p)  ^ 

7  ( 16 

+  a3(p)sinh  X  2(p)  ^  +  a4(p)cosh  ^2(p) 

So  that  the  Laplace  transform  of  the  u-displacement  becomes  simply 

U(r,  z,  p)  *  —  R{(r)  ^  g^p.z).  (17 


or  a  more  detailed  explanation  see  REFERENCE  (9). 


The  inversion  of  this  function  can  be  effected  with  the  help  of  the  convolu¬ 
tion  theorem:  If  G .  (t,  z)  is  the  Laplace  inverse  of  gj(p,  z)  and  L(t)  is  the 
inverse  of  i.  [V(t)j  /  M  (p)  then  the  convolution  theorem  renders  the  radial 
displacement 

2  1 

u(v.z,t)«^  Rj(r)  J  Ltt-rJGjfT.zHT  (18) 

o 

The  Laplace  inversion  of  g.(p,  z)  presents  a  formidable  if  not  insurmountable 
task  as  is  quickly  realized  by  considering  the  complex  dependence  of  the 
characteristic  values  on  the  parameter  p.  However,  the  long  time 
dependence  of  G.(t,  z)  mky  be  checked  by  replacing  p  by  1/t.  It  is  then 
found  that  increasing  time  implies  that  Poisson's  ratio  approaches  1/2,  a 
result  which  was  rejected  earlier  on  the  ground  that  the  approximate  nature 
of  the  solution  does  not  permit  the  limit  case  V-*l/2.  One  is  thus  forced  to 
obtain  an  approximate  solution  which  also  avoids  the  complex  time  dependence 
of  the  function  Gj(t,  z). 

We  shall  assume  on  physical  grounds  that  the  function  Gj(t,  z)  does 
not  depend  strongly  on  time  and  may  be  replaced  by  its  value  at  zero  time, 
with  the  result  that  the  radial  displacement  becomes  approximately 

h2 

u(r,  z,  t)  *  Rj(r)  Gj(o,  z)  L(t)  *  (19) 

The  physical  implications  of  this  assumption  are  as  follows:  First  note  that 
the  space  dependence  of  the  displacement  is  separated  from  the  time 
dependence,  which  means  that  the  shape  of  the  deformed  body  does  not 
change  with  time.  Although  one  would  not  expect  this  to  be  true  for  an 
exact  analysis  one  would  nevertheless  expect  that  the  shape  does  not  change 
very  much  as  time  increases,  and  hence  that  the  approximation  is  fair  in 
this  respect.  Further  note  that  the  time  dependence  of  the  displacement  is 
the  same  as  exhibited  by  the  material  in  a  simple  shear  test  under  the 
same  type  of  loading.  If,  for  instance,  a  constant  body  force  is  suddenly 
applied  to  the  cylinder  the  displacements  will  increase  at  the  same  rate  at 
which  the  shear  strain  increases  in  a  shear  test  under  a  suddenly  applied 
constant  shear  stress;  the  same  is  true,  of  c*v:rse,  for  more  general 
loading  conditions.  This  again  is  not  an  unreasonable  result  because  most 
of  the  deformation  is  expected  to  be  due  to  shear. 

The  response  to  a  suddenly  applied  unit  shear  stress,  which  is 
usually  referred  to  as  the  shear  compliance  J(t),  is  shown  in  FIGURE  9  for 
the  propellant  R,  -  6x  -  06p.  -  60F  #*.  The  quantity  k  which  normalizes 
the  time  in  that  graph  is  the^obolsky  shift  factor  which  determines  the  time 
scale  of  the  response-to-load  behavior  at  different  temperatures.  *** 

T<  Note  that  for  the  step  function  G^o,  z)  the  convolution  integral  in 
EQUATION  (18)  becomes  t 

G(o,  z)  f  d  L(t  ~T  )-  dT  . 

J  d  (t  -  T  ) 
o 

**  This  data  is  from  REFERENCE  (9)  and  is  actually  the  creep 
compliance  in  a  tensile  test;  for  lack  of  better  data,  however,  the  shear 
compliance  J(t)  has  been  taken  as  three  times  the  creep  compliance. 

❖**  For  detailed  information  on  the  Tobolsky  shift  factor  see  Ref.  (9). 


For  analytical  calculations,  it  is  convenient  to  approximate  the 
compliance  by  the  function 


J(t) 


Je  " 

(1  +  a  t/kf 


(20) 


where  the  constants  a  and*  are  determined  in  a  curve  fitting  procedure* 
This  function  is  also  shown  in  FIGURE  (9)  for  the  same  propellant. 


In  many  cases,  body  force  loads  are  not  applied  suddenly  but  in  i<uch 
a  manner  that  a  constant  load  is  attained  after  some  time.  If  such  a  loading 
is  represented  by  the  relation 


r«  .  ro  [  i  -  exp  (-  s  t)] 


(21) 


then  the  time  response  L(t)  is  found  with  the  help  of  the  convolution  integral 
to  be 


f  -Pt  /  T.\  -  (gl,,"*1 

-0-£)e  £(V) 


(g+,r~  - 1 

n!  (n+i-K) 


i 


(22) 


The  load  EQUATION  (21)  and  the  corresponding  time  response  L(t)/r  J  are 
plotted  in  FIGURE  (10)  as  well  as  the  step  load  and  the  response  to  a^tlp 
load,J(t),as  given  by  EQUATION  (20).  Initially  the  load  l-exp(-  0t)  is 
smaller  than  the  step  load,  and  hence  the  response  is  smaller  than  the 
response  to  a  step  load.  After  some  time  the  step  load  and  the  exponentially 
rising  load  have  the  same  constant  value  and  the  responses  to  the  two 
different  kinds  of  loading  become  more  and  more  equal.  If  the  exponential 
load-time  curve  rises  to  its  limiting  value  faster  than  that  shown  in  FIGURE 
(9),  the  response  curve  approaches  the  step  load  response  at  shorter  times. 
If,  for  instance,  the  limiting  constant  value  is  reached  within  a  few  seconds, 
rather  than  in  one  minute,  one  would  expect  that  the  time  response  is 
essentially  the  same  as  the  response  to  a  step  load. 


From  an  engineering  standpoint  it  now  becomes  important  to  deter¬ 
mine  the  conditions  under  which  one  may  treat  a  time  dependent  response 
behavior  as  a  problem  in  response  to  a  step  load.  The  parameter  that 
determines  this  is  0k/a,  which  is  equal  to  uiilty  for  the  present  calculations. 
Therefore,  if  fik/a  >  1,  the  response  becomes  more  li  2  the  response  to  a 
step  load,  and  the  converse  is  true  if  0k/a  <  1.  If,  e.g.  1/p  «  1/10  min 
and  k  «  1  (T  *  12°F),  then  (Jk/a  «  70;  one  should  thus  expect  that  the  time 
dependent  displacements  are  well  represented  by  EQUATION  (20).  In  this 
case  an  elaborate  analysis  may  be  omitted  because  the  time  dependence  of 
the  displacements  is  given  directly  by  the  experimentally  determined  shear 
compliance.  On  the  other  hand  if  the  temperature  exceeds  40°F  and  the  load- 
rise  time  l/(j  is  1/5  min  ■  12  sec,  then  (ik/a  <  1,  and  the  response  is 
expected  to  be  poorly  represented  by  the  response  to  a  step  load,  J(t). 

To  summarise  the  procedure  of  obtaining  the  time  dependent  dis¬ 
placements  we  restate  the  steps  required  to  arrive  at  the  result: 

One  first  obtains  the  elastic  displacement  solution  using  the  material 
properties  for  short  times,  usually  referred  to  as  the  "glassy"  properties. 
Then  the  ratio  of  the  load  to  shear  modulus  is  replaced  by  the  appropriate 


time  function  which  is  the  inverse  Laplace  transform  of  the  ratio  of  trans¬ 
formed  load  to  the  transformed  modulus.  The  resulting  expression  will 
give  an  estimate  of  the  displacements.  Although  this  analysis  was  based  on 
the  one  term  solution  the  result  is  equally  applicable  to  the  two  term  solution 
because  in  either  case  the  spat.ial  dependence  of  the  approximate  time 
dependent  displacements  is  the  same  as  that  for  the  purely  elastic  cylinder. 

CONCLUSION 


It  has  been  shown  that  the  Method  of  Restricted  Variation  leads  to  a 
reasonable  elastic  solution  of  a  problem  which  is  nearly  impossible  to  solve 
exactly.  In  problems  of  similar  nature,  solutions  of  the  accuracy  as 
demonstrated  here  are  often  quite  sufficient  for  some  engineering  applica¬ 
tions;  in  such  a  case  it  would  be  economically  poor  to  attempt  a  more 
accurate  analysis,  especially  if  some  estimate  of  the  quality  (rather  than 
accuracy)  of  the  solution  can  be  obtained  by  analyzing  the  approximate 
solution  beyond  the  bare  numbers  which  the  mechanics  of  the  solution 
produce. 

The  numerical  results  indicate  that  the  maximum  radial  displace¬ 
ment  lies  probably  between  0. 1  Xb*f4M  and  0.25  Yb2/4>tf  for  the  elastic 
unsupported  cylinder,  and  equals  approximately  0.015  Xb*/4M  tor  the 
elastic  supported  cylinder.  The  large  difference  in  the  maximal  displace¬ 
ments  for  the  two  cases  is  explained  by  the  fact  that  in  the  supported 
cylinder  the  maximal  displacement  occurs  near  the  support  where  the  dis¬ 
placements  are  identically  equal  to  zero,  whereas  no  such  restraint  is 
placed  on  the  radial  deformation  in  the  unsupported  cylinder.  Allowing  for 
time  dependent  material  properties  of  the  type  described  in  the  body  of  the 
text,  one  should  expect  that  a  cylinder  with  an  external  radius  of  12  inches 
and  of  snecific  gravity  1.5,  exhibits  a  maximum  radial  displacement  of  about 
3  x  10_3n  inches  and  the  supported  cylinder  2.7  x  10  ”4n  inches  for  long 
times;  n  is  the  number  of  "g"s  to  which  the  cylinder  is  subjected.  Thus  for 
an  acceleration  of  50"g"  one  should  expect  displacements  on  the  order  of 
0.  15  inches  and  0.014  inches  for  the  unsupported  and  supported  cylinder, 
respectively. 

The  small  size  of  the  displacements  i.c,  of  course,  a  result  of  the 
particular  propellant  used  in  the  calculations.  Although  other  propellants 
will  allow  larger  deformations,  a  propellant  of  the  type  considered  here 
justifies  the  use  of  infinitesimal  elasticity  for  moderate  values  of 
acceleration  if  linear  elastic  methods  are  at  all  applicable  to  the  analysis 
of  solid  propellant  materials. 

It  is  important  to  realize  again  that  the  preceding  analysis  is 
approximate.  Although  there  is  reason  to  believe  that  the  time  dependence  of 
the  solution  is  commensurate  with  the  accuracy  of  the  elastic  solution  there 
appears  to  be  evidence  that  displacements  calculated  from  uniaxial  tensile 
test  data  lead  to  deformations  much  larger  than  found  by  experiment  (10). 

It  is  therefore  advisable  to  make  and  use  calculations  as  presented  here  only 
with  the  full  understanding  of  the  approximations  and  assumptions  that  lead 
to  the  final  result,  lest  it  be  used  to  predict  slump  behavior  in  a  range  of 
accuracy  not  warranted  by  the  approximate  nature  of  the  analysis. 
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FIGURE  4.  CLOSE  UP  VIEW  OF  AFT  END  OF  UNSUPPORTED  CYLINDER  MODEL 


Page  137 


FIGURE  5. 

DEFORMATION  OF  THE  INTERNAL  BOUNDARY 
IN  THE  UNSUPPORTED  CYLINDER  MODEL 


FIGURE  6. 

DEFORMATION  OF  THE  INTERNAL  BOUNDARY 
IN  THE  UNSUPPORTED  CYLINDER  AS  CAL¬ 
CULATED  FROM  THE  WO  TERM  SOLUTION 
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ABSTRACT 

The  characterization  of  solid  propellant  viscoelastic  properties  in 
terms  of  linear  differential  operators  by  creep  and  stress  relaxation  test 
techniques  is  described.  Test  data  illustrating  the  essential  viscoelastic 
linearity  of  a  Polycarbutene  propellant  are  presented. 

INTRODUCTION 

The  accurate  determination  of  propellant  physical  properties  in 
laboratory  tests  is  a  fundamental  prerequisite  to  the  engineering  stress 
analysis  of  solid  propellant  rocket  motor  grains.  Engineering  analysis 
of  rocket  grains  using  the  methods  of  linear  viscoelastic  analysis  requires 
both  (^specification  of  the  propellant  properties  and  definition  of  the  time, 
temperature,  stress  and  strain  domain  within  which  linear  behavior  of  the 
propellant  is  obtained.  Indeed,  the  definition  of  these  domains  can  provide 
a  first,  conservative  approximation  to  the  critically  important  failure 
criteria  for  a  propellant. 

Propellant  physical  behavior  within  the  linear  behavior  domain  can  be 
mathematically  described  by  any  of  several  equivalent  methods.  All  such 
methods  require  exacting  experimental  data  in  order  that  the  physical  ma¬ 
terial  descriptions  will  be  of  an  order  of  accuracy  useful  in  engineering 
analysis:  The  following  paragraphs  describe  the  analytical  and  experi¬ 
mental  techniques  used  at  the  Grand  Central  Rocket  Co.  in  the  viscoelastic 
characterization  of  solid  propellants  in  terms  of  linear  differential  oper¬ 
ators  . 

DIFFERENTIAL  OPERATOR  MATERIAL  PROPERTY  SPECIFICATION 

The  majority  of  published  solutions  for  stress  distributions  in  linear 
viscoelastic  bodies  have  been  based  on  the  linear  differential  operator 
specification  of  the  relationship  of  time  dependent  stress  to  the 

corresponding  strain  CCt) 

-p<rW=  m 


‘This  paper  describes  the  results  of  research  carried  out  in  connection 
with  work  sponsored  in  part  by  the  U.S.  Army  (ARGMA)  and  U.S.  Air 
Force  (F.AFB) . 
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where 


and 


J-A 


(2) 


(3) 


in  which  K  and  W t  are  not  necessarily  equal  (1,  2).  The  constants 
CLl  ,  hi  specify  the  stress  strain  law  for  a  material  at  a  constant 
temperature.  The  order  of  /l  with  respect  to  and  the  presence  or 
absence  of  the  constant  define  various  aspects  of  the  limiting  behav¬ 
ior  of  the  material  (1).  For  example,  when  Q.,  *  O  stress  diminishes 
to  zero  at  a  constant  strain  as  time  increases. 


The  finite  differential  operator  form  of  material  property  specification 
for  propellants  was  selected  in  favor  ~f,  for  example,  integral  property 
representation,  because  of  the  inherent  ease  in  its  mathematical  manipu¬ 
lation  through  the  use  of  Laplace  transform  techniques  as  well  as  because 
of  the  availability  of  published  stress  analysis  solutions  based  on  oper¬ 
ators  . 


TEST  MODE  ANALYSIS 


The  two  basic  experimental  methods  used  in  laboratory  determination 
of  propellant  viscoelastic  properties  were  uniaxial  creep  and  stress  re¬ 
laxation  tests  in  which  the  test  mode  was  a  ramp  function  strain  input. 

Creep  tests  were  initiated  by  elongation  at  a  constant  strain  rate  until 
a  preselected  stress  level  was  obtained.  The  selected  stress  level  was 
then  held  constant  for  the  duration  of  the  tet>V  Stress  relaxation  tests 
were  initiated  by  elongation  at  a  constant  strain  rate  to  a  preselected  strain 
level  that  was  maintained  constant  for  the  test  duration.  The  analysis  for 
the  stress  relaxation  test  is  presented  below  as  an  illustration  of  the 
techniques  used  in  determining  the  numerical  values  of  the  operator  co¬ 
efficients  CLi  and  hi 


Consider  a  bar  of  a  linearly  viscoelastic  material  as  defined  by  the  finite 
linear  differential  operator  stress-strain  law 

y  +  •  •  •  *• a  •  +0°  J  V't*) 

at 


£ 


\J 


eCt) 


(4) 
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which  is  strained  uniaxially  at  a  constant  strain  rate  R  to  a  strain 

and  held  at  the  strain  level  £tt  .  The  input  strain  is,  hence 


et-  *&-*.)*(*-*•). 


Laplace  transformation  yields,  in  the  transform  parameter  S , 


crfs)  = 


£  fb.s*» KJ" ■>■■■■  -  “■izht.V  -t.s) 

■  sv  •+«.«-«•  J'-  A 

m0 


Expansion  of  the  polynomial  quotient  in  equation  6  by  partial  fractions 
to  obtain 


fi 


lh*jL  H*+* 


4-  &](•-**") 


where  the  -Q^i  are  the  roots  of  the  polynomial  in  the  denominator  of 
equation  6  and  the  Ai  are  the  partial  fraction  residuals,  is  a  convenient 
algebraic  rearrangement  leading  directly  to  the  Laplace  inversion  to 
obtain  the  solution  for  the  time  dependent  stress 


c r&)«  £ 
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Experimental  data  for  stress  relaxation  tests  were  fit  to  equation  (8) 
to  obtain  numerical  values  for  the  Ai  and  o*i  .  The  operator 
coefficients  were  then  determined  as  following  from  the  above  derivations 
and  defining  K*  as  the  summation  of  the  products  formed  by  multiplying 
together  the  members  of  all  possible  combinations  of  rt-  values  taken  t 
at  a  time,  n  » 

a,., ,  k,  («.; 

a...  .  kCc*) 


and 


*  .  K  „  , 

tv*  A, k,  (*.*0)  +Axk,  (*i*o)+- ■ 

•  •  •  +  A.  K*U.  --<0  4  A**. 60  +  A 
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It  is  informative  to  note  that  the  roots  of  the  stress  operator,  —  «Ct  , 
can  be  interpreted  directly  from  curve  fit  data  as  the  reciprocal  relaxation 
times  of  the  material. 


EXPERIMENTAL  METHODS 


Test  specimens  used  in  uniaxial  material  characterizations  at  GCR 
are  metal  or  wooden  tab  end  tensile  specimens.  Metal  tab  end  specimens 
are  prepared  by  bonding  metal  tabs,  with  grip  attachments,  to  the  ends  of 
bars  of  propellant  3/8  by  3/8  by  5  inches  in  size,  machined  to  tolerances 
of  ±  0.002  inches.  Wooden  tab  and  specimens  are  prepared  to  the  same 
size  and  tolerances  by  cutting  and  machining  from  blocks  of  propellant 
cast  into  lined  wooden  boxes  to  obtain  "cast  on"  wooden  gripping  tabs. 
Figures  1,  2  and  3  show,  respectively,  the  propellant  box  casting,  the 
machining  apparatus  and  a  finished  wooden  tab  end  tensile  specimen.  A 
metal  tab  end  tensile  specimen  can  be  seen  in  the  apparatus  illustrated  in 
Figure  4. 
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Stress  relaxation  tests  are  presently  made  using  the  spring-actuated 
Stanford  Research  Institute  Rapid  Relaxometer  (Figure  4).  This  device 
was  used  at  its  lowest  straining  speed  in  order  to  preserve  the  linearity 
of  the  ramp  strain  input  to  a  relaxation  test. 

Creep  tests  are  presently  made  using  the  Instron  Universal  Tester  to 
unload  a  weight  onto  a  tensile  specimen  (Figure  5).  The  stress  in  this  test 
is  maintained  at  a  constant  level  through  use  of  a  tension  spring,  connected 
in  series  with  the  weight.  The  spring  is  selected  to  cause  a  force  decrease 
with  specimen  elongation  in  the  proportion  required  to  compensate  for  the 
Poisson  effect,  assuming  a  Poisson's  ratio  of  1/2  for  the  propellant. 

Both  the  creep  and  stress  relaxation  test  devices  are  instrumented 
for  load  and  displacement  measurement. 

EXPERIMENTAL  DATA 

Creep  and  stress  relaxation  characterizations  of  a  Polycarbutene 
propellant  have  been  made  at  a  temperature  of  70°  ±  2°F  for  a  time 
duration  of  120  seconds.  Data  for  these  tests  were  curve  fit,  by  computer, 
with  an  accuracy  of  ±  2  percent  and  the  corresponding  operator  coefficients 
$  for  a  fourth  order  operator  were  determined.  Stress  levels  of  up  to  50 
psi  and  strain  levels  up  to  12  percent  were  explored.  Typical  data,  as 
determined  trom  stress  relaxation  tests,  in  terms  of  the  operator  coef¬ 
ficients  &i  and  are  shown  in  Table  I.  The  coefficients  are  shown 

normalized  in  terms  of  the  lowest  order  coefficient  of  the  stress  operator, 
&e  . 

TABLE  I 

DIFFERENTIAL  OPERATOR  COEFFICIENTS 

PolYcarBUtEne  PrAPEllant* 


<  (tl) 

0.03 

0.05 

0.05 

0.05 

0.07 

0.07 

0.07 

0.09 

0.09 

0.12, 

0.12 

ti  (sec) 

0.100 

0.181 

0.186 

0.180 

0.260 

0.260 

0.260 

0.350 

0.350 

0.510 

0.500 

0.996 

0.831 

2.463 

1.420 

1.449 

0.881 

1 ,236 

1.497 

1.211 

1.218 

1.531 

43.04 

34.93 

55.76 

47.79 

43.58 

35.56 

51.153 

43.23 

44.05 

4  1.46 

51.11 

a  1 

141.1 

133.2 

160.4 

159.3 

144.2 

138.0 

163.6 

135.8 

148.6 

133.2 

163.9 

a  1 

45.68 

46.35 

46.64 

54.37 

46.77 

48.29 

47.74 

43.22 

45.69 

42.34 

47.22 

a0 

1.00 

1.00 

1.00 

1 .00 

1.00 

1.00 

1 .00 

1.00 

1.00 

1.00 

1.00 

b, 

1,840 

1,819 

3,322 

2,502 

2,467 

2,264 

3,050 

2,847 

3,123 

3,316 

4,372 

bj 

31,120 

29. 190 

38,860 

34,380 

33,160 

3  1,340 

37,110 

33,070 

36,550 

33,760 

45,620 

bj 

62,590 

62,520 

67,740 

68,520 

61,630 

61,930 

62,810 

56,770 

62,300 

51,020 

67,280 

b  1 

14,100 

15,200 

14,760 

16,310 

13,640 

15.190 

13,440 

12,510 

13,320 

11,260 

13,650 

bu 

233.3 

248.9 

242.1 

234.0 

215.7 

234,4 

210.0 

217.8 

215.6 

192.4 

205.7 

*84  percent  solids  loading.  Test  temperature  70  ±  2°F. 
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DISCUSSION 


Perhaps  the  most  important  result  of  this  research  program  thus  far 
has  been  the  demonstration  that*a  highly  filled  propellant  can  be  treated 
analytically  as  a  linear  viscoelastic  solid  at  finite  strain  levels.  The  data 
shown  in  Table  I  show,  for  engineering  purposes,  excellent  linearity. 
Without  confirmation  of  the  essential  validity  of  assuming  linear  behavior 
in  propellant  grain  stress  analysis,  the  value  of  linear  theory  in  engineer¬ 
ing  analysis  would  be  small  indeed.  The  data  presented  in  Table  I  have 
been  used  successfully  in  engineering  analysis  of  slump  in  a  thirty-six  inch 
diameter,  fifty  percent  web  fraction  grain  (Ref.  3).  The  excellent  agree¬ 
ment  between  the  observed  and  predicted  slumps  are  a  demonstration  of 
the  practical  use  of  laboratory  data  in  accurate  prediction  of  the  behavior 
of  the  full-scale  propellant  grains. 

Although  the  experimental  methods  are  not  treated  in  minute  detail 
in  this  paper,  it  is  pertinent  to  remark  on  a  few  of  the  more  vital  points 
in  this  area.  Precision  test  specimens  are  mandatory  for  viscoelastic 
propellant  characterization.  Propellant  specimens  degraded  by  die 
cutting,  hand  trimming  and  general  abuse  are  unsatisfactory.  While  the 
tab  end  specimens  do  not  exhibit  a  pure  uniaxial  stress  and  strain  distribu¬ 
tion,  the  perturbations  are  quite  small,  especially  by  comparison  to  the 
"JANAF"  dumbbell  specimen,  which  was  found  to  be  of  qualitative  value 
only.  Clearly,  it  must  be  possible  to  conduct  an  accurate  stress  analysis 
of  the  test  specimen  if  the  data  derived  from  a  test  of  the  specimen  arc  to 
be  used  in  grain  analysis.  Unfortunately,  the  "JANAF"  specimen  does  not 
meet  this  requirement.  Finally,  the  test  apparatus  must  impose  an 
accurately  controlled  test  mode  on  a  specimen  if  useful  data  are  to  be 
obtained.  Initial  conditions  and  transients  produced  during  initiation  of  a 
test  must  be  measured  and  dealt  with;  they  cannot  be  disposed  of  by 
approximation.  This  problem  is  particularly  acute  in  the  interpretation  of 
test  data  for  the  second  and  fractional  second  time  domain.  In  all  cases 
it  was  found  to  be  mandatory  to  sacrifice  speed  for  control  in,  for  example, 
applying  the  initial  strain  in  a  stress  relaxation  test.  Improved  methods 
of  maintaining  precision  test  mode  control  in  high  speed  tests  are  badly 
needed. 
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DEVELOPMENT  OF  A  BONDED-END  TENSILE  SPECIMEN 
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ABSTRACT 


A  tensile  specimen  assembly  which  consists  of  a  rectangular  bar 
of  propellant  bonded  to  two  end-plates  has  been  developed.  Photographic 
strain  measurements  and  studies  with  birefringent  coatings  have  indi¬ 
cated  that  end  effects  are  small;  this  conclusion  is  in  agreement  with  a 
mathematical  estimate.  Tests  with  paired  specimens  revealed  a  level 
of  precision  for  the  bonded-end  specimen  comparable  to  that  of  the  die- 
cut  JANAF  specimen. 


INTRODUCTION 

It  is  the  purpose  of  this  paper  to  summarize  the  experience  gained 
with  the  bonded-end  tensile  specimen  at  the  Redstone  Division  of  Thiokol 
Chemical  Corporation  since  the  initial  report  (1)  given  at  the  preceding 
meeting  of  this  Panel.  Interest  in  tHs  type  of  propellant  specimen  has 
increased  greatly  in  the  past  year;  its  advantage  --  lack  of  jaw  flow  -- 
over  the  conventional  dumbbell  specimen  has  encouraged  the  use  of  this 
specimen  in  other  tests,  e.  g. ,  stress  relaxation,  creep,  high-speed 
tensile,  and  strain  dilatation.  A  similarly  growing  interest  in  the  study 
and  application  of  the  square  flat-end  specimen  configuration  at  other 
laboratories  has  been  noted  (2,  3). 

The  investigations  conducted  at  Redstone  were  mainly  concerned 
with  comparison  of  the  accuracy  and  precision  of  the  bonded-end  specimen 
with  that  of  conventional  dumbbell  specimens.  A  better  knowledge  was 
desired  of  the  extent  to  which  the  rigidly  bonded  ends  affected  the  strain 
field  of  the  rest  of  the  specimen;  and  since  the  preparation  of  the  bonded- 
end  specimen  is  considerably  more  involved  'han  that  of  the  die -cut  flat 
dumbbells,  an  examination  of  test  result  variation  would  be  of  value. 

EXPERIMENTAL  PROCEDURE 

The  specimen  assembly  consisted  of  a  1  /2'bcl /2f bc4**  rectangular  bar 
(cut  from  a  propellant  sample  with  a  band  saw)  which  was  attached  at  the 
ends  to  two  steel  plates  with  an  epoxy  cement.  This  cement  (Epon  828  and 
Shell  curing  agent  ’!D",  5:1)  was  cured  at  200°F.  for  2  hours,  with  the  bar 
and  plates  held  in  position  by  an  alignment  rig.  The  effective  specimen 
length  was  taken  as  the  distance  along  the  propellant  bar  between  the 
cured  adhesive  at  the  end-plates.  Figure  1  shows  a  bonded-end  specimen 
at  three  stages  of  a  test.  Low-temperature  tests  required  the  use  of 
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epoxy  resin  end-plates  instead  of  steel,  the  latter  producing  frequent 
bond  failures  at  temperatures  below  20*F. 

To  achieve  an  unusually  wide  range  of  strain  rates,  one  series  of 
tests  was  run  in  which  both  crosshead  speed  and  specimen  length  were 
varied.  Birefringent  coatings  of  a  low-modulus  polymer  (castor  oil- 
isocyanate)  were  applied  to  bonded-end  and  dumbbell-type  specimens  and 
color  motion  pictures  were  made  of  the  stress  patterns  that  appeared 
during  the  test.  Photographic  measurements  of  strain  were  made  with  a 
35 -mm.  sequence  camera  and  benchmarked  specimens. 

To  compare  the  test  reproducibility  of  the  bonded-end  specimen  with 
that  of  the  JANAF  specimen,  pairs  of  both  types  of  specimen  were  pre¬ 
pared  from  the  same  mix  of  propellant.  These  pairs  (23  bonded-end  and 
30  JANAF)  were  taken  from  adjacent  positions  in  the  propellant  sample; 
this  similarity  of  origin  minimized  the  effect  of  heterogeneity  within  a 
propellant  sample  on  the  test  results.  All  testing  was  done  at  a  crosshead 
speed  of  2  inches  per  minute  and  a  temperature  of  77*F.  Nominal  maxi¬ 
mum  stress  and  strain  at  break  data  weri  obtained  from  the  load-elonga¬ 
tion  charts;  an  effective  gage  length  of  2.  6  inches  was  assigned  to  the 
JANAF  specimen.  The  absolute  difference  or  range  was  computed  from 
the  data  of  these  parameters  for  each  pair  (4).  The  observed  ranges  of 
each  group  of  similar  data  were  arranged  in  ascending  order  and  plotted 
to  form  a  cumulative  frequency  distribution  which  was  compared  with  the 
theoretical  range  distribution  based  on  the  estimated  standard  deviation 
and  range  factors  (5). 


DISCUSSION 


The  'Viecking-down1' of  the  bonded-end  specimen  in  Figure  1  gives  a 
qualitative  indication  of  the  extent  of  the  erd  effects.  The  TPH-8041 
propellant  specimen  shown  in  the  photographs  was  pulled  at  2  inches  per 
minute  and  the  test  temperature  was  77 °F.  The  major  stress  patterns 
present  in  the  specimens  used  in  the  photoelastic  studies  are  represented 
by  the  darkened  areas  in  the  sketches  of  Figure  2. 
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FIGURE  2.  TYPICAL  STRESS  PATTERNS  AT  10%  STRAIN 


The  characteristic  patterns  found  in  the  jaw  regions  of  the  dumbbell  types 
are  strikingly  evident  in  the  case  of  the  shorter  and  thicker  Thiokol  speci¬ 
men;  here,  the  straight  test  section  is  definitely  involved.  These  two 
illustrations  agree  well  with  a  mathematical  estimate  (6)  based  on  a 
specimen  of  circular  cross-section:  the  lirr.lt  of  significant  end  effects 
is  about  one-half  the  specimen's  radius.  The  comparison  of  bonded-end 
specimen  elongations  from  photographic  measurement  and  those  obtained 
from  crosshead  movement  revealed  differences  of  only  a  few  per  cent. 

The  tests  made  at  different  strain  rates  {various  specimen  lengths  at 
oonstant  crosshead  speed  and  vice  versa)  resulted  in  close  agreement  in 
elastic  modulus  values  at  the  same  strain  rate  by  the  two  methods. 

In  the  area  of  test  precision,  the  sample  standard  deviations  calcu¬ 
lated  from  the  ranges  of  pairs  of  the  bonded-end  and  JANAF  do  not  differ 
appreciably.  Similarly,  the  comparisons  of  the  observed  range  values 
with  the  theoretical  curves  in  the  maximum  stress  and  strain  at  break 
plots  of  cumulative  frequency  distribution  (Figures  3  and  4,  respectively) 
indicate  that  the  two  methods  of  specimen  preparation  and  testing  have 
comparable  levels  of  reproducibility. 
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range  of  duplicates:  strain  at  break,  in/ in  x  io 


CONCLUSIONS 


The  evidence  presented  here  indicates  that  the  bonded-end  specimen 
yields  tensile  test  data  that  are  more  realistic  than  those  from  the  conven¬ 
tional  dumbbell  specimen.  The  end  effects  are  slight,  and  the  remainder  of 
the  specimen  possesses  a  good  degree  of  uniformity.  From  a  test  preci¬ 
sion  standpoint,  the  relatively  unrefined  bonded-end  specimen  Studied  here 
is  equal  to  the  routine  JANAF  specimen. 

Future  work  will  include  the  development  of  a  suitable  ambient  cure, 
simplification  and  refinement  of  specimen  fabricating,  and  investigation 
of  cheap,  disposable  end-plate  materials. 
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THE  DEVELOPMENT  OF  A  SPECIMEN  AND  TEST  METHOD  TO 
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ABSTRACT 

This  paper  describes  the  course  of  a  year's  effort  directed  towards 
the  development  of  a  uniaxial  tension  test  specimen,  capable  of  providing 
physical  property  information  suitable  for  use  in  engineering  mechanical 
performance  calculations.  Details  of  the  specimen,  test  method,  and  data 
reduction  technique  are  presented. 

INTRODUCTION  AND  BACKGROUND 

Over  the  past  several  years,  the  Redstone  Division  of  Thiokol 
Chemical  Corporation  has  been  working  on  advanced  programs  directed 
at  resolving  the  outstanding  problems  of  propellant  mechanics.  The  work 
reported  herein  lies  in  the  general  area  of  propellant  properties,  and  is 
primarily  concerned  with  the  development  of  a  uniaxial  test  specimen  which 
will  provide  property  information  suitable  for  engineering  calculations.  It 
has  been  generally  thought  for  some  years  throughout  the  industry  that  the 
small  dogbone  specimens,  particularly  those  having  very  short  lengths  of 
uniform  cross-section,  were  inadequate  insofar  as  their  capability  to  yield 
uniaxial  property  data  which  could  be  reliably  used  in  engineering  mechani¬ 
cal  performance  calculations.  With  the  increased  demand  for  higher  energy 
levels  and  the  corresponding  increase  in  solids  content,  the  need  for  relia¬ 
ble  property  data  has  become  acute.  To  meet  this  need,  we  have  seen  the 
trend  from  the  very  short  length  specimen* ,  of  the  Thiokol  type,  to  -the 
JANAF  specimen,  then  to  benchmarked  JANAF  specimens  with  photo¬ 
graphic  strain  measurements,  and  today  development  is  proceeding  on  the 
small  cross-section,  end-bonded  specimen  and  several  other  types  such 
as  to  provide  reliable  uniaxial  test  information,  suitable  for  engineering  use 
at  minimum  time  and  cost. 

The  work  covered  in  the  present  paper  is  spread  over  a  one-year 
period  extending  up  to  the  present  time,  and  is  concerned  with  the  develop¬ 
ment  of  a  uniaxial  test  specimen,  test  method,  and  data  reduction  technique, 
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to  meet  a  set  of  quite  well  defined  requirements.  These  requirements 
were  as  follows: 

1.  The  strain  field  is  to  be  macroscopically  uniform,  over  a  length 
of  at  least  three  inches,  for  all  strain  magnitudes  up  to  and  in¬ 
cluding  fracture,  over  the  temperature  range  of  160*F  to  -80*F, 
and  at  strain  rates  over  the  range  .002  in/m/min.  to  2  in/in/min. 

2.  Fracture  will  consistently  occur  in  the  region  of  uniform  strain 
at  all  temperatures  and  strain  rates  of  interest. 

3.  The  cross-section  area  is  to  be  sufficiently  large  that  the  micro¬ 
scopic  defects  and  imperfections  will  not  affect  mechanical  be¬ 
havior.  It  is  the  intent  to  determine  gross  macroscopic  behavior 
as  contrasted  with  microscopic  or  sub-microscopic  behavior. 

4.  The  combination  of  specimen,  experimental  method,  and  data  re¬ 
duction  technique,  must  be  such  as  to  provide  uniaxial,  constant 
or  near  constant  strain  rate,  test  data  which  will  be  suitable  for 
engineering  mechanical  performance  calculations. 

It  was  reasonably  well  established  at  the  outset  that  the  primary 
problem  areas  were  related  to  migration  of  material  out  of  the  jaws,  high 
strain  magnitude  and  sharp  strain  gradients  in  the  region  of  the  jaws,  and 
the  attainment  of  a  uniform  strain  field.  Furthermore,  it  was  suspected 
that  jaw  flow  could  be  minimized,  but  not  eliminated.  With  these  throughts 
in  mind,  a  specimen  was  designed  to  investigate  jaw  flow.  Inert  propellant 
was  used,  and  the  specimens  were  marked  with  a  cartesian  grid  in  the 
region  of  the  jaws.  Through  photographic  means,  the  flow  patterns  were 
observed.  On  the  basis  of  these  tests,  the  necessary  cross-section  area 
and  its  variation  in  the  region  of  the  jaws  was  established.  It  was  also 
observed  from  these  tests  that  the  satisfaction  of  the  uniform  strain  field 
requirement  at  temperatures  of  120*F  and  higher  would  require  an  ex¬ 
cessively  long  specimen,  due  to  increased  migration  through  the  jaws  at 
such  temperatures.  This  problem  was  resolved  by  incorporating  what  has 
come  to  be  known  as  a  "flow-reservoir".  This  device  is  in  essence  a 
"stopper"  between  the  jaws  and  the  length  of  uniform  cross-section.  It  is 
designed  to  reduce  jaw  flow,  to  provide  low  strain  levels  in  the  region  of 
the  jaws,  and  to  smooth  the  strain  field  in  the  region  of  the  jaws.  Several 
tests  of  this  initial  design,  using  inert  propellant  and  liner  formulations, 
were  conducted  at  several  strain  rates  at  high  and  low  temperatures.  The 
strain  field  was  observed  to  be  essentially  uniform, and  fracture  was  con¬ 
sistently  obtained  within  the  region  of.  uniform  strain.  Several  minor 
safeguarding  type  modifications  were  made,  and  a  tentative  final  design 
was  established.  The  specimen  resulting  from  these  tests,  which  is  in  use 
at  the  present  time,  is  shown  in  Figure  1  -  this  specimen  is  presently 
known  as  the  "flow-reservoir"  specimen. 


EXPERIMENTAL  PROCEDURE 


The  flow-reservoir  specimens  require  considerable  inspection  and 
preparation  prior  to  tensile  testing.  The  specimens  are  X-ray  inspected 
to  insure  that  no  voids,  flaws,  or  other  defects  are  present  in  critical 
regions.  The  specimen  is  then  dimensionally  inspected,  with  the  cross- 
sectional  area  being  determined  by  an  average  of  caliper  measurements 
taken  at  three  stations  located  within  the  region  of  uniform  cros Bisection, 
Acceptable  specimens  are  then  prepared  for  testing  by  inscribing  inked 
benchmarks  on  the  propellant  surface.  This  operation  is  performed  with 
extreme  care.  Fifteen  benchmarks  are  inscribed  in  the  length  of  uniform 
cross-section.  This  series  of  benchmarks  consists  of  lateral  dark  lines 
arranged  at  regular  intervals  of  approximately  1 /4-inch.  The  areas  be¬ 
tween  the  dark  lines  are  retouched  with  white  coloring  ink  to  produce  the 
necessary  contrast  for  the  photographic  records.  The  final  preparation 
before  testing  is  the  bonding  of  the  specimen  ends  to  the  test  grips.  The 
bonding  technique  reduces  extrusion  of  the  sample  from  the  grips  during 
testing  and  insures  more  uniform  specimen  contact  with  the  grip  surfaces. 
Extreme  caution  in  the  handling  of  the  specimen  is  observed  during  all  the 
inspection  and  preparation  procedures  such  as  to  prevent  damage  to  the 
specimen. 

The  specimen  tensile  tests  are  conducted  on  an  Instron  tester.  As 
the  grips  are  already  bonded  to  the  specimen  ends,  the  specimen  at¬ 
tachment  to  the  Instron  machine  is  accomplished  by  attaching  the  grips  to 
the  cross-head  arms.  One  grip  is  attached  initially  to  the  top  cross-head 
arm,and  the  tensile  load  of  the  deadweight  specimen  and  remaining  at¬ 
tachment  grip  is  measured  and  recorded.  The  load  indicator  is  then 
returned  to  zero,  and  the  second  grip  is  then  attached  to  the  lower  cross¬ 
head  arm,  maintaining  a  zero  load  on  the  load  indicator.  A  compressive 
load  is  then  applied  to  the  sample,  which  is  one-half  of  the  recorded 
deadweight  tensile  load.  The  compressive  load  is  calculated  to  produce 
and  maintain  an  essentially  strain-free  stats*  in  the  specimen..  At  this 
point,  a  photograph  of  the  specimen  i9  taken  to  record  this  strain-free 
condition. 

The  test  records  consist  of  Instron  load  charts  and  photographic 
records.  The  Instron  chart  records  a  graph  of  load  versus  time.  When 
the  test  begins,  photographs  of  the  specimen  are  taken  for  each  approxi¬ 
mate  5  per  cent  strain  interval.  In  addition  to  the  specimen,  each  photo¬ 
graph  includes  a  vertical  scale  which  provides  a  measurement  of  cross¬ 
head  displacement  and  a  clock  which  shows  the  time  elapsed  between 
photographs.  Photographs  are  taken  with  a  modified  K-22  aerial  camera, 
and  the  negative  thereby  produced  is  9  in.  x  9  in.  in  size. 
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DATA  REDUCTION  TECHNIQUE 


The  strain  data  are  measured  from  the  photographs  taken  with  the 
modified  K-22  aerial  camera.  The  records  consist  of  a  sequence  of  photo¬ 
graphs,  beginning  with  the  picture  taken  during  the  initial  compressive 
loading  technique  and  ending  with  the  specimen  failure.  These  photographs 
can  be  related  to  the  test  progression  by  either  the  time  lapse  or  the  cross¬ 
head  displacement  measurement. 

Both  axial  and  lateral  strain  measurements  are  possible  by  the  photo¬ 
graphic  method.  Axial  strain  is  determined  by  the  Fischer  method,  which 
consists  of  plotting  the  benchmark  displacement  versus  the  original  or 
reference  benchmark  position.  The  slope  of  this  plot  determines  axial 
strain.  Lateral  strain  is  determined  in  the  same  manner  by  using  the 
average  of  specimen  width  displacements  which  are  measured  at  five 
stations  along  the  gage  length.  Additional  plots  of  cross-head  displacement 
versus  time  enables  an  accurate  determination  of  the  starting  point  for 
cross-head  displacement,  and  correlates  each  photograph  to  the  Instron 
load  versus  time  chart. 

At  this  point,  it  is  now  possible  to  calculate  several  valuable  physical 
properties  from  the  tensile  test.  Poisson's  Ratio  can  now  be  determined 
from  a  plot  of  axial  strain  versus  lateral  strain.  The  instantaneous  cross- 
section  area  can  now  be  calculated,  using  the  equation: 

A  «  Aq  (1  -  €j)2 


where: 


instantaneous  cross-section  area  (in  ) 
initial  cross-section  area  (in2) 
lateral  strain  (in/in) 


The  true  stress  can  be  determined  by  dividir  jc  the  load  by  the  corrected 
cross-sectional  area.  Volume  dilatation  can  be  calculated  by  the  equation: 


where: 


*  (1  -  €x)2(l+  €3)  -  1 


the  lateral  strain 
the  axial  strain 


RESULTS 


Due  to  the  necessity  for  brevity,  a  minimum  of  test  results  will  be 
presented. 


At  this  writing,  constant  strain  rate  tests,  using  the  "flow-reservoir" 
specimen,  have  been  conducted  at  several  temperatures  on  two  mixes  of 
TP-H8041  propellant.  Data  reduction  has  not  been  completed  on  either 
mix;  however,  sufficient  data  are  available  to  provide  (1)  impressions  as  to 
the  smoothness  and  continuity  of  the  results,  and  (2)  a  comparison  with 
routine  Thiokol  and  JANAF  data.  Figures  2,  3,  and  4  show  plots  of  modu¬ 
lus,  maximum  stress,  and  strain  at  fracture  as  functions  of  temperature 
for  the  three  types  of  specimens.  From  these  plots,  the  following  may  be 
observed: 

1.  The  modulus  as  determined  from  the  flow-reservoir  specimen 
appears  to  be  consistently  higher  than  with  the  routine  Thiokol 
and  JANAF  specimen. 

2.  Maximum  stress  as  determined  from  the  flow-reservoir  speci¬ 
men  appears  to  be  lower  than  either  routine  Thiokol  or  JANAF  at 
temperatures  above  -40*F.  At  temperatures  below  -40*F, 
maximum  stress  with  the  flow-reservoir  specimen  appears  to 
increase  rapidly. 

3.  There  appear  to  be  stro:.*  qualitative  and  quantitative  differences 
in  strain  at  fracture  data  derived  from  the  three  types  of  speci¬ 
mens, 

4.  There  is  insufficient  data  to  provide  evidence  of  the  test-to-test 
variation  in  properties  at  constant  temperature  and  strain  rate, 
as  determined  by  the  flow-reservoir  specimen. 

Stress,  strain  curves  in  the  temperature  parameter  are  shown  in 
Figure  5.  These  curves  serve  to  give  some  impression  of  the  precision  of 
the  experimental  data.  The  data  is  smooth  and  the  trends  are  as  expected. 
It  is  of  interest  to  note  the  relatively  small  variation  in  strain  at  maximum 
true  stress  over  the  temperature  range  14f)*F  to  -50*F. 

Stress,  strain  curves  for  Thiokol,  JANAF,  and  flow-reservoir  speci¬ 
mens  at  135*F,  77*F,  and  -40*F  are  shown  in  Figures  6,  7,  and  8,  The 
strong  qualitative  and  quantitative  differences,  in  data  yielded  by  the  three 
different  types  of  specimens,  is  obvious. 

Curves  of  volume  dilatation  versus  axial  strain  are  shown  in  Figures 
9  and  10.  These  curves  are  extremely  interesting  in  that  they  serve  to 
shed  light  on  a  question  that  has  been  discussed  at  considerable  length 
throughout  the  industry  for  several  years  -  namely,  the  problem  of  volume 
change  per  unit  volume  in  uniaxial  tension.  These  volume  dilatation  data 
imply  that  for  at  least  one  solid  propellant,  the  hypothesis  of  incompressi¬ 
bility  in  uniaxial  tension  is  totally  invalid.  Furthermore,  these  findings 
support  earlier  work  by  Bills  and  Sweeney  at  Aerojet  General  in  which  it 
was  implied  that  the  dilatational  characteristics  were  quite  strongly 


dependent  on  the  stress,  strain  state. 


DISCUSSION 


The  first  year's  effort  on  this  program  has  seen  the  development  of  a 
specimen,  an  experimental  method,  and  a  data  reduction  technique.  These 
three  items  have  been  used  in  several  experiments  on  a  typical  Thiokol  HA 
solid  propellant.  The  experiments  which  have  been  conducted  to  date 
(approximately  40)  strongly  imply  that  the  first  three  of  the  four  previously 
stated  requirements  have  been  met,  i.e: 

1.  The  strain  field  has  been  shown  to  be  macroscopically  uniform 
over  the  temperature  range  140#F  to  -50*F. 

2.  In  all  tests  conducted  thus  far  (approximately  40  tests),  fracture 
has  occurred  within  the  region  of  uniform  strain  and  constant 
cross-section  -  moreover,  the  fractures  have  occurred  within 

a  3-1/2"  length  within  this  region. 

3.  In  all  tests  conducted  to  date,  there  has  been  no  evidence  of 
small  defects  or  imperfections  leading  to  premature  fracture, 
or  adversely  affecting  test  results. 

There  is  insufficient  evidence  at  this  time  to  provide  implications  as 
to  whether  the  fourth  requirement  is  or  is  not  satisfied.  It  is  felt  that  the 
satisfaction  or  non- satisfaction  of  this  requirement  will  be  established  when 
a  number  of  tests  at  constant  strain  rate,  and  constant  temperature,  are 
conducted  at  several  temperatures.  Such  experiments  will  provide  evi¬ 
dence  of  consistency  and  repeatability. 

There  is  one  point  of  interest  that  may  be  gleaned  from  the  present 
results,  and  which  possibly  should  be  enlarged  upon  at  this  time.  As 
pointed  out  in  the  Discussion,  there  are  gross  differences  in  the  three 
types  of  data  presented  in  Figures  6,  7,  and  8.  These  data  supposedly 
represent  stress,  strain  curves  in  uniaxial  tension  of  TP-H8041  at  several 
temperatures;,  Supposedly,  the  stress,  strain  response  in  uniaxial  tension 
should  represent  a  unique  material  property.  These  data  clearly  imply 
that  the  response  in  uniaxial  tension  is  other  than  unique.  Based  on  these 
results,  we  must  admit  that  either  the  response  is  not  unique,  or  the 
response  is  strongly  dependent  on  the  type  of  specimen  and  test  procedure. 
At  this  time,  I  put  forth  the  hypothesis  that  the  response  in  uniaxial  tension 
is  unique,  provided  a  reasonable  test  specimen  is  used,  reasonable  test 
conditions  are  satisfied,  and  reasonable  laboratory  test  procedures  are 
adhered  to.  It  is  quite  reasonable  to  consider  the  possibility  that  the 
uniaxial  test  specimens  and  procedures  which  have  been  used  throughout 
the  industry  for  the  past  ten  years  are  totally  incapable  of  providing 
information  which  is  representative  of  these  materials  in  uniaxial  tension 


under  uniform  strain  field  conditions.  Work  at  the  Redstone  Division, 
over  the  past  eighteen  months,  has  demonstrated,  beyond  reasonable 
doubt,  that  the  strain  field  in  Thiokol  and  JANAF  specimens,  over  broad 
ranges  of  temperature,  for  typical  composite  solid  propellants  is  in  gener¬ 
al  macroscopically  non-uniform.  It  has  also  been  shown  that  the  so-called 
"gage  length",  as  used  in  calculating  the  strain  for  Thiokol  and  JANAF 
specimens,  is  a  function  of  at  least  propellant,  strain  magnitude,  and 
temperature.  These  findings  should  serve  to  raise  serious  questions  as 
to  the  applicability  of  non-uniform  strain  field,  uniaxial  test  data,  in 
mechanical  performance  calculations. 

In  the  course  of  our  work  during  the  past  year,  it  has  become  in¬ 
creasingly  obvious  that  two  very  real  sources  of  difficulty  in  the  area  of 
physical  properties  are: 

1.  Crude  experimental  methods. 

2.  Crude  data  reduction  methods. 

Although  the  techniques  used  in  the  course  of  the  present  work  are  quite 
refined  by  some  standards,  they  leave  much  to  be  desired  in  several 
respects  -  namely: 

1.  Temperature  control. 

2.  Strain  determination. 

3.  Time  correlation. 

During  our  further  work  on  the  development  of  this  specimen,  we 
shall  study  these  three  facets  of  the  problem  and  attempt  to  demonstrate 
satisfaction  of  the  fourth  requirement.  It  is  also  planned,  during  the 
coming  year,  to  investigate  the  various  aspects  of  converting  these  experi¬ 
ments  to  routine  test  procedures. 

The  work  thus  far  with  the  flow-reservoir  specimen  has  been  ex¬ 
tremely  encouraging.  The  completion  of  the  successful  development  of 
this  specimen  will  provide  an  extremely  powerful  tool  in  the  following 
respects: 


1.  Those  individuals  working  in  the  areas  of  mechanical  performance 
and  structural  integrity  will  be  able  to  obtain  experimental  data 
which  they  can  have  confidence  in,  which  will  be  meaningful,  and 
which  will  be  subject  to  interpretation,  correlation,  and  compari¬ 
son. 

2.  Mechanical  performance  studies  can  be  conducted  wherein  the 
effects  of  size  and  location  of  defects  can  be  realistically 


evaluated 


3„  Studies  can  be  conducted  wherein  both  the  qualitative  and  quanti¬ 
tative  effects  of  storage  time  and  temperature  on  mechanical 
performance  can  be  realistically  evaluated. 

4.  The  qualitative  and  quantitative  effects  of  humidity,  radiation, 
and  other  environmental  conditions  can  be  determined  with  suf¬ 
ficient  precision  such  as  to  permit  engineering  interpretation  and 
meaningful  use  of  test  data  in  mechanical  performance  calcu¬ 
lations. 

5.  The  precise  determination  of  endurance  and  recovery  properties 
in  uniaxial  tension. 

6.  The  fundamental  aspects  of  the  gross,  macroscopic  mechanics  of 
solid  propellants  can  be  intelligently  and  meaningfully  investi¬ 
gated. 

These  are  but  a  few  of  the  many  possibilities  that  come  within  reach 
when  we  have  the  capability  to  measure  and  determine  true  mechanical 
properties.  From  this  standpoint,  the  development  of  a  specimen  to  pro¬ 
vide  such  information  will  truly  be  an  asset  to  the  industry  and  a  step 
forward  for  solid  propellant  rocket  technology.  From  the  standpoint  of 
realism  or  essentiality,  let  it  suffice  to  say  that  the  industry  has  today,  and 
has  had  in  the  past,  its  share  of  problems  related  to  mechanical  per¬ 
formance  of  propellant  -  there  is  little  reason  to  suspect  that  the  number  or 
magnitude  of  these  problems  will  decrease  as  we  move  into  the  era  of  big 
boosters  using  increased  energy  content  propellants. 

CONCLUSIONS 

It  would  be  inappropriate  and  prematsye  to  attempt  to  draw  con¬ 
clusions,  at  this  time,  as  to  the  relative  goodness,  badness,  validity,  inva¬ 
lidity,  or  the  applicability  of  the  "flow-reservoir"  specimen  as  a  medium 
for  developmental  physical  properties  determination  or  as  a  possible  medi¬ 
um  for  routine  physical  properties.  The  results  to  date  are  highly  en¬ 
couraging  insofar  as  the  use  of  this  specimen  in  developmental,  laboratory 
type,  experiments  are  concerned,  The  work  during  the  coming  year  will 
serve  to  point  the  way  towards  adaptation  to  routine  testing,  providing  such 
adaptation  is  reasonable. 

Several  technical  conclusions,  based  on  test  results,  may  be  firmly 
drawn: 


1.  The  strain  field  in  this  specimen,  over  approximately  4-1/2"  of 
the  length  of  uniform  cross-section,  is  macroscopically  uniform 
for  strains  up  to  45%  for  a  typical  Thiokol  HA  propellant. 


3.  The  experimental  results  consistently  invalidate  the  hypothesis 
of  zero  dilatation  in  uniaxial  tension. 

SUMMARY 


The  "flow-reservoir"  specimen  has  passed  the  first  stage  of  develop¬ 
mental  testing.  In  tests  conducted  to  date,  using  a  typical  Thiokol  HA 
propellant,  this  specimen  has  demonstrated  its  capability  to  provide  a 
highly  uniform  strain  field  and  to  consistently  fracture  within  this  uniform 
strain  field.  The  results  of  approximately  forty  tests  are  encouraging  and 
imply  that  this  specimen  will  be  an  extremely  important  tool  for  the  indus¬ 
try  in  advanced  work  in  mechanical  properties  testing. 
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JANA?  TENSILE  TEST  SPECIMEN  PREPARATION  AND  EVALUATION 

R.  J*  Farris,  H*  P*  Briar,  F*  H*  Davidson,  R.  D.  Steele 
Aero  j  et-General  Corporation 


ABSTRACT 

A  method  of  precision  machining  of  JANAF  tensile  test  specimens  has 
been  developed  using  a  vacuum  holding  fixture  to  retain  a  slab  of  propellant 
in  place  while  a  fly  cutter  produces  the  desired  shape,  and  the  gang 
slitting  produces  a  group  of  up  to  10  test  specimens  from  this  shaped  slab* 

Small  spring  clip  strain  gauges  were  used  to  compare  the  true  strain 
with  normally  recorded  crosshead  strain  on  both  milled  and  standard  die  cut 
tensile  test  specimens*  The  milled  specimens  showed  a  considerable  improve¬ 
ment  out  to  y0%  strain  levels* 

Comparisons  on  the  test  variability  of  both  milled  and  die  cut  tensile 
test  specimens  showed  a  reduced  variability  in  the  normally  recorded  stress 
values  due  probably  to  better  precision  in  determining  the  width  and  thick¬ 
ness  of  the  test  specimens*  The  precision  with  which  machined  test  specimens 
can  be  produced  suggests  that  there  would  be  no  need  far  individual  width 
and  thickness  measurements  and  that  the  testing  machines  could  eventually 
record  directly  in  PSI* 

INTRODUCTION 

There  is  need  for  improvement  in  the  design  and  production  of  JANAF 
propellant  tensile  test  specimens*  The  validity  and  accuracy  of  propellant 
tensile,  stress  relaxation,  and  creep  test  data  are  greatly  enhanced  when 
the  test  specimens  are  uniform* 

A  widely  used  method  of  sample  preparation  for  the  JANAF  tensile  sample 
involves  band  sawing  slabs  of  propellant  l/2n  in  thickness  and  die  cutting 
flat  dumbbell  bars  from  the  slabs*  This  is  *  fast  and  simple  method  of 
sample  preparation,  but  yields  undesirable  effects,  such  asi  non-parallel 
faces  in  the  gauge  section  with  a  trapezoidal  cross  section;  the  sample  is 
subjected  to  compressive  stresses  while  being  die  cut,  and  both  the  die  cut 
surface  and  the  bands awed  surface  are  rough  and  scarred  as  if  torn  rather 
than  cut;  the  trapezoidal  shape  of  the  die  cut  specimen  is  difficult  to 
measure  with  a  variation  below  3  to  S%\  the  shoulders  of  the  specimen  are 
not  parallel  and  present  seating  problems,  requiring  time-consuming 
correction  during  data  reduction,  and  the  samples  tend  to  bend  in  the  fix¬ 
tures  introducing  non-linearity  in  strain  rate  and  producing  a  strain 
gradient  across  the  specimen* 

Low  modulus  values,  poor  strain  readings,  premature  failure,  and  high 
variances  are  all  effects  observed  with  die  cut  specimens*  For  example,  the 
initial  portion  of  the  stress-time  curve  appears  linear  with  die  cut  samples, 
due  to  the  non-linear  strain  rate.  The  increasing  strain  rate  results  in  an 
increase  in  the  force  levels  and  produces  a  non-linear  strain  distribution 


along  the  time  axis  of  the  curve.  This  effect  can  be  greatly  reduced  with 
highly  uniform  JANAF  specimens  and  it  can  be  completely  eliminated  with  end- 
bonded  specimens  or  pressure  gripped  specimens  such  as  the  Stanford  Research 
Institute  rectangular  specimen. 

PRECISION  MILL  CUT  SPECIMENS 


Some  of  the  advantages  which  will  accrue  to  precision  machined  JANAF 
tensile  specimens  are;  direct  calibration  of  the  testing  machines  in  terms 
of  PSI,  since  the  sample  3ize  precision  attainable  should  eliminate  the 
need  for  individual  width  and  thickness  measurements;  more  accurate  initial 
modulus  data  and  improved  strain  measurements  from  the  improved  seating  of 
the  sample  in  the  holding  fixtures;  and  finally,  less  influence  on  the 
failure  properties  due  to  surface  irregularities. 

At  Aero Jet-General* a  Physical  and  Mechanical  Properties  Laboratory, 
techniques  have  been  developed  for  production  milling  of  precision  JANAF 
tensile  specimens. 

A  vacuum  chuck  was  finally  decided  upon  as  the  holding  fixture.  This 
appears  the  best  system  for  precision  milling  since  a  slab  of  propellant 
being  held  down  by  one  atmosphere  of  pressure  would  only  be  distorted  about 
1  x  10”5  inches  per  inch  in  height.  A  fixture  shown  on  a  vertical  mill  in 
Figures  1,  2,  and  3  was  designed  and  built  to  accomodate  a  band  sawed  slab 
on  one  side  for  the  first  milling  operation  (Figure  2)  and  with  a  fillet  on 
the  other  side  to  accomodate  the  half  milled  slab  for  the  second  milling 
operation  (Figure  3)«  A  piece  of  aluminum  plate  was  ported,  relieved, 
valved,  and  manifolded  such  that  any  or  all  of  the  six  sets  of  ports  could 
be  used  at  one  time.  A  thin  rubber  liner  was  bonded  to  the  face  of  the 
fixture.  Blocks  of  the  liner  were  cut  away  over  each  port  and  a  screen 
the  same  thickness  as  the  rubber  was  bonded  in  its  place.  The  screen  was 
of  a  type  that  allowed  good  horizontal  as  well  as  vertical  flow  of  air* 

The  screen  serves  two  functions.  It  allows  its  total  area  to  act  as  a  chuck 
and  yet  gives  support  to  the  propellant.  This  results  in  high  friction 
between  the  propellant-fixture  interface  preventing  the  propellant  from 
moving. 

The  cutting  tool  for  the  JANAF  specimen  on  a  vertical  mill  is  quite 
simple.  It  is  designed  with  the  half  inch  radius  and  an  extended  cutting 
arm  to  reduce  the  slab  thickness  to  one  inch  and  assure  the  proper  depth 
of  cut  in  the  gauge  section.  Simple  fly  cutters  such  as  these  easily 
exhaust  the  cutting  chips  but  do  so  in  all  directions,  requiring  a  hood 
with  high  vacuum  cleaning  capacities.  Mandril  speeds  from  1200  to  2000  RPM 
and  feed  rates  2  to  10  inches/minute  function  excellently.  The  vertical 
mill  is  probably  preferred  in  this  type  of  operation  because  the  contact 
surface  of  the  tool  to  the  propellant  can  be  minimized  to  about  one  inch* 

The  milling  tool  for  a  norlzontal  mill  is  a  more  complex  and  expensive 
tool.  It  is  best  made  up  of  three  pieces,  a  gauge  profiler  with  a  tab 
reducer  on  each  side.  Chip  removal  is  the  biggest  problem  with  this  type 
of  tool  and  because  of  this  a  k  bladed  helical  flute  cutter  was  chosen. 

The  advantages  of  a  horizontal  mill  would  be  that  the  chip  removal  would  all 
bo  in  the  same  direction  and  evacuation  would  be  quite  simple.  This  type 
of  tool  would  however  have  about  30  times  as  much  contact  with  the  propellant 


presenting  the  possibility  of  safety  hazard.  Shown  below  is  a  simple 
profile  cutter  for  a  horizontal  mill. 

Horizontal  Mill  Tool 


The  gang  slitting  operation  takes  place  on  a  horizontal  mill.  The 
mandril  has  13  standard  5  inch  carbide  tipped  slitting  saws  spaced  0.500" 
apart.  A  special  fixture  was  made  to  hold  the  milled  slab  while  the  slitting 
operation  took  place.  Mandril  speeds  of  150  to  5 00  RFMs  function  excellently. 

All  of  these  milling  operations  are  performed  remotely  without  the  aid 
of  coolants. 

The  milling  operation  is  extremely  simple.  It  requires  that  the  milling 
tool  be  centered  over  the  fillet  and  adjusted  for  the  proper  depth  of  cut. 

Both  of  these  adjustments  are  then  locked  in  place  and  the  operation  then 
consists  of  putting  slabs  on  and  turning  them  over. 

STRAIN  EVALUATION 

A  recent  innovation  which  is  becoming  quite  useful  in  the  study  of 
propellant  tensile  strains  is  the  spring  clip  strain  gauge.  This  type  of 
strain  gauge  was  introduced  by  C.  C.  Surland  and  T.  Smith  as  a  method  for 
measuring  axial  and  lateral  strains  on  tensile  specimens. 

The  gauge  (Figure  U)  consists  of  an  0.3  inch  wide  strip  of  0.002  inch 
feeler  gauge  stock  bent  into  a  half  circle  of  approximately  0.5  inch  radius* 
Strain  gauges  are  glued  two  on  the  inside  and  two  on  the  outside  of  the 
curve  of  the  clip  to  form  the  standard  strain  gauge  bridge  configuration  of 
two  gauges  in  compression  and  two  in  tension.  The  clip  is  designed  so  that 
the  tips  of  the  gauge  will  spring  outwards  from  its  centerline  in  order  to 
follow  the  motion  of  a  stretching  specimen.  When  not  in  use  the  gauge  Is 
restrained  by  a  safety  clip  and  is  also  provided  with  a  limiting  wire  to 
prevent  overstraining. 

In  use  the  gauge  was  wired  into  a  four  prong  plug  and  plugged  directly 
into  an  Instron  load  cell  plug.  The  Instron  recorder  was  thus  utilized  to 
make  extension  recordings.  Any  other  strain  gauge  or  load  cell  measuring 
system  might  also  be  used. 

The  gauge  is  applied  to  the  standard  JANAF  tensile  specimen  by  gluing 
two  small  plastic  blocks  about  1  inch  apart  on  the  strain  portion. 
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The  gauge  held  its  position  by  friction  against  the  blocks  (Figure  5>). 

To  further  illustrate  the  improvement  in  tensile  properties  attained 
with  milled  tensile  specimens,  stress  and  elongation  tests  were  performed 
with  the  gauge  mounted  on  both  milled  specimens  and  die  cut  specimens. 

Since  the  dimensions  of  a  die  cut  bar  are  variable  side  to  side,  several 
tests  were  run  with  the  gauge  first  mounted  on  the  narrow  side  and  several 
more  with  it  mounted  on  the  wide  side.  Initial  gauge  length  was  taken 
from  the  clip  gauge  reading  at  the  start  of  the  test.  The  data  shown  in 
Figures  6  and  7  was  then  plotted  as  true  sample  elongation  from  the  clip 
gauge  versus  Instron  chart  time.  The  samples  tested  were  standard  JANAF 
propellant  tensile  specimens  at  77*?  and  2  inches/minute.  The  straight  line 
at  0,7h  nrLn~l  represents  the  strain  rate  that  should  be  observed  with  no 
error  and  a  2.7  inch  effective  gauge  length. 

Propellant  tests  are  quite  sensitive  to  strain  rate,  thus  any  deviation 
from  the  0.7U  min'*"*-  line  indicates  a  possible  source  of  error.  Figure  7 
shows  a  marked  difference  in  behavior  depending  on  whether  the  wide  or  narrow 
side  of  a  stamped  bar  is  measured.  The  data  suggest  that  no  two  parts  of 
the  tensile  specimen  are  being  strained  at  the  same  rate,  and  that  photo¬ 
graphic  strain  measurement  on  any  sample  other  than  a  carefully  prepared 
symmetrical  sample  would  have  a  large  inherent  error* 

The  results  of  the  milled  bar  strain  measurements  are  somewhat  improved 
out  to  about  30 %  strain.  However,  even  here  the  result^  are  not  perfect* 
After  30^  strain  the  results  begin  departing  rapidly  from  a  constant  strain 
rate  test*  The  propellant  bars  tested  above  have  a  nominal  maximum  stress 
of  about  120  PSI  and  a  strain  at  maximum  stress  of  about  hhi- 

MILLED  BARS  VERSUS  DIE  CUT  BARS 


The  original  data  obtained  in  a  careful  comparison  of  milled  samples 
versus  the  standard  die  cut  JANAF  tensile  specimens  showed  an  improvement 
in  the  variability  of  nominal  maximum  tensile,  S^,,  no  change  in  the  vari¬ 
ability  of  strain  at  maximum  stress,  ym,  and  an  improvement  in  the  variability 
of  the  modulus,  E*  A  further  check  of  the  variability  was  made  on  5  lots  of 
propellant  just  after  the  milling  procedure  initiated  as  a  routine 
procedure*  The  initial  results  were  verified}  however  it  would  seem  that  a 
year  later  the  stamping  procedures  were  producing  more  uniform  results* 

The  original  results  are  tabulated  below. 

VARIANCE  VALUES 


3nm 

Ym 

E 

N 

Stamped 

50 

3.3 

5600 

Uo 

Stamped 

65 

2.1 

18000 

U 

Milled 

15 

2.8 

2200 

10 

The  results  of  a  check  on  5  batches  1  year  later,  1*  tests/batch 
milled,  1*  tests/batch  die  cut  are  tabulated  below* 

VARIANCE  VALUES 


snm 

E 

N 

Between  Batches 

291 

15U 

161*000 

5 

Within  Stamped 
Replicates 

35 

3.1 

8860 

20 

Within  Milled 
Replicates 

16 

3.2 

1330 

20 

Variability  of  the  quality  of  the  milling  operation  is  easily  main¬ 
tained  within  very  tight  limits*  Of  over  200  specimens  prepared  in 
succession,  the  sample  width  varied  0,6%  from  0*375".  Similar  data 
illustrates  the  quality  of  the  gang  slitting  operation* 

Spu,  ■  Nominal  Maximum  Stress 

■  Strain  at  S_ 

*m  ran 

E  "  Initial  Modulus 

1  (v-*)2 

Variance  ■  — — r; - - - - - - 

n  -  1 

CONCLUSION 


Advantages  in  the  form  of  improved  tensile  test  data  have  been  shown 
for  precision  machined  JANAF  test  specimens*  Milling  procedures  with  at 
least  the  same  production  efficiency  and  cost  as  the  standard  die  cutting 
procedures  have  been  developed*  Improvements  in  the  test  data  are  in  the 
form  of  reduced  variability  in  the  stress  values  observed  on  stress-strain 
curves  due  to  improved  accuracy  in  cross  sectional  area  measurements,  and 
in  closer  approximation  of  the  initial  portion  of  the  true  stress— strain 
curve  through  improved  sample  seating* 
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A  METHOD  OF  STRAIN  GAGE  DATA  REDUCTION 
FOR  LOW  MODULUS  MATERIALS  71) 


R.  E.  Sennett  III^1 2 3)  and  S.  Shore ^ 
Dyna/Structuren,  Inc. 
Springfield,  Pennsylvania 

ABSTRACT 


This  Investigation  was  undertaken  to  develop  a ‘method  of 
calculating  strains  In  a  low-modulus  material  from  data  ob¬ 
tained  with  high  modulus  strain  gages .  Hie  presence  of  a  high 
modulus  strain  gage  on  the  surface  of  a  low  modulus  material 
(e.g.,  solid  propellant)  leads  to  the  distortion  of  the  strain 
field  in  the  vicinity  of  the  gage.  Therefore,  the  fundamental 
objective  of  this  report  is  to  predict  the  value  of  the  strain 
in  the  low  modulus  material  in  the  gage  area  from  the  response 
of  the  strain  gage.  A  solution  to  the  problem  was  obtained  by 
simulating  the  actual  physical  conditions  with  an  idealized 
condition  of  an  elastic  inclusion  in  an  elastic  thin  plate, 
with  each  material  having  different  material  properties. 

The  solution  was  obtained  in  two  steps! 

(1)  The  problem  of  the  stress-distribution  on  the  boundary 
of  a  rigid  inclusion  was  solved. 

(2)  The  stress -distribution  from  (l)  was  then  imposed  on 
the  elastic  inclusion  and  the  stress-distribution  in 
this  body  was  obtained. 

This  method  was  found  to  compare  favorably  with  the  solu¬ 
tion  of  an  elastic  inclusion  in  an  elastic  plate  for  a  low- 
modulus  plate.  (See  Appendix.) 

From  this  solution,  correlation  between  strain  in  the 
inclusion  (gage)  and  strain  in  the  surrounding  material  was 
obtained . 


ANALYSIS 


We  first  determine  the  stress -distribution  around  a  small 
circular  rigid  inclusion  of  radius  "b"  contained  in  a  large 
rectangular  plate  under  uniform  axial  stress  ax .  (See 
Figure  la.) 

Since  the  Inclusion  is  small,  we  assume  that  the  stress- 
distribution  on  a  circle  of  radius  "a"  inscribed  in  the  plate 
Is  unaffected  by  the  inclusion.  Plane  strain  is  also  assumed.. 

(1)  Prepared  for  Thiokol  Chemical  Corporation 
under  Contract  No.  U-60-11305. 

(2)  Engineer,  Dyna/Structures  Inc.,  813  Louise  Drive, 
Springfield,  Pennsylvania. 

(3)  Associate,  Dyna/Structures  Inc. 


Transforming  the  uniform  stress-distribution  to  the 
boundary  of  the  circle  of  radius  "a,”  we  obtain: 


or( a)  . 

(l  +  cos  2©) 

(1) 

<W*> 

sin  2© 

(2) 

(1)  and  (2),  along  with  the  conditions  that  u,  the  radial 
displacement,  and  v,  the  tangential  displacement,  are  zero  at 
r  =  b  (inclusion  is  welded  to  the  plate),  form  our  set  of 
boundary  conditions.  (See  Figure  lb.) 

From  the  strain-displacement  and  stress-strain  relation- 


ships  expressed  in  polar  coordinates,  we  obtain  the 
stress -displacement  equations: 

following 

„  E 

1 

fvfJL 

+  f)+(1-v)&| 

(5) 

r  ( l-2v ) ( 1+v ) 

[>r  >9 

~  _  E 

1 

"v  **  + 

(1-*>(7g*?)] 

(4) 

e  ( l-2v ) ( 1+V  ) 

1 

L 

„  _  e  r  1 

du 

+  - 

v] 

(5) 

r©  2  ( 1+v  )  L  n 

53 

dr 

rj 

Substituting  (3),  (4),  and  (5)  Into  the  equilibrium 
equations,  we  obtain  the  following  displacement  equilibrium 
equations  in  polar  coordinates: 

1  (3-4v)  dv 


u 

1 

1  * 

r  1  & 

V  “ 

~  72 

-r 

2(l-v) 

1  r  drd© 

r_2v 

V 

4- 

1  f 

1  d2v 

v  v 

'  r2 

T 

1-2V  [ 

r2 

• 

Since  u 

ie  an  even  function,  v 

Letting 

u 

=  Un(r 

)  cos  n© 

and 

V 

)  sin  n© 

*2  55? 


^  ae 


1  d£u  (3-4v  )  d 
r  dr§9  +  ?2  d© 


n- 


we  obtain,  after  substitution  into  (6)  and  (7), 


(6) 

(7) 

(8) 
(9) 


u  " 

un 


in*  -  (l±^)  u 


+  -  un 

r  n 


r^~ 


'n 


+ 


2( 


1  jn  \t 
T7TTL?  Vn 


«  +  un 

pi.  n 


(>4v) 

'r'2‘ 


nVnj 


=  0 


(10) 


V  "  +  —  V  '  -  Q±n£)  v 
n  r  n  vn 


+  T^r['SVn  -i°n'  -  (^nUn]  -  0  (11) 

where  differentiation  with  respect  to  r  is  indicated  by  primes. 

Noting  that  (10)  and  (11)  are  coupled  Euler  equations,  we 
let  r  =  ez.  Performing  this  transformation  and  denoting  derive 
tives  with  respect  to  z  by  *,  we  have: 


*  [1+n2  -  m^vj]  Un  +  J(hrf  [*n  -  (3-^)  VnJ  =  0 


^  +  l4] 

1  v  n 

n  TT17 

4 

letting  Un  =  S" 

k=l 

and  Vn  =  £ 

Bto^knZ 

k=l 

we  obtain: 

(12) 

(13) 

(14) 

(13) 


Akn  ^  Vn  -  {l+n2  - 


“  2  ( 1  -  v  ) 

+  ®kn  2(1 -V 


-  (3-4v) 


3  - 


(16) 


Akn  (tt^v)  [  Vn  +  (3-4v)j 

+  Bkn[v2n  1=5$- 


(17) 


fhaf  (16)  and  (17)  are  homogeneous  equations,  wo  require 

RotnM.n  Jete™^ant  of  the  coefficients  vanish  in  order  for  a 

mni  \  Thus '  we  obtain  an  equation  from  which  we 

may  solve  for  the  Xkn.  We  find: 


Mn  =  1  +  n 
^2 n  =  "(1  +  n) 
x3n  "  (1  -  n) 
x4n  -  -(1  -  n) 


Note  that  Xkn  is 
independent  of  v 


(18) 


'■in  1 


Solving  (16)  for  Bjcn  In  terms  of  A]^,  we  obtain: 


-  — 
A  g(l-V) 

=  Akn  n 


„  p  n2  .2 

1+n  ~  ~7" - r  -  ^kn 

_ g(l-v) 

*kn  -  (3-Hv) 


(19) 


Defining 


we  write 


„-[^i 


®kn  "  Pkn  Akn 


o  n2  2 

1+n  '  2(1^0  ~  *kn 
*kn  -  (3-4v) 


(20) 


(21) 


Substituting  the  four  roots  of  Akn  into  the  expression 
for  p^,  we  find: 


,  _  -4+4v-n 

in  “  n-2+4v 


, *  „  -n+4-4v 

P2n  -  +1  P^n  -  _2-n+4v 


=  -1 


Prom  (14)  and  (15 ),  we  hare: 

Un(r)  =  A^r^+n  4  4-  A-^r^"n  4-  A^r~(^~n) 

Vn(r)  =  p1A^r1+n  4-  p2A2r~^1+n^  4-  p^A^r1-n  4-  p^A^r^^ 1_n^ 

Our  boundary  conditions  become: 


(22) 


(23) 

(24) 


axially  symmetric 
o«p(»)  -  ^ 

o®r©(^)  =  ® 
U0(b)  =  0 

Vn(b)  -  0 


(25) 


non-axlally  symmetric 
2o  (a)  =  cos  20 


2or0(a)  *  -  _*  sin  20 


(26) 


U2(b)  =  0 
V2(b)  =  0 


Substituting  the  form  of  the  displacements  (8),  (9),  into 
the  stress-displacement  relations  (5),  (4),  (5),  we  have: 


nq0 
cos  n0 


l^vy(l+v)  [v(f  Vn  +  F  Un)  +  d-v)  un'] 
1-gvWllv)  [VU"'  '  (1-v)(?Vn  '  7”n)] 
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(29) 


We  first  consider  the  axially  symmetric  part  of  the  solu¬ 
tion  (n  =  0) . 


find: 


Applying  boundary  conditions  (25)  to  (23)  and  (27),  we 


u  _  f*  (i-av)(i+v)  .1 

0  '  2  E  [1+®-  (i-av)] 


t- 


?} 


„  _  °X 

oar  -  TT 
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o09  =  T™ 


(30) 


(31) 


(32) 


oar9  “  ^ 


(33) 


We  now  consider  the  non-axially  symmetric  part  (n  =  2). 
Prom  (23)  and  (24),  we  have: 

U2  =  A^r-^  +  A2r~^  +  A^r”^  +  A^r 

V2  =  PiA1r5  +  P2A2r”5  +  P5A3r_1  +  Pi+A^r 

U2'  -  3Axr2  -  3A2r“4  -  A5r’2  +  A4 

V2‘  =  3PiAir2  -  3P2A2r‘4  ‘  P5A3r_2  +  P4A4 


Using  these  expressions  in  (27),  (28),  and  (29),  we 
obtain: 


2ar  =  E  [ 

cos  29  1+v  l 

-  3A2r“^  -  ^2-  r"2  +  Ah 
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(34) 

2°0  E 
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(36) 

sin  29  2(Hv)  I 

-  Axr  bft2r  —  A, 

Applying  boundary  conditions  (2 6)  and  solving  the  result¬ 
ing  equations  for  A^,  Ag,  A^,  and  A^,  we  find: 
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Thus,  (^4),  (35)j  and  (36)  become: 
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(42) 


;'Vt 


b 


As  -  - ►  0,  (51)»  (32),  and  (33)  become 
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(44) 

(45) 

(46) 


Thus,  the  total  solution  for  the  stresses  In  a  plate  con¬ 
taining  a  small,  rigid  inclusion  becomes: 

°r  -  f^[i  *  h-»>$]  +  29  (if  +  5^r(l  +  i)j  dr) 
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cA  =  ix  sin  20 
r©  I, 


At  r  =  b  (boundary  between  inclusion  and  elastic  mate- 
riai), 

ar(b)  =  ^  2  (1-v)  +  cos  20  ^ 

°r0(b)  =  TT  sin  29  ^  ] 


(48) 


(49) 


(50) 

(51) 


We  now  use  (50)  and  (51)  as  applied  stresses  on  a  cir¬ 
cular  elastic  region  (core). 

We  define: 

E  =  Young's  modulus  for  the  plate  material 

E^  =  Young's  modulus  for  the  inclusion 

v  =  Poisson's  ratio  for  the  plate  material 

v ^  =  Poisson's  ratio  for  the  inclusion 


Our  boundary  conditions  for  the  elastic  core  become: 
Dar(b)  -  ox  (1-v) 
o0  r© ( b )  -  0 


uD  =  0 


vG  =  0 


(52) 
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cod  20 


2or(b)  - 

20re(b)  - 

We  first  consider  the  axially  symmetric  part.  Applying 
boundary  conditions  (52)  to  (25),  (24),  (27),  and  (29),  we 


V2  "  0 


(53) 


find: 


U0(r)  =  r 

V  (r)  =  0  (by  virtue  of  axial  symmetry) 

Qor  =  ax  (1-v) 

o°e  =  0x  (*-v) 

o0r© 


x 
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(54) 

(55) 

(56) 

(57) 
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Now  consider  the  non-axially  symmetric  part.  Applying 
boundary  conditions  (53)  to  (23),  (24),  (34),  and  (38),  we 


find: 
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(60) 
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Thus,  the  stresses  in  the  circular  elastic  core  are 
given  by: 


c rr  =  a 


cos  20 
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x  £(l-v)  + 

0re  -  -  20 
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(64) 

(65) 
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Since  u  =  Un(r)  +  Uo(r)  cos  20  where  IJ0  and  Up  are  given 
by  (54)  and  (59),  respectively. 


where  E^  =  Modulus  of  Inclusion 

er  =  Strain  in  inclusion  (constant  throughout) 

0  «  Applied  stress 

A. 

If  the  inclusion  were  not  present,  then  we  have  for  the 
elastic  plate 

(1-v2)  ax  =  E  ex  ,\ex  =  (1-v2) 

For  vt  «  .32  E^  »  26x10^,  which  are  typical  properties 
for  metal  foil  gages,  and 

v  -  .5 
G  „  °x 

r  .642Ej  ex=  12.519X106  (70) 

E 

-642  (l-v2) 

fcr  E 

CONCLUSIONS 

We  find  that  by  knowing  the  material  properties  of  each 
material  and  the  strain  in  the  inclusion  (gage),  the  strain 
can  be  found  in  the  propellant  which  would  be  present  if  the 
gage  were  absent. 
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APPENDIX 


Comparing  numerically  the  solution  presented  in  this 
report  to  the  solution  of  the  problem  of  an  elastic  inclusion 
in  an  elastic  plate  with  v.  =  .32,  v  =  .5>  we  find  the  re¬ 
sults  agree  to  four  significant  figures.  That  is, 

A 

f*  =  .4815 


Thus,  it  is  seen  that  the  assumption  of  the  gage  as  a 
rigid  inclusion  gives  excellent  results  with  a  very  low 
modulus  plate. 


We  next  compute  the  effect  of  the  inclusion  at  various 
multiples  of  the  radius  "b." 


Using  the  solution  obtained  for  the  plate  (region  outside 
of  the  inclusion),  we  compute  e_  at  9  =  0°  and  compare  with  er, 
which  would  be  present  if  the  Inclusion  were  absent. 


r  *  4.6  b 
r  =  8.6  b 
r  =  14.6  b 
r  =  20.6  b 


terror  =11 .70 
terror  **.  4.62 

terror  =  1.47 

•terror  =  0.75 


Thus,  if  a  gage 
less  than  2%  occurs 


of  1/4-inch  length  is  used,  an  error  of 
at  a  distance  of  1.75  inches. 
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A  DEVICE  TO  MEASURE  THE  CHANGE  IN  WIDTH  CONTINUOUSLY 
DURING  UNIAXIAL  TENSILE  TESTS1 

Clarke  H.  Lewis,  Jr. 

Research  Engineer,  Polymer  Research  Section 

Jet  Propulsion  Laboratory 
California  Institute  of  Technology 
Pasadena,  California 

ABSTRACT 


A  brief  description  is  given  of  a  device  which  measures  the  change  in 
width  of  an  elastomeric  tensile  specimen  continuously  during  test.  It  can 
operate  at  temperatures  of  -65  to  160°F  and  with  specimen  widths  of  I.  000 
to  0.  375  in.  It  is  actuated  by  the  moving  crosshead  of  the  testing  machine 
and  returns  to  its  starting  point  when  the  crosshead  is  returned.  Width  is 
measured  at  the  center  point  of  the  specimen  to  an  accuracy  of  ±0.  0005  in. 

INTRODUCTION 

One  of  the  commonest  tests  used  in  the  characterization  of  physical 
properties  of  elastomeric  materials  such  as  solid  propellants  is  the  uniaxial 
tensile  test  conducted  at  constant  crosshead  speed  of  the  testing  machine. 
During  the  course  of  such  a  test,  the  specimen  undergoes  considerable  axial 
elongation  (20-50%)  and  lateral  contraction  (10-15%  on  each  axis). 

One  of  the  principal  difficulties  associated  with  this  test  is  that  of 
determining  the  stress  and  strain  in  the  specimen;  usually,  just  the  load 
exerted  by  the  specimen  on  the  stationary  grip  and  the  position  of  the  moving 
grip  are  known. 

Contributing  to  this  problem  is  the  fact  that  the  grips  customarily 
used  allow  the  specimen  to  creep  in  the  grips  u:\der  load.  This  phenomenon 
has  two  effects:  the  amount  of  strain  in  the  specimen  is  reduced,  and  the 
strain  rate  is  decreased.  To  account  for  this,  an  effective  gage  length  in 
excess  of  the  actual  specimen  length  is  used  to  convert  grip  movement  to 
strain  in  the  specimen.  This  gage  length  is  found  by  measuring  the  strains 
directly  by  such  means  as  photography  and  then  assuming  this  gage  length  to 
be  constant  for  all  strains  and  rates.  The  gage  length  depends  on  the  point 
at  which  the  strain  and  the  crosshead  movement  are  matched  (Fig.  1).  As  a 
result  of  the  gage -length  variation,  the  strain  rate  varies  during  the  test, 
although  mainly  at  the  beginning  of  the  test  and  near  maximum  load  (Fig.  2). 


^This  paper  presents  results  of  one  phase  of  research  carried  out  at 
the  Jet  Propulsion  Laboratory,  California  Institute  of  Technology,  under 
ARPA  Letier  Order  No.  107-60,  for  the  National  Aeronautics  and  Space 
Administration. 


Similarly  when  determining  the  stress,  the  reduction  of  cross- 
sectional  area  must  be  considered.  The  assumptions  used  here  vary  from 
that  of  constant  area  to  letting  A  =  A(>/(1  +  *z).  The  latter  expression  is 
derived  assuming  an  incompressible  material.  While  this  expression  is 
more  reasonable  than  assuming  the  area  is  constant,  experimentally 
Poisson's  ratio  falls  below  the  incompressible  case  (Fig.  3).  The  uncer¬ 
tainty  of  the  axial  strain  also  affects  this  expression. 

To  deal  with  these  difficulties,  direct  measurement  of  the  strain  is 
necessary.  To  some  extent,  this  is  now  common  practice.  The  means  used 
have  been  either  a  visual  measurement  using  a  scale  or  micrometer,  or 
photographing  a  pattern  of  circles  or  dots  on  the  specimen.  Both  of  these 
methods  are  inaccurate  at  low  strains,  and  particularly  with  the  photographic 
method  the  data  reduction  is  very  involved  and  lengthy. 

In  an  effort  to  make  the  direct  measurement  of  these  strains  easier 
and  more  accurate,  the  design  and  development  of  devices  to  measure  con¬ 
tinuously  axial  strain,  and  lateral  contraction  of  a  uniaxial  tensile  specimen 
was  undertaken.  At  this  time,  the  axial -strain  extensometer  is  still  under 
development  and  will  be  discussed  at  a  future  date.  The  lateral-dimension 
measuring  device  has  been  developed  and  tested  and  is  the  subject  of  the 
following  discussion. 


DISCUSSION 

The  device  consists  of  two  parts:  the  width -measuring  transducer, 
and  the  platform  mechanism  upon  which  the  transducer  is  mounted.  The 
transducer  (Fig.  4)  has  two  arms  which  touch  either  side  of  the  specimen. 
One  arm  is  fixed  when  in  use  but  can  be  adjusted  to  accommodate  specimen 
widths  from  1. 020  to  0.  350  in.  The  other  arm  is  spring-loaded  to  remain  in 
contact  with  the  specimen  as  it  reduces  in  width.  The  position  of  the  moving 
arm  is  measured  by  a  linear  potentiometer  through  a  lever  to  the  arm.  The 
potentiometer  is  calibrated  to  read  out  widt>  directly. 

The  transducer  is  mounted  on  three  Teflon  beads  on  the  platform  and 
positioned  by  pins  (Fig.  5).  It  is  free  to  move  laterally  so  that  as  the  speci¬ 
men  contracts,  the  spring-loaded  arm  causes  this  assembly  to  move  enough 
to  keep  the  fixed  arm  in  contact  with  the  specimen  also.  The  other  function 
of  the  platform  is  to  position  the  arms  at  the  desired  point  throughout  the 
test.  The  platform  moves  vertically  on  two  rods  mounted  on  the  moving 
crosshead  of  the  machine.  The  platform  is  held  up  by  counterweights  and  is 
moved  downward  by  the  pulley  system  at  a  rate  equal  to  one -half  of  the 
crosshead  speed.  Thus,  if  the  measuring  arms  are  positioned  vertically  at 
the  center  of  the  specimen,  they  will  follow  this  point  as  the  crosshead 
moves.  It  is  assumed  here  that  the  initial  center  of  the  specimen  remains 
midway  between  the  grips.  This  is  not  strictly  true;  however,  the  error  has 
been  seen  to  be  small  using  photographs.  Specimens  are  easily  inserted 
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from  the  front,  and  of  course  ultimately  will  be  engaged  by  the  axial 
extensometer  after  being  positioned  as  shown  in  Fig.  6. 

Steps  are  being  taken  to  further  refine  the  transducer.  At  present 
the  device  will  measure  a  width  of  1. 000  in.  to  an  accuracy  of  ±0.  0005  in. 
with  a  linearity  of  1%  over  0. 100  in.  of  movement.  Maximum  deflection  of 
the  spring-loaded  arm  produces  a  5-psi  pressure  on  the  specimen.  It  would 
be  desirable  to  improve  the  linearity  and  to  decrease  the  actuating  force. 

Figure  7  shows  the  effect  of  measuring  strains  directly  as  compared 
to  using  a  predetermined  gage  length.  The  widths  measured  by  the  lateral 
dimension  device  compared  very  well  with  those  determined  by  photographs, 
and  were  more  consistent.  The  data -reduction  time  was  reduced  by  75%. 
Ultimately  it  will  be  possible  to  use  this  device  and  an  extensometer  with  a 
test  that  could  be  run  at  constant  strain  rate  over  a  measured  gage  length 
and  would  produce  measured  values  of  true  average  stress  and  strain  on  this 
element. 
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FIGURE  1.  VARIATION  OF  GAGE  LENGTH  DURING  A  UNIAXIAL  TENSILE  TEST 
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FURTHER  DEVELOPMENT  OF  A  BI-AXIAL  STRESS  TEST 
FOR  VISCOELASTIC  MATERIALS1 


John  J.  Brisbane 

Rohm  &  Haas  Company 
Redstone  Arsenal  Research  Division 
Huntsville,  Alabama 


ABSTRACT 

A  method  of  testing  solid  propellants  in  a  bi -axial  stress  field  which 
consists  of  the  diametrical  compression  of  an  elliptical  disk  between  the 
platens  of  a  testing  machine  has  been  proposed  by  J.E.  Fitzgerald  of  the 
Grand  Central  Rocket  Company.  The  typical  fracture  in  this  test  is  a  ten¬ 
sile  failure  at  the  center  of  the  disk  where  the  stress  field  is  bi-axial.  Pre¬ 
vious  work  on  this  test  at  Grand  Central  was  performed  on  a  circular  disk 
for  which  only  one  ratio  of  the  bi-axial  stresses  is  obtainable  at  the  center 
of  the  disk. 

A  stress  analysis  using  classic**  small  deformation  elastic  theory  was 
made  of  an  elliptical  disk  under  diametrical  compression  by  a  concentrated 
load  which  showed  that  various  ratios  of  bi-axial  stresses  at  the  center  of 
the  disk  could  be  obtained  if  elliptical  disks  with  different  ratios  of  major  to 
minor  axes  were  used.  To  determine  the  effects  of  the  large  deformations 
which  occur  at  the  points  of  loading  when  a  propellant  is  subjected  to  this 
test,  a  photoelastic  investigation  was  made  using  an  elastic  material.  When 
compared  with  the  photoelastic  results,  the  theoretical  stress  analysis  was 
found  to  be  inadequate  for  predicting  the  stresses  when  large  deformations 
existed  at  the  points  of  loading.  The  photoelastic  investigation  yielded 
empirical  solutions  for  the  stresses  and  the  stress  ratio  at  the  centers  of 
elliptical  disks  with  ratios  of  major  to  minor  axes  equal  to  1.  0,  1.  5,  and 
2.  0  as  a  function  of  the  percent  decrease  in  major  axis. 

To  extend  the  experimental  solution  for  *n  elastic  disk  to  a  viscoelastic 
material,  a  non-rigorous  method  analogous  to  the  method  applied  to  the 
Hertz  contact  problem  by  Lee  and  Radok  was  used.  This  method  utilizes  the 
results  from  the  photoelastic  investigations  of  the  elastic  disk  to  predict  the 
stresses  at  the  center  of  a  viscoelastic  disk. 

The  results  of  a  limited  test  program  on  propellants  yielded  a  satis¬ 
factory  correlation  with  the  viscoelastic  solution  at  small  deformations,  but 
correlation  at  large  deformations  was  not  as  good  as  desired.  However, 
there  are  several  possible  sources  of  experimental  error  that  have  not  yet 
been  investigated. 


*This  work  was  sponsored  by  the  Army  Ordnance  Corps  under  Contract 
No.  DA-01-021-ORD-12024. 


I 


INTRODUCTION 


The  majority  of  physical  property  data  for  solid  propellants  has  to  this 
date  been  obtained  by  the  use  of  the  uni-axial  tension  test.  While  this  test 
gives  valuable  information  on  propellants,  it  does  not  give  data  obtained 
under  the  combined  stress  conditions  existing  in  a  rocket  motor.  In  order 
to  obtain  more  realistic  design  information,  considerable  effort  has  been 
expended  throughout  the  industry  to  develop  a  bi-axial  stress  test.  The 
bi-axial  stress  test  presents  difficulty  because  the  loading  of  the  specimen 
and  the  analysis  of  the  stress  field  are  both  troublesome. 

The  bi-axial  test  considered  in  this  paper  was  first  proposed  by  J.E. 
Fitzgerald  of  Grand  Central  Rocket  Company  (l)1.  The  test  consisted  of 
the  diametrical  compression  of  a  circular  disk  between  the  platens  of  a 
testing  machine.  The  typical  failure  resulting  from  this  test  is  a  tensile 
failure  at  the  center  of  the  disk  where  the  stress  field  is  bi-axial,  being 
formed  by  a  compressive  stress  in  the  direction  of  the  load  and  a  tensile 
stress  perpendicular  to  the  load.  With  a  circular  disk  there  is  only  one 
ratio  of  principal  stresses  available  at  the  center  of  the  disk  (  2) .  Thus. 
Fitzgerald  proposed  that  further  work  might  be  done  to  determine  if  differ¬ 
ent  stress  ratios  might  be  obtained  by  using  elliptical  disks  with  different 
ratios  of  major  to  minor  axes. 

This  paper  presents  an  extension  of  this  test  to  elliptical  disks  with 
consideration  being  given  to  large  deformations  and  viscoelastic  effects. 

The  purpose  of  the  paper  is  to  demonstrate  the  existence  of  a  bi-axial  stress 
field  at  the  center  of  an  elliptical  disk  and  its  dependence  on  the  ratio  of 
major  to  minor  axes  and  to  develop  a  method  whereby  the  bi-axial  stress 
at  failure  can  be  predicted. 


ELASTIC  ANALYSIS 


A  stress  analysis  based  on  classical  small  deformation  elastic  theory 
was  made  of  an  elliptical  disk  loaded  along  either  the  major  or  minor  axes 
by  a  concentrated  compressive  load.  This  model  was  analyzed  to  determine 
approximately  the  range  of  stress  ratios  at  the  disk  center  which  could  be 
expected  by  varying  the  ratio  of  major  to  minor  axes  in  actual  tests. 

The  theoretical  analysis  is  to  lengthly  for  inclusion  here.  The  complex 
variable  method  of  Muskhelishvili  {  3)  was  used.  Expressions  for  the 
principal  stresses  at  the  center  of  the  disk  were  found  in  infinite  series  form. 
Fig.  1  shows  the  resulting  ratio  of  principal  stresses  at  the  disk  center.  It 
can  be  seen  that  the  ratio  of  the  tensile  to  the  compressive  principal 
stresses  for  this  type  of  test  can  be  expected  to  lie  between  zero  and  about 
one  third. 

To  determine  the  effects  of  the  large  deformations  that  can  occur  under 
the  platens  at  the  points  of  loading  during  the  test,  a  photoelastic  investiga¬ 
tion  was  carried  out.  The  photoelastic  models  were  made  from  Hysol  8705 
polyurethane  rubber  obtained  in  sheet  from  Hysol  Corporation2.  This 


'Numbers  in  parentheses  indicate  references  at  the  end  of  the  paper. 
zHysol  Corporation,  Olean,  New  York. 


material,  which  exhibited  elastic  properties  throughout  the  range  needed 
for  the  investigation,  possesses  a  very  large  stress-optic  coefficient  so 
that  a  large  number  of  fringes  were  available  even  at  small  deformations 
and  loads.  The  photoelastic  study  was  carried  out  using  standard  methods 
of  stress  separation  such  as  the  shear  difference  method  and  the  numerical 
integration  of  Filon*  s  transformation  of  the  Lam4- Maxwell  equations  for 
sections  of  symmetry  (4) .  Pictures  of  the  isochromatic  pattern  for  two 
different  values  of  the  applied  load  are  shown  in  Fig.  2  for  an  elliptical 
*•  disk  having  a  3-in.  major  axis,  a  2-in.  minor  axis,  and  a  l/2-in  thickness. 

The  photoelastic  investigation  indicated  that  the  theoretical  solution  for 
a  concentrated  load  was  not  adequate  when  large  deformations  occurred  at 
the  loading  points.  The  results  of  the  photoelastic  investigation  are  shown 
in  Figs.  3  and  4.  Fig.  3  is  a  plot  of  the  absolute  value  of  the  principal 
stresses  at  the  center  of  the  disk  divided  by  the  shear  modulus  as  a  func- 
i  tion  of  the  percent  decrease  in  the  major  axis.  It  was  found  that  the  photo- 

|  elastic  analysis  of  the  case  where  the  load  was  placed  along  the  major  axiB 

was  less  difficult  than  the  case  where  the  load  was  placed  along  the  minor 
|  axis,  and  all  experimental  results  are  for  a  loading  along  the  major  axis, 

i  Fig.  4  shows  a  graph  of  the  applied  load  per  unit  thickness  divided  by  the 

j  minor  semi-axis  and  the  shear  modulus  a?  a  function  of  the  percent  decrease 

:  in  major  axis.  The  reason  for  the  selection  of  these  particular  dimension- 

I  .  less  quantities  for  the  graphs  will  be  evident  later  in  the  paper. 

f  VISCOELASTIC  ANALYSIS 

|  ; 

S  In  viscoelastic  stress  analysis  there  exists  a  certain  class  of  problems 

*  in  which  the  stress  distribution  is  the  samu  as  for  the  equivalent  elastic 

|  problem.  The  elastic  solution  for  this  class  of  problem  contains  no 

elastic  constants,  and  the  stresses  are  linearly  related  to  the  loads.  For 
:  a  two-dimensional  problem,  a  sufficient  condition  for  the  elastic  stress 

i  solution  to  be  independent  of  elastic  constants  is  that  the  boundary  conditions 

be  expressed  in  terms  of  the  applied  stress  alone.  Generally  in  cases 

•  where  this  condition  is  not  met,  the  elastic  and  viscoelastic  stress  solutions 
are  not  the  same  (  5)  . 

In  the  test  that  has  been  proposed  the  boundary  conditions  are  not  only 
mixed,  but  the  point  separating  the  stress-  conditions  and  the  displacement 
conditions  changes  with  load.  Therefore,  need  for  a  viscoelastic  stress 
solution  exists. 

The  same  type  of  time  dependent  mixed  boundary  conditions  exist  in 
the  Hertz  contact  problem  which  has  been  solved  for  a  viscoelastic  material 
by  Lee  and  Radok  (  6)  using  assumptions  later  justified  by  experimental 
verification  of  their  solution.  A  method  analogous  to  the  Lee  and  Radok 
method  was  used  to  attempt  to  predict  the  stresses  that  occur  in  the  visco¬ 
elastic  disks  by  using  the  experimentally  determined  stresses  in  the 
elastic  disks  described  above. 

For  linear  viscoelastic  materials,  the  relation  between  stress  and 
strain  can  be  written  as 


where  s^(  t)  and  e^(  t)  are  the  time  dependent  deviatoric  stress  and  strain 

components  and  G(  t)  is  the  relaxation  modulus  (  7)  .  It  is  assumed  that  an 
analogous  expression  can  be  used  to  relate  the  load  and  the  principal 
stresses  at  the  center  of  the  disk  to  the  displacement  of  the  loaded  axis.  Let 
the  applied  load  and  principal  stresses  at  the  center  of  the  elastic  disk  be 
expressed  as 


f  =  • 

°x  z  G*2  *  and 

o 

<J  =G4>3(^)  . 

7  o 

where 

P  =  applied  load  per  unit  thickness, 

a  =  principal  stress  at  disk  center  perpendicular  to  the  load, 
xo 


s  principal  stress  at  disk  center  parallel  to  load, 


G  =  elastic  shear  modulus, 
a  =  decrease  in  major  axis, 
a  =  undeformed  major  semi-axis,  and 
b  =  undeformed  minor  semi -axis. 


(2) 


For  a 


Hence 


constant  crosshead  speed 
a  s  At. 

Eq.  2  can  be  written 
F 
b 


?  •-  G+>  <£» 


(3) 


ax  :  G*2  ’  an<*  (  4) 

o 

It  is  pointed  out  for  emphasis  that  the  $  functions  are  to  be  determined  from 
the  elastic  experimental  solutions  (  e.  g.  ,  see  Figs,  3  and  4)  . 


The  assumed  analogy  to  Eq.  1  can  then  be  written 

i£,:£  dr 

ax  (t)  *tgll  dr  ,  and 


"y  * 

•  ft 


dr  . 


(5) 


The  factor  of  1/2  appears  due  to  the  fact  that  the  relaxation  modulus 
was  determined  for  use  with  Cauchy  strain  components  which  are  1/2  of  the 
normally  defined  strain. 

To  eliminate  the  need  for  graphical  integration,  the  functions  <l»l(  » 

<j>2(-^)  ,  and<j>3(-|j)  were  expressed  as  polynomials  of  the  third  degree  in 


a 


la  * 


Thus 


♦  <&>  -  B*  (£•)’  +  C  <-£)'  +  D-  (£)  .  (6) 

When  At  is  substituted  for  a  and  the  value  of  A  is  known,  Eq.  6  becomes 

$(t)  *  Bt3  +  Ct2+  Dt  ,  (7) 

where  B,  C,  and  D  are  constants.  Now  if  the  relaxation  modulus  is  known 
for  the  material  used  in  the  tekt,  the  integration  indicated  in  Eqs.  5  can  be 
performed  to  find  the  load  and  me  stresses  at  the  center  of  the  viscoelastic 
disk.  \ 

In  order  to  check  the  validity  of  Eqs.  5,  the  applied  load  on  a  visco¬ 
elastic  disk  can  be  computed  by  the  hse  of  the  relaxation  modulus  and  the 
function  $i  for  a  given  rate  of  loadings  This  load  can  be  compared  with  the 
applied  load  versus  time  plot  recorded  by  the  testing  machine.  If  these  two 
curves  agree  there  is  good  reason  to  believe  that  the  viscoelastic  stresses 
can  be  predicted  by  the  analogy  used  to  obtain  Eqs.  5. 

TESTING 

The  limited  testing  that  has  been  carried  out  to  check  this  analogy  was 
carried  out  on  Thiokol*  HC  propellant.  There  were  two  reasons  for  using 
this  propellant:  (1)  the  relaxation  modulus  has  been  measured  by  Thiokol 
and  (  2)  test  results  could  be  correlated  with  those  obtained  by  Thiokol  with 
their  membrane  test. 

The  specimens  were  cut  from  1-in.  thick  disks  sawed  from  5-in. 
cylinders  that  had  been  cast  in  ice  cream  cartons.  The  cylinders  were  part 
of  a  special  5-gal.  batch  that  was  mixed  especially  for  this  testing. 

Thiokol  had  earlier  determined  the  relaxation  modulus  of  this  material 
from  uni-axial  constant  strain  data  using  the  Blatz  Modified  Power  JLaw  (  8) . 
The  relaxation  modulus  so  determined  is 


G(t)  : 


1+? 


f  +Ee  • 


(8) 


where  at  the  reference  temperature  of  243°K 

Er  =  1.48  (104)  lbf-in."2 


‘Thiokol  Chemical  Company,  Redstone  Division,  Huntsville,  Alabama. 


E  =  2.  00  (10*)  lbf-in2  . 

0  =  2.  60  (10-1)  ,  and 

r  =0.57  (10-4)  min. 
o 

Multiplication  of  r  by  the  shift  factor  allows  the  modulus  to  be  deter¬ 
mined  at  other  temperatures.  The  shift  factor  can  be  determined  for  HC 
propellant  from  the  WLF  equation, 

,  _  8. 86(  T-243) 

Logi0aT  ;  -  rjiil, -f  T-T43)  ’  (  9) 

where  T  is  the  temperature  in  degrees  Kelvin. 

For  T  s  298°K(77*F)  ,  a^,  »  a 29$  =  7.73(10  4)  .  Thus  for  room  temperature, 

To  =  1.21(10'7)  .  (10) 

The  check  of  the  analogy  was  performed  on  elliptical  disks  of  HC  pro¬ 
pellant  having  a  3-in.  major  axis,  a  2-in.  minor  axis,  and  a  1-in.  thickness. 
The  test  was  run  on  a  Baldwin  testing  machine  at  a  crosshead  speed  of 
1.  92  in.  -min"1.  For  this  speed  and  specimen,  the  $  function  determined 
from  the  elastic  experiments  becomes 

4>i(  t)  =  2.  88t*  +  1.  95t2  ♦  1.  64t  .  (11) 

When  this  value  of  $i(t)  along  with  the  relaxation  modulus  at  298*K 
was  substituted  into  the  first  of  Eqs.  5  and  the  indicated  integration  per¬ 
formed,  the  following  result  was  obtained. 

=  ll6tW4  [2.22  +  2.  98t  +  4.  90t2J  4-  288t3  f  44.  6t2  +  164t  .  (12) 

The  above  relation  along  with  the  experimental  curve  determined  from 
the  test  are  shown  in  Fig.  5.  The  agreement  of  the  curves  in  suprising 
when  it  is  considered  that  errors  due  to  batch-to-batch  variation  in  pro¬ 
pellant  relaxation  modulus  and  in  the  determinations  of  the  relaxation 
modulus  of  the  propellant  and  of  the  shear  modulus  of  the  elastic  disk  are 
present  in  the  analysis.  Such  good  agreement  should  be  considered  some¬ 
what  fortuitous  until  the  results  are  substantiated  by  further  tests. 

Another  method  of  checking  the  analogy  is  to  determine  the  propellant 
relaxation  modulus  directly  from  the  test  at  one  strain  rate  and  use  it  to 
predict  the  load-time  curve  at  a  faster  strain  rate.  In  doing  this  the  shear 
modulus  of  the  elastic  material  does  not  appear  in  the  final  results.  This 
method  of  determining  viscoelastic  properties  was  mentioned  by  Lee  and 
Radok  in  their  paper  on  the  Hertz  contact  problem.  Start  by  using  the  first 
of  Eqs.  5  for  the  load,  namely 

The  Laplace  transform  of  this  equation  is 

Q*  :  SlEirf.(p)  . 


u  r. 


(13) 


where  the  bar  over  a  function  denotes  its  Laplace  transform  and  p  is  the 
transform  variable.  Now  defining  the  equivalent  modulus  as 

G#(p)=pG(p)  (14) 

Eq.  13  can  be  written  as 

?.(p)  (15) 

By  rearrangement  of  Eq.  15,  the  equivalent  modulus  can  be  expressed  as 

b?  i  ( p)  (16) 

If  for  a  specific  test,  the  load-time  curve  that  is  recorded  on  the  test 
machine  is  fitted  by  some  function  of  t,  and  the  Laplace  transforms  of  it 
and  of  the  function  $i(t)  from  the  equivalent  elastic  test  are  taken,  then  the 
equivalent  modulus  can  be  determined  from  Eq.  16.  Since  the  function  of  t 
used  to  fit  the  recorded  load-time  curve  is  only  good  for  the  time  interval 
of  the  test,  the  equivalent  modulus  is  only  good  for  the  time  interval  of  the 
test. 


To  check  this  method,  a  test  war  run  on  a  disk  of  HC  propellant  having 
a  major  axis  of  3  in. ,  a  minor  axis  of  2  in. ,  and  a  thickness  of  1  in.  at  a 
crosshead  speed  of  1.  92  in  -min  1  .  The  equivalent  modulus  was  determined 
from  Eq.  16  and  then  used  in  Eq._15  to  predict  the  load-time  curve  at  a 
crosshead  speed  of  4.  87  in.  -min”1  . 


In  order  to  take  the  Laplace  transforms  of  ^  ^  and  4> i(  t)  determined  at 

the  1.  92  in.  -min"1  crosshead  speed  for  this  elliptic  disk,  these  functions 
were  fitted  with  the  following  approximations. 


=  1030  (t-0.05)  +  51.5e,6*n 


and 


1.  88  —  r 

a  . 
e  •-  1 


4>i(  t)  =  0.717 

For  A  =  1.  92  in.  -min  1  and  2a  =  3  in.  ,  Eq.  17  becomes 

<h(t)  =  0.717  [e2*4*  -  l]  . 

For  the  same  size  specimen  but  for  A  =  4.  87  in,  -min”1 

<Mt)  =  0.  717  [e6oMt  -  l]  . 


(17) 

(18) 

(19) 

(20) 


The  exponential  form  for  the  approximations  has  been  used  in  place  of 
the  polynomial  to  make  the  mathematical  work  involved  in  the  Laplace  trans¬ 
forms  easier.  The  equivalent  modulus  found  from  a  test  run  at  1.  92  in. 

-min  1  exosshead  speed  is  found  by  substituting  the  transforms  of  Eqs.  17 
and  18  into  Eq.  16.  This  leads  to 


(21) 


G*(P) 


pTp 


L*l2.± 

f  16.  9 


109)  ^ 


-2.40) 

W 


Eq.  21  is  valid  only  for  the  time  interval  of  the  test  at  1.  92  in.  -min  1  cross¬ 
head  speed.  Now  for  a  check,  the  load-time  curve  for  a  specimen  run  at 
4.  87  in.  -min"1  crosshead  speed  was  calculated.  Substituting  the  transform 
of  Eq.  20  and  Eq.  21  into  Eq.  15  gives 

P(p)  -  m(p+X09)(p-2.40)(fc.09)  (22) 

b  p2(p  +  16.  9)  (p-6.09)  (2. 40) 

Taking  the  inverse  transform  of  Eq.  22  leads  to 

=  405  [2.  54t  -  0.769  +  0.271®’*-*  +  0.48®*°*].  (23) 

The  plot  of  Eq.  23  is  shown  in  Fig_.  5  along  with  the  experimental 
results  of  the  test  run  at  4.  87  in.  -min"1  .  The  two  curves  give  satisfactory 
agreement  at  small  deformations,  but  t!.e  disagreement  is  quite  large  at  the 
larger  deformations. 


The  stresses  at  the  center  of  the  viscoelastic  disk,  which  would  be 
determined  in  the  same  manner  as  the  applied  load,  can  not  be  determined 
at  this  time,  since  the  elastic  stresses  determined  experimentally  do  not 
cover  the  full  range  of  the  test.  An  extension  of  the  experimental  measure¬ 
ment  of  the  elastic  stresses  to  larger  deformations  will  be  attempted  using 
a  grid  method. 


DISCUSSION 


The  test  is  not  as  simple  as  was  originally  thought.  Two  main  factors 
contribute  to  the  complications:  (1)  the  stress  ratio  at  the  center  of  the 
disk  changes  as  the  loading  points  undergo  large  deformations  and  (2)  the 
stresses  in  the  viscoelastic  disk  are  not  the  same  as  for  the  elastic  disk 
due  to  the  mixed  boundary  conditions  and  time  dependent  surface  of  contact. 

In  comparing  the  load-vime  curves  calculated  by  use  of  the  assumed 
analogy  to  the  curves  recorded  during  the  t (  Figs.  5  and  6)  ,  it  can  be 
seen  that  good  agreement  was  obtained  for  small  decreases  in  the  major 
axis.  However,  for  larger  decreases  in  the  major  axis  the  theoretical 
curve  increases  faster  than  the  experimental  curve.  This  could  possibly 
be  caused  by  a  slow  gradual  failure  taking  place  which  would  cause  the  load 
in  the  test  to  be  lower  than  the  theoretical  curve.  So  far  this  investigator 
has  been  able  to  detect  failure  by  visual  means  only,  since  the  recorded 
datal  gives  no  indication  of  when  the  failure  occurs.  This  visual  method 
makes  the  checking  of  the  above  source  of  error  difficult.  The  techniques 
will  be  reviewed  and  improved  in  an  attempt  to  reduce  the  error  which  still 
exist. 

The  experimental  measurement  of  the  stresses  for  the  elastic  disk  has 
not  yet  been  extended  to  cover  the  large  deformations  that  occur  during  the 
testing  of  the  viscoelastic  disk.  The  existing  curves  are  only  valid  for 
tests  run  fast  enough  or  at  low  enough  temperatures  to  produce  failure  in 
the  viscoelastic  disk  within  the  range  of  the  elastic  stress  solution. 


Any  future  work  that  will  be  done  on  extending  the  elastic  measurements 
to  larger  deformations  will  be  done  with  a  grid  method  analysis.  Since  the 
flat  surfaces  of  the  specimen  are  not  parallel  at  large  deformation  of  the 
loading  points  and  the  fringes  become  very  numerous  and  difficult  to  count, 
the  photoelastic  technique  would  become  very  tedious. 
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FIGURE  3.  EXPERIMENTAL  PRINCIPAL  STRESSES  AT  CENTER  OF  ELASTIC  DISK 
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ABSTRACT 

This  paper  describes  a  vibrating  reed  test  for  the  determination  of  the  dynamic 
tensile  moduli  of  a  solid  propellant.  The  analysis  used  in  reducing  the  experimental 
data  to  plot  storage  moduli  and  loss  tangent  vs  frequency  is  that  of  Bland  and  Lee 
for  linear  viscoelastic  materials. 

An  experimental  technique  is  presented  that  is  simple  to  conduct,  yet  provides 
valuable,  analyzable  information.  The  results  presented  were  gathered  at  ambient 
temperature.  Tests  were  conducted  on  various  sample  configurations  to  obtain 
the  optimum  length  to  width  ratio . 

The  information  obtained  in ,  this  test  provides  the  analyst  with  one  of  the  basic 
properties  required  to  determine  the  stress  distriDution  to  characterize  a  pro¬ 
pellant  within  the  bounds  of  the  theory  of  linear  viscoelasticity. 


INTRODUCTION 

Hercules  Powder  Company  is  conducting  a  program  to  characterize  composite 
double  base  propellants.  The  application  of  the  linear  theory  of  viscoelasticity  to 
this  investigation  requires  that  at  least  two  of  the  four  parameters  of  Lame’s  equations 
be  measured.  The  test  procedure  presented  is  for  one  of  these  parameters:  complex 
tensile  modulus.  The  complex  tensile  moduluc  (E*(tw))  is  composed  of  two  parts 

for  a  viscoelastic  material,  such  as  propellant.  First, the  storage  modulus  (E’  (o> ) )  . 

is  the  stress  in  phase  with  the  strain  divided  by  the  strain.  A  measure  of  the  stress 
90  degrees  out  of  phase  with  strain  divided  by  the  strain  is  termed  the  loss  modulus 
(E”(gj)).  The  relationship  of  these  parameters  to  the  complex  modulus  is  given  by: 

E*(L<jj)  a=  E’(w)  ♦  £  E”(eu)  t  =  V-l 


The  ratio  of  loss  to  storage  moduli  is  by  definition  the  loss  tangent,  which 

is  a  measure  of  the  energy  dissipated  to  the  energy  stored  in  cyclic  deformation.  The 
loss  tangent  determines  such  mechanical  properties  as  damping  of  free  vibrations, 
attenuation  of  propagated  waves,  and  the  frequency  width  of  resonance  response. 


It  is  the  ratio  of  the  amplitudes.  A,  between  the  free  and  clamped  ends  and  the 
phase  lag,  of  the  free  end  behind  the  clamped  end  that  are  significant.  These  are 
given  by: 


a  cosh  ip  +  cos  ip 

Ae  s - 

1  +  cosh  ip  cos  ip 

or  more  explicitly 


where  if  ip  sx  +  iy 


(3a) 


(3b) 


Cj  s  cosh  x  cos  y  +cos  x  cosh  y 
Cg  =  sinh  x  sin  y  -  sin  x  sinh  y 

Cg  a  1  +cos  x  cosh  x  cos  y  cosh  y  +•  sin  x  sinh  x  sin  y  sinh  y 
C4  s  sin  x  cosh  x  cosy  sinh  y  -  cos  x  sinh  x  sin  y  cosh  y 


The  real  and  imaginary  components  of  the  dimensionless  compliance  are 
obtained  from  equation  (2)  as  follows: 


4  4  2  4 

R  ( iff  )  =  x  (1  -  6D  +  D  ) 

I  («|/4  )=  4x4D  (1  -  D2) 


(4a) 

(4b) 


where 


D  s  Tan  [Tan,  ;!<!?■/£•).] 


and  ip  ix  +  iDx 


Equation  (2)  is  needed  in  inverted  form  to  solve  for  E*  =  E'  +  i  E" 
In  terms  of  *p.  This  form  is: 


E*  +  1  K”  -  m  U 

r 


4  i-4 

L  *p 


(5) 


For  purely  elastic  materials  the  stress  is  in  phase  with  the  strain.  However,  as 
indicated  in  the  above  equation,  there  exists  a  component  of  stress  which  is  out  of 
phase  with  strain  for  viscoelastic  materials.  Therefore  E’  (o>)  is  associated  with  the 

elastic  component  of  the  modulus  while  E”(to )  is  a  function  of  the  viscous  component 
of  the  modulus. 

Basic  theory  for  the  test  is  that  derived  by  Bland  and  Lee1.  However,  this 
relatively  complex  theory  has  been  reduced  to  an  equation  that  can  be  solved  by  a 
laboratory  technician.  Herein  lies  a  major  asset  of  this  test. 

Test  results  are  for  CYH  propellant,  a  composite  double-base  formulation. 
Future  investigations  will  include  investigation  of  other  propellants. 

The  need  for  dynamic  tensile  modulus  information  by  the  stress  analyst  con¬ 
fronted  with  the  problemsof  structural  integrity  has  prompted  the  writing  of  this  paper. 

THEORY  OF  THE  INVESTIGATION 

This  paper  describes  calculation  of  the  complex  modulus  of  a  linear  viscoelastic 
material  from  measurements  of  the  steady  forced  oscillation  of  a  vibrating  reed  of 
the  material.  The  calculations  described  are  based  on  the  theory  and  results  of  Bland 
and  Lee.  These  results  are  applied  in  devising  an  experimental  method  to  measure 
the  complex  modulus  of  the  linear  viscoelastic  material  as  a  function  of  frequency. 

The  method  is  based  on  measurements  of  the  relative  amplitude  and  phase  lag 
of  the  motion  of  the  free  and  driven  ends  of  the  reed.  The  analysis  is  based  on  a 
general  linear  viscoelastic  law,  and  takes  into  account  the  influence  of  the  frequency 
dependent  moduli  of  the  material  on  the  frequency  and  amplitude  of  the  resonance 
peaks. 

Bland  and  Lee  show  that  the  governing  differential  equation  for  the  vibration  of 
an  elastic  rod  at  angular  frequency  ,  a)  >  i: 


dA  y 

d  x  A 


-  mcJ  y-  0 
IE  *  “ 


(1) 


where  m  is  the  mass  per  unit  length  of  the  rod,  I  is  the  second  moment  of 
the  cross-section,  and  E*  is  the  complex  modulus  of  the  material. 


For  the  case  of  a  reed  clamped  at  the  driven  end  and  free  at  the  other  end,  the 
solution  of  equation  (1)  at  x  =  L  (where  L  is  the  length  of  the  reed),  is: 


cosh  ^  +  cos  \fr 

y  =  W  - 

1+  cosh  cos  ^ 


iwt 


where 


* 


4 


m  o» 


2 


L 


4 


and 


I  K* 

the  amplitude  of  the  clamped  end 


(2) 


W 


Using  these  results,  a  graphical  solution  for  the  complex  modulus  is  possible 
when  a  set  of  experimental  data  is  given. 

Equations  (3)  establish  a  one-to-one  correspondence  between  the  amplitude 
ratio  and  phase  lag  at  a  given  frequency  and  the  real  part  of  the  dimensionless 

compliance,  It  (^)4,  and  the  loss  tangent,  E”/E\  of  the  viscoelastic  material  at  the 
same  frequency.  With  the  mass  density  of  the  viscoelastic  material,  specimen 
dimensions,  and  frequency  all  known,  the  complex  modulus  is  readily  calculated  from 

Equation  (5)  by  using  the  dimensionless  compliance  \fr  found  from  the  graph  in 
Figure  1.* 

An  example  of  this  correspondence  is  shown  by  the  dotted  lines  in  Figure  1. 
If  for  a  given  frequency  u>  =15  cps,  the  corresponding  amplitude  ratio  and  phase 

4  4 

lag  are  found  to  be  A  =  2.94,6=  1.10,  then  the  values  R  (tf/)  =  8.80  and  I  (\f/)  =  4.60, 
are  read  from  the  figure  on  the  abscissa  and  ordinate,  respectively.  Putting  these 
values  into  Equation  (5),  the  complex  modulus  for  that  particular  frequency  is  obtained. 


EXPERIMENTAL  PROCEDURE 

The  objective  of  this  investigation  was  to  obtain  a  continuous  measurement  of 
dynamic  tensile  modulus  over  a  large  frequency  range .  Previous  investigators, 

2  3  4 

(Nolle  ,  Strella  ,  and  Newman  ),  have  measured  the  complex  tensile  modulus  at  the 
resonant  frequency  with  similar  devices.  This  limitation  is  not  inherent  in  the 
theory  development  by  Bland  and  Lee,  which  was  the  basis  for  this  investigation  . 

A  propellant  specimen,  in  the  form  of  a  cantilever  beam,  was  suspended  in  a 
vertical  position.  Figure  2  is  a  photograph  of  a  sample  in  place.  The  fixed  end  of 
the  beam  was  held  on  an  aluminum  sample  holder  by  means  of  a  compatible  epoxy 
adhesive.  Suspension  was  vertical  to  minimize  gravitation  effects,  thus  avoiding 
slump  in  the  traverse  direction.  Three  different  length  to  width  (L/D)  ratios  were 
tested  to  determine  minimum  ratio  of  the  specimen  configuration  under  investigation. 
This  search  was  initiated  for  two  practical  reasons:  1)  the  difficulties  of  machining 
specimens  of  the  configuration  used  are  proportional  to  the  length:  and  2)  the  force 
required  to  excite  the  specimen  is  reduced  as  L/  ■>  decreases.  Both  these  factors  had 
a  pronounced  effect  in  selecting  the  specimen  configuration,  which  was  1/4  in.  square 
with  lengths  ranging  from  2-1/2  to  4  in. 

A  single  test  consisted  of  sinusoidally  forcing  the  fixed  end  of  a  vertical  cantilever 
beam  (reed)  of  propellant  at  a  constant  double  amplitude. 


*  This  plot  is  but  a  portion  of  that  required  to  find  E*  over  the  entire  frequency 

4  4 

range.  A  complete  plot  would  bo  one  in  whicli  R  (\f/)  and  I  )  have  magnitudes  of 
360  and  150  respectively. 
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GRAPHIC  SOLUTION  TO  THEORY  OF  BLAND  AND  LEE 


FIGURE  2.  PROPELLANT  fllECIMEn  Oil  KLrJCTRODYN.U’JC  SHAKER 


Frequency  was  limited  to  a  range  of  10  to  200  cps  by  the  instrumentation.  At  discreet 
frequencies  over  the  range  investigated,  the  amplitude  ratio  (displacement  of  free  end 
to  displacement  of  fixed  end),  was  recorded.  Simultaneously,  a  measurement  of  the 
phase  angle  between  the  fixed  and  free  ends  was  made  by  monitoring  the  output  of  two 
Optrons  on  an  oscilloscope.  (Optrons  are  optP  al  displacement  transducers  with  a 
photocell  servo  loop.  A  small  light  sjxat  follows  the  motion  of  the  beam,  giving  a 
voltage  output  directly  proportional  to  the  motion  being  measured.)  A  small  aluminum 
target  was  mounted  on  the  free  end  of  the  beam  for  efficient  Optron  tracking. 


The  voltage  output  of  the  Optrons  was  determined  by  a  vacuum  tube  voltmeter 
(VTVM).  To  avoid  the  need  for  corrections  due  to  different  calibration  factors  between 
two  meters,  one  VTVM  was  alternately  used  to  measure  both  peak  input  and  peak 
output  voltages. 

The  phase  angle  was  determined  using  an  oseilliscope  with  a  dual-channel  plug 
in,  The  lniwt  and  out  tut  signals  were  sui>erimtxised  to  allow  complete  monitoring  of 
the  signals  and  calculation  of  phase  angle.  The  period  was  measured  by  expanding 
one  complete  cycle  over  the  face  of  the  oseilliscope.  The  trace  was  then  expanded 
with  a  5x  magnifier,  allowing  the  time  interval  to  be  measured.  Pna sc  angle  (c/>) 
may  bo  calculated  knowing  that; 


Time  Interval 
Period 


X 


where  time  interval  is  the  time  elapsed  between  a  common  point  on  two  superimposed 
sine  waves  and  period  is  the  reciprocal  of  frequency. 

A  frequency  sweep  was  made  from  10  to  200  cps.  A  plot  was  made  of  the  output 
analog  voltage,  allowing  a  direct  correlation  between  frequency  and  amplification 
ratio.  In  order  to  avoid  heating  of  the  sample  via  the  shaker,  the  tests  were  run  as 
rapidly  as  possible  consistent  with  obtaining  accurate  data.  As  a  check  for  heating, 
fatigue,  and  instrumentation  drift  after  each  run,  a  return  to  low  frequency  was  made, 
and  amplification  ratio  and  phase  angle  were  again  measured.  Testing  was  in  a  70 
+  2°  F  temperature-controlled  room. 

A  block  diagram  of  the  test  setup  is  shown  in  Figure  3. 
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FIGURE  3.  BLOCK  DIAGRAM  OF  VIBRATING  REED  MECHANISM 


RESULTS  OF  TESTS 


The  data  presented  is  for  three  L/D  ratios  and  three  sinusoidal  displacements. 
The  L/D  ratios  and  excitation  amplitudes  are  12,  14,  and  16  and  0.003,  0.0045,  and 
0.006,  in., respectively.  Results  of  nine  tests,  one  for  each  displacement  at  each  of 
the  three  L/D  ratios,  are  given  in  Table  1 . 

Tests  were  conducted  in  suoh  a  way  that  linearity  of  the  forcing  deformations 
could  be  checked.  Table  1  is  a  comparison  of  amplitude  ratios  and  phase  angles  for 
each  L/D  ratio  over  the  frequency  range  of  the  investigation.  Clearly,  if  the  amplitude 
ratio  and  phase  angle  do  not  change  with  excitation  amplitude,  for  a  given  L/D  ratio 


and  frequency,  it  can  be  concluded  that  the  material  is  linear;  i.e.,  stress  is  pro¬ 
portional  to.  strain.  The  average  errors  for  the  amplitude  ratio  data  shown  are  5.7, 
5.5  and  7.0  percent  respectively  for  L/D  ratios  of  12,  14,  and  16.  This  percent  error 
can  easily  be  reduced  to  v/ithin  engineering  tolerances . 

Figure  4  is  a  plot  of  amplification  ratio  and  phase  angle  vs  frequency.  The  data 
shown  are  test  results  for  all  three  L/D  ratios  at  0.003  in.  excitation  amplitude. 
The  figure  illustrates  the  effect  of  L/Donthe  occurance  of  the  first  resonant  frequency. 
For  L/D  ratios  of  14  and  16  the  second  resonance  is  also  apparent.  This  second 
resonance  is  very  wide  and  flat  because  of  the  high  damping  of  the  CYH  propellant. 

Reduced  data  is  plotted  in  figures  5  and  6.  Figure  5  is  a  plot  of  the  storage 
modulus  as  a  function  of  frequency;  Figure  6  is  a  plot  of  loss  tangent  vs  freguency. 
From  these  plots  it  is  obvious  the  L/D  ratio  of  12  is  in  disagreement  with  that  for 
L/D  vaves  of  14  and  16.  Comparison  of  storage  modulus  data  with  that  obtained  by 
Thacher5  for  L/D  ratios  of  14  and  16  is  in  good  agreement,  if  test  conditions  and 
different  propellant  oxidizers  are  considered.  Based  on  this  comparison,  and  the 
results  predicted  by  the  theory  of  linear  viscoelasticity,  an  L/D  ratio  of  14  was  selected 
as  the  minimum.  The  differences  between  L/D  ratios  of  14  and  16  can  be  attributed 
to  sample  preparation,  instrumentation  drift,  and  slight  temperature  variations. 
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FIGURE  4.  PHAGE  ANGLE  AND  AMPLITUDE  VS  FREQUENCY 


TABLE  L  TABULATION  OF  AMPLIFICATION 
RATIO  AND  PHASE  ANGLE  FOR  VIBRATING 
REED  TEST  OF  CYH  PROPELLANT 

TEST  TEMP.  70°  J  f  2U  F 


FREQUENCY 

CPS 

AMPLIFICATION  RATIO 

PHASE  ANGLE  (DEGREES) 

Driving  Displacement  (in.)  Driving  Displacement  (in.) 

Mm 

0.0045 

0.006 

0.003 

0.9945 

0.006 

10 

1.28 

1.27 

1.37 

0 

0 

0 

15 

1.47 

1.68 

1.58 

9.1 

7.7 

11 

20 

1.83 

1.89 

1.89 

20 

20 

19 

25 

2.21 

2.38 

2.21 

26 

26 

28 

30 

2.84 

2.80 

2.84 

47 

50 

52 

35 

3.15 

3.22 

3.10 

82 

85 

77 

37 

3.13 

3.21 

3.05 

72 

85 

77 

40 

2.94 

3.08 

2.73 

99 

99 
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50  - 

1.97 

2.09 
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144 

144 
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75 

1.43 

1.47 

1.42 
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1.11 

1.11 

1.16 
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1.12 

1.16 

168 
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200 

1.20 

1.20 

1.31 

188 
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10 

1.30 

1.40 

1.41 

0 

0 

0 

10 

1.69 

1.89 

1.89 

18 

14 

17 

15 
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3.26 

63 

61 

61 

18 
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2.94 
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81 

83 

90 
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101 
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14 

75 
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200 
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85 

87 
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17 

17 
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32 
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32 
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FIGURE  6.  LOSS  TANGENT  VS  FREQUENCY 


Pafy.*  200 


Further  examination  of  Figures  5  and  6  reveal  a  band  of  scatter  in  the  data 
from  30  to  100  cps.  This  scatter  can  be  explained  by  one  of  two  phenomena  .  The 
first,  and  least  likely,  is  60  cps  noise  in  the  instrumentation.  The  second  possible 
source  is  a  lack  of  sensitivity  in  the  region  of  anti  resonance.  The  latter  explanation 
is  more  sound,  because  the  scatter  of  both  Figures  5  and  6  occurs  in  the  region  of 
antiresonance,  (see  Figure  4) .  Similar  results  have  been  noted  by  other  investigators 
in  this  region.  No  attempt  is  made  to  explain  this  point  without  further  investigation. 

The  tests  described  In  this  paper  have  three  adverse  features :  1)  expensive 
equipment  must  be  used,  2)  the  Instrumentation  is  complicated,  and  3)  the  tests  require 
long  times  to  run.  Proximity  reluctance  transducers  are  now  available  that  cost  less 
than  5  percent  of  the  Optrons,  thus  appreciably  reducing  the  cost.  To  simplify  the 
test  the  instrumentation  could  be  designed  to  print  out  results  automatically.  The 
accuracy  of  the  test  is  a  function  of  instrumentation;  therefore,  this  should  be  kept  in 
mind  when  selecting  equipment.  The  required  time  for  testing  is  also  directly  related 
to  Instrumentation.  By  using  a  sweep  oscillator  with  servo  control  the  time  of  one  test 
could  be  reduced  to  a  minute  or  less.  This  would  minimize  effects  of  fatigue,  heating 
of  sample,  variation  of  ambient  temperature  and  instrumentation  drift.  Effects  of 
fatigue  and  internal  heating  are  not  well  defined  at  this  writing;  therefore,  it  may  be 
desirable  to  use  this  kind  of  test  for  investigation  of  these  parameters. 


CONCLUSIONS 

The  objectives  of  this  test  were  to  perfect  an  experimental  technique  for  determ- 
ing  the  dynamic  tensile  modulus  of  solid  propellants  over  a  wide  frequency  range.  This 
capability  has  been  demonstrated  over  a  limited  frequency  range.  Furthermore,  a 
method  for  reducing  the  data  has  been  demonstrated  which  can  be  handled  by  laboratory 
technicians. 

Investigation  has  shown  that  the  optimum  L/D  ratio  is  14.  This  value  represents 
a  specimen  which  provides  accurate  data,  is  simple  to  machine  and  requires  a  minimum 
excitation  energy. 

Instrumentation  of  the  test  as  conducted  is  expensive  and  imposes  limitations 
on  its  capabilities.  Suggestions  are  made  as  to  how  these  limitations  can  be  eliminated, 
thus  providing  the  expermenter  with  an  efficient,  simple  method  for  determining  the 
dynamic  tensile  modulus . 

Use  of  the  results  from  this  test,  coupled  with  one  other  complex  parameter, 
dynamic  shear  modulus,  will  allow  the  analyst  to  solve  the  field  equations  for  the  gen¬ 
eral  theory  of  linear  viscoelasticity.  The  availability  of  this  solution  should  be  a 
major  step  toward  the  solution  of  many  problems  associated  with  the  structural 
integrity  of  large  solid  propellant  motors . 
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GAUGE  LENGTH  IN  UNIAXIAL  TESTING 


A.  J.  Ignatovs ki 
Rohm  &  Haas  Company 
Redstone  Research  Division 
Redstone  Arsenal,  Alabama 


The  guage  length  of  a  uniaxial  tensile  specimen  may  he  deduced  In 
a  number  of  vays.  Basically,  however,  all  of  these  ways  must  examine 
the  strain  by  some  independent,  external  means  as  a  function  of  the 
crosshead  displacement.  A  frequently  used  method  is  the  photographic 
method  in  which  fiducial  marks  placed  on  the  specimen  are  photographed 
while  the  specimen  Is  elongated. 


If  one  writes  for  the  strain  rate 


where  R  Is  the  crosshead  rate,  and  Lo  is  the  effective  gauge  length, 
no  assumptions  are  inherently  included  that  Lo  Is  truly  a  constant. 

That  is,  Lo  may  or  may  not  be  a  function  of  R.  On  the  other  hand, 
a  straight  line  relationship  between  6  and  R  Indicates  that  Lo  Is  a 
constant.  Figure  1  is  a  plot  of  photographically  determined  strain 
rates  as  a  function  of  the  crosshead  rate.  A  straight  line  relationship 
exists  within  experimental  error  with  a  slope  of  unity.  The  inter¬ 
cept  at  R  equals  one  inch  per  minute,  give  the  effective  gauge  length. 
For  the  propellant  examined  at  77°F,  Lo  equals  3.32  inches. 

Seme  additional  data  would  seem  to  show  the  gauge  length  is 
temperature  sensitive  (therefore,  probably,  also,  modulus  sensitive). 
Figure  2  shows  the  variation  of  observed  strain  rates  versus  temper¬ 
ature  at  constant  crosshead  rate  for  a  particular  propellant.  This 
can  only  be  accounted  for  on  the  basis  of  a  temperature  variable 
gauge  length. 
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EFFECTIVE  GAGE  LENGTH  MEASUREMENTS  IN  PROPELLANTS 


T.  H.  Duerr 

Propulsion  Laboratory,  ARGMA. 
Redstone  Arsenal,  Alabama 


At  the  present  time  the  concept  of  effective  gage  length  for 
propellant  uniaxial  strain  measurements  should  be  of  only  historic 
and  academic  interest.  The  bonded  end  tab  specimen  for  everything  but 
strictly  routine  quality  control  work  appears  to  be  a  major  advancement 
in  propellant  mechanical  property  testing.  However,  because  of  the 
large  amount  of  data  already  accumulated  with  JANAF  specimens  and  the 
traditional  reluctance  toward  change  further  examination  of  test  data 
may  be  warranted  in  an  effort  to  reach  mutual  agreement  on  the  question 
of  effective  gage  length. 

Tests  in  the  ARGMA  Propulsio,.  Laboratory  have  all  been  performed 
with  JAITAF  die  cut  specimens  with  a  thickness  of  approximately  .30  inch. 
Two  ink  dots  .020  -  .030  inch  diameter  were  placed  along  the  center 
inch  of  the  gage  length  section.  These  were  photographed  with  a  TO  mm 
Varitron  Pulse  camera  during  the  constant  cross  head  displacement  rate 
tests.  The  film  data  was  reduced  on  a  Telereadex  machine.  Each  frame 
was  read  ten  times  to  minimize  the  operator  error. 

The  effect  of  specimen  thickness  on  stress-strain  behavior  for  one 
type  of  plastisol  propellant  is  indicated  in  Figure  1.  These  data 
represent  three  tests  at  each  thickness  except  .50  inch,  where  only 
two  tests  are  shown.  It  appears  that  the  thickness  has  some  effect 
on  the  stress,  but  only  minor  effect  on  the  strain.  Indeed,  the  strain 
effect  seems  in  large  measure  the  result  of  normal  data  scatter  for  this 
combination  of  specimen  and  propellant.  Consequently  the  thickness  of 
the  specimen  was  not  considered  significant  over  the  range  of  .20  -  .  50 
inch  in  effecting  the  results  of  gage  length  determinations. 

The  test  temperature  of  the  specimen  is  likely  to  change  the 
effective  gage  length  (Le)  -  Figure  2  presents  Lc  data  on  eleven 
propellant  compositions  as  a  function  of  temperature.  Each  symbol 
represents  an  average  of  at  least  five  constant  crosshead  displacement 
rate  tests  where  Le  was  determined  at  maximum  nominal  stress.  There 
is  no  consistent  trend  for  all  propellants,  however,  the  data  appears 
to  strongly  imply  that  regardless  of  the  temperature  Le  is  in  excess 
of  3*0  for  almost  any  conceivable  propellant  of  current  interest. 
Temperature  changes  also  result  in  small  but  definite  changes  in  Le 
for  a  given  propellant. 


Time  or  rate  of  strair:  Is  the  other  obvious  variable  which  could 
have  a  pronounced  effect  on  Le  determined  at  maximum  nominal  stress. 

For  the  plastisol  propellant  referred  to  previously.  Figure  3  indicates 
the  effect  of  reduced  time  on  Le.  Ifcese  data  are  referred  to  296  K 
and  represent  the  average  of  three  specimens  tested  at  each  condition. 
Although,  the  scatter  of  the  data  leaves  small  confidence  in  any 
definite  trend,  it  is  pertinent  to  note  that  over  approximately  14 
decades  of  reduced  time  Le  is  always  in  excess  of  3*2  with  only  one 
exception. 


The  strain  level  in  the  tent  .spacisser  has  perhaps  the  greatest 
effect  on  Le  as  is  shown  in  Figure  4.  Each  type  symbol  represents 
data  points  from  one  test  specimen.  Even  well  beyond  the  strain 
at  maximum  nominal  stress,  that  is,  close  to  the  rupture  strain,  Le  is 
always  greater  than  3«0.  The  tendency  of  Le  in  Figure  4  to  approach 
and  exceed  5.0,  (the  overall  length  of  the  test  specimen)  is  somewhat 
fictious  since  the  accuracy  of  the  data  reduction  method  is  limited 
to  about  2-3$  strain. 

Figure  5  shows  the  strain  rate  variation  in  the  center  inch 
section  of  a  die  cut  JAMF  specimen  tested  at  2.0  inch  per  minute 
crosshead  displacement  rate.  The  different  symbols  represent  different 
test  specimens.  The  dotted  line  represents  .74  inch  per  minute  per 
inch  or  2.7  inches  effective  gage  length.  The  experimental  strain 
rate  is  always  less  than  .74  inch  per  minute  per  inch,  but  does  closely 
approach  this  value  just  prior  to  specimen  rupture.  This  observation 
merely  substantiates  Figure  4.  Although,  the  strain  rate  is  continuously 
changing  during  the  test  because  of  jaw  extrusion  and  seating  this 
variability  would  not  seem  important  as  regards  Le  in  light  of 
Figure  3- 

The  conclusions  of  this  study  are: 

a.  Use  of  2.7  inches  for  effective  gage  length  as  is  commonly 
done  results  in  uniaxial  strain  values  at  maximum  nominal  stress 
that  are  normally  15-20$  higher  than  actually  occurs  in  the  specimen. 

b.  Hie  actual  effective  gage  length  is  so  strain,  temperature, 
and  composition  dependant  in  the  standard  JANAF  (die  cut)  specimen 
that  its  use  be  discontinued  in  favor  of  some  type  of  end  bonded 
specimen  except  for  the  most  preliminary  compositional  screening 
tests  and  production  quality  control  tests. 


FIGURE  1.  THICKNESS  EFFECT  CN  STRESS -STRAIN  CURVE  -  JANAF  SPECIMEN 
77° F  -  2.0  In/Min 


FIGURE  3.  EFFECTIVE  GAGE  LENGTH  VS  REDUCED  TIME 


Strain  £  56 

FIGURE  4.  E.G.L.  VS  STRAIN 
PlastisoL  Propellant  112-1136A 
73°F;  2.C  In/Kin 
Die  Cut  JANAF  Specimens 
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VOLUMETRIC  EFFECTS 


S.  C.  Britton,  Reporter 


VOLUME  CHANGES  IN  POLYtTRETHANE  PROPELLANTS  SUBJECTED  TO  SMALL  STRAINS 


G*  J.  Svob,  P.  C*  Colodny,  L*  A*  Waddle,  and  T*  B*  Lefferdink 
Aerojet-General  Corporation 


ABSTRACT 

A  technique  has  been  developed  for  the  measurement  of  small  volume 
changes  in  polyurethane  propellants,  such  as  those  produced  by  thermal 
expansion  or  by  strains*  A  small  end-bonded  sample  is  mounted  in  a 
fixture,  suspended  from  an  analytical  balance,  and  weighed  in  a  liquid 
of  known  density*  Successive  measurements  can  be  made  as  the  sample  is 
strained  by  the  fixture  in  small  increments*  Volume  changes  with  strain 
and  the  calculated  value  of  Poisson's  Ratio  have  been  determined  for 
several  propellants  as  a  function  of  temperature,  humidity  and  aging* 

The  apparatus  has  been  also  used  for  following  the  volume  changes 
in  unstrained  binders  and  propellants  as  a  function  of  temperature* 

From  these  measurements  the  coefficients  of  thermal  expansion  and  the 
second  order  transition  temperatures  01  both  propellants  and  binders  have 
been  obtained* 


INTRODUCTION 


The  application  of  a  tensile  deformation  to  a  propellant  specimen 
results  in  an  increase  in  volume  of  the  specimen  due  to  the  rupturing  of 
adhesive  bonds  between  the  binder  and  oxidizer  with  the  subsequent  forma¬ 
tion  of  voids*  A  knowledge  of  the  extent  of  volume  increase  and  the 
strain  at  which  it  begins  is  important  to  the  understanding  of  the  stress- 
strain  behavior  of  the  propellant  in  question* 

In  the  past  volume  change  measurements  have  been  made  using  a 
dilatometer  (1)  or  a  modified  hydrometer  device  (2).  In  addition  to 
requiring  an  elaborate  apparatus,  these  techn.' <jues  are  susceptible  to 
errors  produced  by  small  temperature  fluctuations  and  are  limited  in 
their  sensitivity* 

The  method  described  here  was  developed  with  the  aim  of  circumventing 
these  difficulties  and  providing  a  simple,  accurate  technique  for  the 
routine  measurement  of  volume  changes  as  a  function  of  strain* 

EXPERIMENTAL  TECHNIQUE 


The  teat  specimen  consists  of  a  small  propellant  sample  (lA"  *  V2W 
x  2")  coated  with  a  thin  layer  of  polyurethane  rubber  and  bonded  endwise 
between  rectangular  shaped  pieces  of  acrylic  plastic,  one  of  which  has 
been  drilled  and  tapped  in  two  places  to  accept  1/8"  calibrated  screws 
(Figure  1)*  The  specimen  is  suspended  from  the  pan  of  an  analytical 
balance  by  a  thin  nylon  monofilament  into  a  liquid  of  known  temperature 
and  density  contained  in  a  Dewar  flask*  A  strain  is  applied  stepwise  by 
turning  the  calibrated  screws  a  given  number  of  revolutions  thus  .forcing 


the  end  pieces  apart.  The  iiwiersed  weight  is  measured  at  strain  intervals 
of  about  0*5%  until  failure*  For  a  sample  having  an  initial  volume  of  5  cc 
a  volume  change  of  0*00l^£  can  be  detected* 

TREATMENT  OF  DATA 


The  volume  changes  are  calculated  from  the  following  relationship  t 

AV  -  AW/d1 

where  AV  *  volume,  V,  at  extension,  1,  minus  initial  volume,  VQ 

AW  ■  initial  Immersed  weight,  minus  immersed  weight  at 
extension,  1* 

d-£  *  liquid  density  at  temperature  of  measurement* 

The  ratio  of  the  deformed  volume  can  be  expressed  by  the  product  of 
the  three  principal  extension  ratios*  If  we  assume  that  the  strain  is 
isotropic  the  volume  ratio  can  be  given  by  the  product  of  the  linear  exten¬ 
sion  ratio  and  the  square  of  the  lateral  extension  ratio*  If  we  express 
this  in  terms  of  logarithmic  strain  and  differentiate  with  respect  to  the 
logarithmic  extension  ratio  the  following  relationship  is  obtained!  (1) 

d  In  vAo  d  In 

■  I... .  .....  .  -  ■ .  ■  i  ♦  ?  . . -  --  — . - 

d  In  dlnXj 

It  is  sometimes  convenient  to  define  Poisson’s  Ratio  r),  as  follows! 

d  In 

1/  •  -  — 

d  In  X1 

So  that  the  slope  of  a  plot  of  In  V/Vo  versus  In  X^  is  equal  to  1  -  2  1? 
and  V  is  easily  obtained* 

It  should  be  noted  that  the  above  meth  od  of  calculation  of  AV  assumes 
that  the  volume  change  occurs  uniformly  throughout  the  sample*  This  is 
not  always  the  case*  Some  propellants  have  a  tendency  to  yield  in  very 
localised  bands*  Since  practically  all  of  the  volume  change  occurs  in 
these  yielded  areas  the  number  of  bands  formed  and  thuc  the  sample  size 
beoome  extremely  important*  We  are  presently  working  on  methods  for 
determining  the  proportion  of  sample  involved  in  the  dewetting  process* 

INTERPRETATION  OF  DATA 


Figure  2  shows  a  plot  of  AV  versus  strain  for  ANP-2639AF  propellant* 
It  is  obvious  that  the  volume  begins  to  increase  immediately  upon  the 
application  of  strain*  Up  to  about  15%  strain  the  volume  changes  slowly* 
However,  above  155?  strain  the  rate  of  volume  change  increases  markedly* 
Figure  3  shows  uniaxial  tensile  curves  obtained  from  samples  of  this  same 
propellant  tested  at.  the  standard  rate  of  0.7U  min“l  in  air  and  while 
submerged  in  water*  It  can  be  seen  that  the  initial  moduli  are  identical, 


but  at  about  15*  strain  the  curve  representing  the  sample  tested  under 
water  departs  from  the  standard  test  curve  and  the  sample  fails  at  lower 
values  of  stress  and  elongation.  A  similar  test  performed  with  the  sample 
submerged  in  silicone  oil  gave  results  identical  to  those  obtained  from 
the  standard  test  in  air.  Tests  were  also  performed  in  which  samples 
were  cycled  to  continuously  higher  strain  levels  while  in  the  contact  with 
air,  water  and  silicone  oil.  In  the  air  and  silicone  oil  tests  the  curves 
obtained  from  each  cycle  up  to  strains  approaching  yb  were  practically 
identical  to  the  original  except  for  a  small  amount  of  relaxation.  In  the 
case  of  the  test  under  water,  however,  after  a  strain  of  15*  was  exceeded, 
succeeding  cycles  exhibited  a  drastic  decrease  in  modulus.  Tensile  tests 
performed  approximately  two  weeks  after  cycling  in  air  to  strains  well 
past  Ym  have  shown  that  the  original  properties  were  almost  completely 
recovered.  This  is  perhaps  indicative  that  little  or  no  tearing  occurs 
within  the  binder  during  repeated  straining  in  air. 

A  so  called  "Water  Drop  Test"  has  been  developed  in  tfiich  tensile 
specimens  are  extended  and  held  at  various  strain  levels  after  which  a 
drop  of  water  is  placed  anywhere  along  the  gauge  section  and  the  time  to 
failure  recorded.  At  strain  levels  above  the  critical  strain  the  water 
reduces  the  time  to  failure  by  a  factor  of  several  thousand.  At  strain 
levels  below  the  critical  strain  the  water  has  little  effect  immediately 
but  produces  blanching  after  several  *'>urs. 


From  an  examination  of  these  data  a  possible  mechanism  for  the  de¬ 
wetting  process  emerges.  In  the  first  portion  of  the  aV  versus  extension 
curve  (Figure  2)  the  volume  change  is  the  result  of  the  enlargement  of 
existing  voids  and  the  formation  of  a  small  number  of  additional  voids  in 
areas  where  no  bond  exists  between  the  binder  and  oxidizer.  As  the  strain 
approaches  some  critical  level  (15*  in  the  sample  cited)  the  stress  exerted 
binder-oxidizer  bonds  in  the  vicinity  of  the  vacuoles  formed  in¬ 
itially  becomes  sufficient  to  cause  rupture  of  these  bonds.  As  these  bonds 
break  the  stress  on  neighboring  particles  is  increased  and  further  dewetting 
occurs.  This  process  continues  until  complete  dewetting  or  failure  is  the 
result.  When  a  sample  in  contact  with  water  is  extended  beyond  the 
critical  strain,  the  water  is  sucked  into  the  voids  formed  near  the  pro¬ 
pellant  surface  and,  because  of  its  solvating  effect,  weakens  the  binder 
between  oxidizer  particles  thus  initiating  tearing  with  an  accompanying 
reduction  in  retractive  force  and  early  failure.  ^ 

EFFECT  OF  SPECIAL  TREATMENTS 

Effect  of  Various  Fillers 

,  .  Since  the  vdumo  increase  noted  when  a  propellant  specimen  is  extended 

”,5?*  t  . th®  fo™ation  of  vacuoles  as  a  result  of  the  rupturing  of  binder- 
oxldizer  bonds,  it  follows  that  these  measurements  give  a  good  indication 
th®  relative  bond  strength  between  the  binder  and  various  fillers. 

ing  fin^r*loadings|3yUr8than8  blnder  W9re  Pi*®P«*®d  containing  the  follow- 


Filler 

Weight  Percent 

NHUC10U 

70 

NH|iC10|1(epo:>y  coated) 

70 

KCIO^ 

70 

KCl  ♦  NH^CIO^ 

69  +  1 

A1 

80 

The  volume  change  was  measured  as  a  function  of  strain  for  each  of 
these  composites.  The  data  are  plotted  in  the  form  Log  V/V  versus  Log  L/L 
in  Figure  lu  These  data  indicate  that  aluminum  forms  the  strongest  bond  ° 
followed  in  order  by  KCIO^,  epoxy  coated  NH^CIO^,  NH^CIO^  and  KCl. 

Effect  of  Aging 

Figure  5  presents  a  plot  of  Log  V/V0  versus  Log  I/Lo  for  unaged  ANP-512 
propellant  and  ANP-512  aged  U  1/2  years  at  60*  and  150*F.  For  the  sample 
aged  at  60#F  the  difference  in  dilatation  can  be  almost  entirely  explained 
on  the  basis  of  binder-oxidizer  bond  degradation  since  both  swelling  data 
and  physical  properties  measurements  indicated  very  little  binder  degradation. 
The  binder  of  the  150*F  sample,  on  the  other  hand,  was  found  to  be  severely 
degraded  to  the  point  where  the  small  amount  of  binder-oxidizer  interaction 
remaining  is  the  principle  factor  in  maintaining  the  physical  form  of  the 
propellant. 

Effect  of  Previous  History 

Figure  6  is  a  plot  of  Log  V/VQ  versus  Log  L/Lq  for  a  sample  of  poly¬ 
urethane  binder  containing  5 0 %  by  volume  of  glass  beads.  The  sample  was 
strained  stepwise  to  about  11 /K  and  then  the  strain  was  released  stepwise 
back  to  0%.  This  cycle  was  then  repeated  twice.  It  can  be  seen  that  the 
volume  recovery  is  practioally  complete  as  the  strain  is  released  but  on 
succeeding  cycles  the  slope  of  the  curve  reopesenting  the  application  of 
strain  increases  end  approaches  that  of  the  .wscoveiy  curve.  Thus  the 
necessity  for  stating  the  conditions  and  previous  history  of  a  sample  for 
physical  measurements  such  as  Poisson's  Ratio  is  quite  obvious. 

Figure  7  is  a  similar  plot  for  a  sample  containing  1*0  volume  percent 
glass  beads  cycled  to  increasingly  higher  strains.  The  path  of  the  volume 
change  retraced  itself  up  to  a  critical  strain  of  about  6%,  At  that  point 
a  sharp  change  in  slope  was  observed  and  the  recovery  curve  followed  a 
different  path.  The  immediate  and  complete  reversibility  noted  in  the 
first  portion  of  the  curve  reinforoes  the  belief  that  this  initial  volume 
change  is  due  to  inherent  voids  and  small  unbonded  areas. 

Effect  of  Humidity 

From  some  earlier  work  concerned  with  the  effect  of  high  humidity- 
treatment  upon  propellant  properties  (3)  it  was  inferred  that  the  absorbed 
moisture  adversely  affeoted  the  tensile  properties  by  weakening  the  binder- 


oxidizer  bond*  However,  at  that  time  no  direct  measurement  of  the  effect 
was  made* 

Figure  8  presents  a  plot  of  volume  change  versus  strain  for  a  poly¬ 
urethane  potassium  chloride  composite  prior  conditioned  at  7?*F  and  relative 
humidities  of  approximately  0  and  605?*  The  dried  samples  did  not  show  an 
appreciable  volume  increase  until  the  strain  level  reached  105?,  while  the 
samples  conditioned  at  8o£  R.H*  began  to  Increase  in  volume  at  about  35? 
indicating  that  the  binder-oxidizer  bonds  In  the  latter  samples  had  been 
considerably  weakened* 

Similar  measurements  at  0*  and  77*?  an.  samples  of  ANP-2913  CD  are 
represented  in  Figures  9  and  10*  It  is  interesting  to  note  that  the  shape 
of  the  curve  obtained  from  the  high  humidity  treated  sample  tested  at  0*F 
is  quite  different  from  that  obtained  at  77*?  and  the  volume  change  is  an 
order  of  magnitude  greater.  The  change  in  curve  shape  may  be  due  to  a 
concurrent  shrinkage  taking  place  analagous  to  that  observed  in  many 
propellants  upon  storage  at  0*F.  The  greater  volume  change  may  be  due  to 
a  weakening  of  the  binder  oxidizer  bond  and/or  a  stiffening  of  the  binder 
at  the  low  temperature* 

VOLUME  CHANGES  ON  UNSTRAINED  SAMPLES  AS  A  FUNCTION  OF  TEMPERATURE 

The  buoyancy  technique  described  earlier  has  been  extended  to  the 
measurement  of  volume  changes  as  a  function  of  temperature  with  the  aim  of 
determining  the  second  order  transition  temperatures  and  thermal  coefficients 
of  expansion  of  binders  and  propellants. 

The  unstrained  sample  is  suspended  from  the  analytical  balance  and 
submerged  in  the  liquid  in  the  Dewar  (Ethanol)  which  has  been  previously 
cooled  to  about  -160#F  by  the  use  of  dry  ice  and  liquid  nitrogen*  The 
sample  is  allowed  to  come  to  thermal  equilibrium  and  its  weight  in  the 
liquid  and  temperature  are  recorded*  The  temperature  of  the  liquid  and 
sample  is  then  increased  by  5  to  10*F  by  use  of  an  immersion  heater  and 
another  measurement  made.  This  process  is  continued  until  the  required 
temperature  range  has  been  covered.  The  density  of  the  liquid  is  monitored 
concurrently  by  measuring  the  change  in  weight  in  the  liquid,  with  tempera¬ 
ture,  of  a  piece  of  inval  of  known  weight  and  density. 

Some  typical  plots  of  specific  volume  versus  temperature  for  a  poly¬ 
urethane  binder  and  the  corresponding  propellant  are  presented  in  Figures  11 
and  12,  respectively.  Measurements  on  a  number  of  different  systems  have 
shown  that  in  some  cases  the  second  order  transition  temperature  of  the 
propellant  is  somewhat  higher  than  that  of  the  binder,  while  in  some 
instances  the  two  are  the  same.  The  reason  for  this  is  not  completely 
understood  at  this  time. 


SUMMARY  AND  CONCLUSIONS 


A  modified  direct  buoyancy  technique  has  been  developed  for  the 
measurement  of  volume  changes  as  a  function  of  strain  in  filled  polymers. 
The  method  has  three  distinct  advantages! 

1*  Simplicity  -  Only  an  analytical  balance  is  required. 


2.  High  degree  of  sensitivity  -  For  a  sample  volume  of  5  cc  &  volume 
change  of  0.001$  is  detectable. 

3.  Partial  self -condensation  of  thermal  effects  -  The  samples  and 
buoyant  liquid  have  similar  coefficients  of  expansion  thus  tending  to 
cancel  the  effects  of  small  thermal  fluctuations. 

Data  obtained  indicate  that  the  volume  of  a  propellant  begins  to 
change  immediately  upon  the  application  of  strain,  probably  due  to  the 
enlargement  of  voids  initially  present  and  vacuoles  formed  adjacent  to 
unbonded  areas.  However,  extensive  dewetting  does  not  begin  until  some 
critical  strain  level,  characteristic  of  the  propellant,  has  been  reached. 

It  was  found  that  mechanical  cycling,  aging  and  high  humidity  treat¬ 
ment  tend  to  weaken  the  binder-oxidizer  bonds  in  polyurethane  composites . 

The  buoyancy  technique  has  also  been  used  for  measuring  volume  as  a 
function  of  temperature  and  the  subsequent  determination  of  the  second 
order  transition  temperatures  and  thermal  expansion  coefficients  of  binders 
and  propellants. 

Work  is  now  in  progress  to  extend  this  technique  to  the  measurement  of 
volume  changes  with  strain  at  different  temperatures,  under  biaxial  strain 
conditions  and  under  constant  strain  as  a  function  of  time* 
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FIGURE  3. 

STRESS -STRAIN  CURVES  FOR  ANP- 
2639AF  TESTED  IN  AIR  AND  WATER 


FIGURE  k. 

LOG  VOLUME  CHANGE  VS  LOG 
EXTENSION  RATIO  FOR  POLY¬ 
URETHANE  BINDER  CONTAINING 
VARIOUS  FILLERS  (77°F) 
(Filled  ANP-512  Binder) 
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FIGURE  8. 

EFFECT  OF  FF.IOR  HUMIDITY  TREAT¬ 
MENT  UPON  TEE  DILATATION  OF 
DP-31  INERT  PROPELLANT  (77°F) 


FIGURE  9. 

EFFECT  OF  PRIOR  HUMIDITY  TREAT¬ 
MENT  UPON  THE  DILATATION  OF 
ANP-2913CD  (77°F) 


FIGURE  10.  , 

EFFECT  OF  PRIOR  HUMIDITY  TREAT¬ 
MENT  UPON  THE  DILATATION  OF 
ANP-PyljCD  (0°F) 
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DILATOMETRIC  BEHAVIOUR  OF  COMPOSITE  SOLID 
PROPELLANTS  UNDER  UNIAXIAL  TENSION 


R.  B.  Kruse,  Thiokol  Chemical  Corporation, 

Redstone  Division,  Huntsville,  Alabama 

ABSTRACT 

A  volumetric  method  is  described  for  the  measurement  of  Poisson’s 
ratio  as  a  function  of  strain  for  composite  solid  propellants.  This  method 
is  quite  precise,  the  standard  error  of  estimate  being  approximately 
0.  002,  or  about  0.  4  per  cent.  The  technique  makes  use  of  a  bonded-tab- 
end  specimen  which  is  strained  at  a  constant  rate  in  a  dilatometer. 

A  study  has  been  initiated  into  the  rate  and  temperature  dependence 
of  Poisson's  ratio  as  a  function  of  strain,  with  a  view  towards  time- 
temperature  superposition  of  the  results.  Preliminary  results  do  not 
show  a  consistent  dependence  upon  strain  rate,  but  the  strain-functionality 
of  Poisson's  ratio  clearly  varies  with  temperature. 

INTRODUCTION 

Elastic  and  viscoelastic  materials,  when  subjected  to  strains  either 
in  tension  or  compression,  may,  if  the  strains  are  finite,  undergo  a 
change  in  volume.  This  is  particularly  true  of  heterogeneous  materials 
which  are  capable  of  large  strains,  such  as  composite  solid  propellants. 

The  extent  of  the  volume  change,  if  any,  and  its  relationship  to  the  imposed 
strain  are  of  extreme  importance  in  the  engineering  analysis  of  such 
materials.  In  order  to  solve  the  stress-strain  problem  of  a  solid  propel¬ 
lant  grain  of  given  geometry,  it  is  necessary  to  know  to  a  considerable 
degree  of  confidence  the  dilatational  behaviour  of  the  material  making  up 
the  propellant  charge  under  the  prevailing  conditions.  Poisson's  ratio, 
which  is  a  measure  of  dilatational  behaviour,  was  the  parameter  studied 
in  the  experiments  described  in  this  paper,  it  is  a  relatively  simple 
matter  to  obtain  values  of  Poisson's  ratio  in  hydrostatic  compression, 
since  it  may  be  directly  related  to  the  hydrostatic  compressibility,  a 
parameter  which  has  for  some  time  been  measured  on  a  routine  basis 
at  the  Redstone  Division.  At  finite  strains,  however,  Poisson's  ratio  in 
tension  would  not  be  expected  to  be  the  same  as  in  compression.  In  point 
of  fact,  the  elastic  limit  is  defined  as  the  level  of  strain  below  which 
Poisson's  ratio  and  the  modulus  of  elasticity  are  the  same  in  tension  as 
in  compression*.  It  would  be  expected  that  the  Poisson's  ratio  of 
composite  propellant  would,  above  the  elastic  limit,  be  a  function  of 
strain. 
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DISCUSSION 


The  following  brief  discussion  is  intended  to  clarify  the  terms  used  in 
this  paper.  We  will  define  Poisson's  ratio  in  tension  as  follows:  Suppose 
that  a  tensile  specimen  of  uniform  square  cross-section  is  extended  in 
uniaxial  tension  from  its  original  length  (L)  to  a  new  length  (L+AL).  This 
elongation  will  be  accompanied  by  a  strain  along  the  axes  normal  to  the 
direction  of  applied  stress.  These  strains  will  be  negative;  in  other  words, 
the  specimen  will  contract  or  'heck  down. "  If  the  original  width  is  W,  the 
width  corresponding  to  (L+AL)  may  be  represented  as  (W+AW).  Poisson's 
ratio  may  then  be  defined  as  the  ratio  of  the  normal  strains,  i.  e. , 

AW 
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This  ratio  is  referred  to  throughout  the  remainder  of  this  paper  as 
Poisson's  ratio  by  the  normal  strain  ratio  definition,  and  designated  by  V' . 

The  use  of  normal  strain,  AL/L,  as  a  measure  of  elongation  is  un¬ 
satisfactory,  however,  for  any  but  infinitesimal  strains.  ^  A  consistent 
definition  of  strain  will  result,  however,  from  relating  a  differential 
increase  in  length  to  the  instantaneous  length.  We  will  therefore  replace 
AL  with  dL  and  the  original  length  L  with  the  instantaneous  length  Lj. 
Defining  a  ’Viatural”  strain  en.  we  write: 


which,  upon  integration,  yields  the  simple  result: 

en  (L)  -  In  »  In  (  L°l0^)*  ,n  (1  +  Tt) 


For  finite  strains,  then,  equation  (1)  is  not  satisfactory,  despite  its 
simplicity,  and  must  be  replaced  by  the  rati*  of  the  natural  strains: 


!/  =  -  gflfWL 

en(L) 


'»(<+  *t)  Log  (l  +■  ^-) 


Poisson's  ratio  as  defined  by  equation  (3)  will  be  referred  to  as 
Poisson's  ratio  by  the  natural  strain  ratio  definition  and  will  be  designated 
by  v 


A  further  advantage  of  the  definition  expressed  by  equation  (3)  is  that 
the  natural  strains  correspond  to  the  volume  strain  and  hence  to  the  bulk 
modulus  in  hydrostatic  tension.  For  an  infinite  bulk  modulus  in  hydrostatic 
tension  (corresponding  to  a  totally  incompressible  material  in  the  opposite 
stress  octant),  V  must  be  equal  to  0.  5,  independent  of  strain. 
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To  prove  this,  we  may  return  to  the  tensile  specimen  of  uniform 
square  cross-section.  (The  following  argument  may  be  generalized  to  a 
specimen  of  any  cross-section. )  The  volume  of  such  a  specimen,  before 
strain  is  applied,  is  simply  Vq  s  LxW^.  The  volume  at  some  finite  strain 
is  Vj  s  (L+AL)  (WtAW)  .  If  the  volume  of  the  specimen  does  not  change 
with  strain,  then: 

(L  +  AL)(W*AW)2  =  LW2 

-4^-  -  (4) 

In  =  ~2  ,n 


combining  with  equation  (3): 


_  ,n  X  +  -  t  m  V  (5) 

If  the  normal  strain  ratio  definition  is  used,  however,  V  will  be 
found  to  vary  with  strain  even  if  the  volume  of  the  specimen  remains  con¬ 
stant.  The  relationship  of  Y '  to  strain  if  volume  is  constant  may  be  shown 
by  proceeding  from  equation  (4)  to: 


EXPERIMENTAL  PROCEDURE 


Because  of  its  importance  as  an  engineering  parameter,  there  have 
been  many  attempts  in  the  past  to  measure  Poisson’s  ratio  of  composite 
propellants  as  a  function  of  strain.  These  attempts  have  included  measure¬ 
ment  of  ellipticity  of  circles  inscribed  on  the  faces  of  tensile  specimens, 
direct  measurement  of  change  in  width  of  specimens  being  strained,  and, 
at  the  Redstone  Division,  measurement  of  change  in  area  of  a  face  of  ten¬ 
sile  specimens  with  strain.  None  of  these  methods  yielded  precise 
Poisson's  ratio  values,  mainly  because  of  the  difficulty  of  measuring  small 
changes  in  length  and  area.  In  fact,  the  Poisson's  ratio  values  were  so 
scattered  as  to  have  little,  if  any,  engineering  value. 


The  methods  utilized  in  the  experiments  described  in  this  paper 
combine  the  recently  developed  bonded-tab-end  specimen^  with  dilato- 
metric  techniques  such  as  those  described  by  Rainbird  and  Vernon^.  The 
bonded-tab-end  tensile  specimen  offers  two  advantages  which  make  possi¬ 
ble  precise  measurements  of  Poisson's  ratio  in  tension:  (1)  The  gauge 
length  is  fixed,  so  that  on  a  tensile  testing  device  which  imposes  a  con¬ 
stant  strain  rate,  it  is  not  necessary  to  measure  small  strains  by  photo¬ 
graphing  or  other  methods.  They  can  be  related  directly  to  time  elapsed 
from  the  beginning  of  the  test.  (2)  Tab  ends,  in  which  the  strain  fields 
are  virtually  impossible  to  determine,  are  eliminated,  so  that  when  the 
specimen  is  immersed  in  a  fluid  and  subjected  to  uniaxial  tension,  the 
entire  specimen  is  in  a  state  of  strain  which  can  be  accurately  determined. 

In  the  experiments  described  in  this  paper,  Poisson's  ratio  is  calcu¬ 
lated  from  change  in  volume  of  the  tensile  specimen  as  a  function  of 
strain.  A  device  to  accomplish  direct  measurement  of  this  volume  change 
as  the  specimen  is  being  strained  is  shown  diagrammatically  in  Figure  1. 
Several  candidate  working  fluids  for  this  device  were  tested,  and  that 
which  showed  the  least  penetration  of  the  propellant  for  extended  periods 
of  time  at  high  temperatures  was  selected.  This  was  Dow  Corning  DC-550 
silicone  oil.  The  specimens  are  placed  in  a  dilatometer  and  elongated  at 
various  constant  rates.  The  change  in  height  of  the  fluid  in  the  capillary 
column  is  then  followed  photographically. 

SUMMARY  OF  RESULTS 


The  initial  evaluation  of  the  test  procedure  consisted  of  three  repli¬ 
cate  tests,  which  were  carried  out  on  samples  from  the  same  mix  of 
propellant  (TP-H8126).  Several  factors  combined  to  make  these  tests 
somewhat  uncertain  as  to  reproducibility,  and  more  replicate  tests  are 
consequently  planned.  However,  the  standard  error  of  estimate  of  these 
tests  is  at  least  one  order  of  magnitude  less  than  could  be  obtained  by 
any  other  technique  attempted  at  this  Division.  The  indivual  test  results 
are  shown  in  Figures  2  and  3,  The  average  values,  along  with  the  Z0" 
limits,  are  shown  in  Figures  4  and  5.  The  standard  error  of  estimate 
for  both  v  and  v'  is  ±0.0019;  hence,  the  2ff*  limits  are  at  0.0038. 

The  original  estimate  of  accuracy  in  the  Poisson's  ratio  values,  when  the 
strain  dilatometer  was  designed,  was  ±0.  005.  It  is  expected  that  future 
standardization  tests,  which  will  incorporate  refinements  of  test  technique, 
will  show  an  even  greater  degree  of  accuracy  in  the  determination  of 
Poisson's  ratio. 

Figure  6  shows  V  for  two  mixes  of  a  propellant  made  with  the  HA  fuel 
binder  system  based  upon  the  TP-H8041  formulation.  The  ingredients  of 
these  mixes  were  first  thoroughly  dried,  and  then  a  known  amount  of 
moisture  was  added  to  the  ingredients  of  one  mix,  designated  F-255,  while 
the  other,  designated  F-256,  was  made  with  the  dried  ingredients.  The 
addition  of  moisture  evidently  had  an  adverse  effect  upon  the  binder-filler 
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bond  strength  of  F-255,  as  reflected  by  the  more  abrupt  decrease  of 
Poisson's  ratio  with  strain.  It  should  be  stressed  at  this  point,  however, 
that  de -wetting  of  the  solids  may  not  necessarily  be  undesirable  from  the 
standpoint  of  motor  performance. 

A  study  was  initiated  to  determine  the  effect  of  temperature  and  strain 
rate  upon  the  variation  of  Poisson's  ratio  with  strain.  One  possibility 
which  suggested  itself  was  that  the  variations  of  Poisson's  ratio  with 
strain  might  be  superposable  on  a  reduced  strain  rate  basis,  as  uniaxial 
tensile  properties  appear  to  be.  From  the  data  gathered  thus  far,  however, 
the  effect  of  strain  rate,  if  any,  upon  the  variation  of  Poisson's  ratio  with 
strain  is  not  clear. 


CONCLUSIONS 

An  examination  of  Figure  7,  which  is  a  plot  of  Poisson's  ratio  of 
TP-H7003  propellant  as  a  function  of  strain  at  135  *F  and  strain  rates  of 
0.  05,  0.  5  and  5.  0/min.  ,  shows  that  no  consistent  variation  of  Poisson's 
ratio  as  a  function  of  strain  with  strain  rate  was  observed.  The  same 
lack  of  a  consistent  variation  of  the  strain  dependence  of  Poisson's  ratio 
with  strain  rate  is  shown  in  Figure  8,  which  represents  Poisson's  ratio 
measured  as  a  function  of  strain  at  the  same  three  strain  rates  as  in  the 
previous  figures,  and  at  a  test  temperature  of  77 *F.  A  consistent 
temperature  dependence  of  the  relationship  between  Poisson's  ratio  and 
strain  has  been  obtained,  however,  as  can  be  seen  from  Figure  9,  which 
shows  the  Poisson's  ratio  curves  for  the  same  propellant,  measured  at  a 
single  strain  and  several  temperatures.  In  view  of  the  fact  that  many 
curves  of  tensile  stress  vs.  strain,  gene  rated  at  the  Redstone  Division, 
involve  stresses  and  strains  at  maximum  stresses,  for  which  corrections 
in  cross-sectional  area  were  made  on  the  basiB  of  constant  volume,  it 
was  of  considerable  interest  to  compare  the  results  of  this  assumption  with 
plots  of  true  stress  vs.  strain  which  could  now  be  calculated  from  the 
Poisson's  ratio  values.  The  results  have  ebown  that  the  assumption  of 
constant  volume  resulted  in  a  much  more  accurate  stress-strain  curve 
than  the  use  of  a  constant  cross-sectional  area.  The  true  stresses  are 
much  nearer  to  the  corrected  stresses  than  to  the  nominal  stresses  cal¬ 
culated  upon  the  basis  of  the  initial  cross-sectional  area.  Strain  at 
maximum  stress  remains  virtually  unchanged  when  corrected  stress 
values  are  replaced  by  the  true  stress  values. 
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AN  APPARATUS  FOR  MEASURING  THE  EUIJC  MODULUS 
OF  SOLID  PROPELLANTS 


Neal  C.  Wogsland 
Ballistic  Research  Laboratories 

ABSTRACT 


An  apparatus  has  been  developed  to  measure  the  bulk  modulus  of  solid 
propellants  and  other  viscoelastic  materials  in  the  0  -  2500  psi  pressure 
range.  The  pressure-volume-temperature  data  recorded  during  calibration  of 
the  apparatus  u6ing  steel  samples  of  various  sizes  was  used  to  determine  the 
expansion  characteristics  of  the  pressure  chamber  and  to  calculate  the 
equilibrium  bulk  modulus  of  the  transmitting  fluid.  A  knowledge  of  these 
parameters  permits  calculation  of  the  corresponding  modulus  of  a  propellant 
sample  tested  in  a  similar  manner.  These  isothermal  measurements  are  suffi¬ 
ciently  accurate  for  use  in  the  stress  analysis  of  solid-propellant  rocket 
motors.  The  apparatus  can  be  used  to  determine,  approximately,  the  adiabatic 
bulk  modulus  of  the  transmitting  fluid  and  to  estimate  this  modulus  for  a 
test  specimen.  This  apparatus  also  can  be  used  to  obtain  data  on  the  effects 
of  voids  on  the  bulk  properties  of  porous  propellants. 

INTRODUCTION 

The  mechanical  behavior  of  solid  propellants  is  of  considerable  impor¬ 
tance  to  the  designers  of  sclid-propellant  rocket  motors.  The  propellant 
must  be  sufficiently  stiff  to  minimize  creep  during  storage  and  yet  must 
not  be  brittle  enough  to  crack  under  the  pressures  at  which  It  bums. 


The  basic  methods  of  solving  problems  in  stress  analysis  are  well 
established  for  elastic  materials.  If  a  material  is  homogeneous  and  Iso¬ 
tropic,  ’its  mechanical  behavior  can  be  described  by  two  elastic  constants. 
If,  for  example,  the  shear  modulus  of  elasticity,  G,  and  the  bulk  modulus, 
K,  are  determined,  then  Young’s  modulus,  E,  and  Poisson's  ratio,  v,  can  be 
calculated  from  the  relations 


E  = 


9KG 
5K  +  G 


and 


v  = 


which  are  given  by  Alfrey  in  a  different  notation  (l). 


5K  -  2G 
oK  +  2G 


For  viscoelastic  materials,  problems  of  stress  analysis  frequently  can 
be  formulated  in  terms  of  Volterra  integral  equations  if  the  moduli  are 
known  (2).  The  current  theory  of  linear  viscoelasticity  makes  no  distinction 
between  moduli  measured  under  adiabotio  and  isothermal  conditions.  This 
assumption,  while  sufficiently  correct  for  the  shear  modulus  (5),  is  not 
entirely  correct  for  the  bulk  modulus  for  which  thermodynamic  effects  are 
important.  Only  the  equilibrium  bulk  modulus  measured  under  iso thermal 
conditions  can  be  measured  accurately  with  the  apparatus  described  in  this 
paper,  as  it  is  hard  to  distinguish  between  thermodynamic  and  viscoelastic 
effects  if  the  application  of  pressure  produces  a  significant  change  of 
temperature. 

At  the  Ballistic  Research  Laboratories,  a  study  is  being  conducted  t< 
determine  to  what  extent,  the  theory  of  linear  viscoelasticity  can  be  applied 
to  the  stress  analysis  of  solid  propellants  (t).  To  correlate  theory  with. 


experimental  results,  experiments  are  being  devised  to  measure  the  bulk 
modulus  and  the  shear  modulus,  which  have  been  chosen  as  the  principal 
independent  variables  to  be  Studied.  As  the  bulk,  modulus  is  only  slightly 
time-dependent,  and  is  generally  much  larger  than  the  shear  modulus,  the 
equilibrium  bulk  modulus  is  sufficiently  accurate  for  stress  problems  in 
which  isothermal  conditions  prevail.  However,  for  dynamic  problems,  the 
increase  in  modulus  occurring  under  adiabatic  conditions  must  be  considered. 
Little  compressibility  information  is  available  for  solid  propellants  except 
for  the  equilibrium  measurements  at  Aerojet -General  Corporation  (5). 

EXPERIMENTAL  PROCEDURE 


The  apparatus  described  in  this  paper  was  designed  primarily  to  measure 
the  equilibrium  bulk  modulus  of  solid  propellants  and  other  viscoelastic 
solids  by  measuring  the  change  of  volume  produced  by  a  change  of  pressure. 
The  intensifier  principle  was  used  to  obtain  a  large  magnification  of  the 
volume  change  during  pressurization.  A  chamber  size  of  approximately  1  cu. 
in.  was  selected  so  that  small  specimens  could  be  tested  effectively.  This 
is  especially  important  in  development  programs  when  only  small  samples  of 
newly-synthesized  propellants  are  available.  The  system  was  designed  for 
operation  in  the  0  -  2^00  psi  pressure  range  (all  pressures  referred  to  in 
this  paper  are  gage  pressures).  The  intensifier  principle  could  be  used 
for  much  higher  pressures  with  appropriate  design.  This  is  a  relatively 
safe  apparatus  since  any  sudden  surge  of  pressure  would  result  in  failure 
of  the  pressure  transducer.  It  also  avoids  the  danger  of  poisoning  associ¬ 
ated  with  a  mercury  apparatus . 

The  apparatus  consists  of  a  pressure  intensifier  and  auxiliary  equip¬ 
ment  and  instrumentation  including  hydraulic  pumps,  valves,  pressure  trans¬ 
ducer  and  dial  gage,  strain  indicator,  sight  glass,  thermocouple,  microvolt- 
amplifier,  and  strip-chart  recorder.  Photographs  of  the  system  are  shown 
in  Figures  1  and  2  and  a  schematic  diagram  in  Figure  3* 

The  test  sample  is  placed  directly  in  the  intensifier  chamber  to  mini¬ 
mize  the  volume  of  fluid  required  and  therefore  minimize  the  influence  of 
the  fluid  on  the  test  data.  If  necessary,  the  test  sample  may  be  given  an 
impermeable  coating  to  prevent  penetration  of  hydraulic  fluid  into  the 
pores  or  to  prevent  a  possible  chemical  rea'iion.  Hercoflex  600  hydraulic 
fluid  has  been  used  with  so] Id  propellants  at  the  BRL  but  Hercolube  A, 
Dow-Corning  DC-200,  or  several  other  fluids  probably  should  be  equally 
satisfactory.  During  the  initial  setup  of  the  apparatus,  a  vacuum  pump 
is  used  to  evacuate  each  chamber  as  it  is  filled  with  the  fluid.  When  a 
sample  is  prepared  for  testing,  the  test  chamber  is  filled  to  overflowing 
before  installing  the  closure  so  that  no  air  will  be  entrapped. 

The  calibration  of  volume  change  in  the  test  chamber  vs.  sight-glass 
reading  was  obtained  by  measurement  and  calculation.  The  pressure  transducer 
was  calibrated  in  conjunction  with  the  strain-indicator  and  a  standard  dead¬ 
weight  tester.  The  chromel-alumcl  thermocouple  was  net  up  to  measure 
temperature  change  by  p^aejing  the  reference  Junctions  under  ambient  labora¬ 
tory  temperatures  of  7?  ”1  F.  Hie  temperature  scale  of  the  recorder 

chart  was  established  from  thermocouple  data  sheets  since  they  provided 
sufficient  accuracy  for  this  test. 


The  apparatus  was  calibrated  by  measuring  the  pressure- volume-tempera¬ 
ture  changes  while  conducting  tests  using  steel  samples  of  different  sizes. 
Accepting  handbook  values  for  the  compressibility  of  steel,  the  expansion 
characteristics  of  the  pressure  chamber  and  the  equilibrium  (isothermal) 
bulk  modulus  of  the  transmitting  fluid  were  calculated  from  the  P-V-T  data 
observed.  For  each  pressure  step,  tin  interval  of  10  minutes  was  allowed 
prior  to  recording  the  data  so  that  temperature  equilibrium  would  be  reached. 
This  same  procedure  is  followed  for  isothermal  testing  of  propellant  samples. 

An  approximate  value  for  the  adiabatic  bulk  modulus  of  the  transmitting 
fluid  is  obtained  by  quickly  pressurizing  the  system  from  0  psi  to  a  desired 
pressure  level  and  immediately  recording  the  P-V-T  data.  The  pressure  is 
then  dropped  to  0  psi,  the  system  is  allowed  to  reach  equilibrium  tenpera- 
ture,  and  the  cycle  of  operations  is  repeated  for  each  additional  pressure 
level  that  is  needed.  An  estimate  of  the  adiabatic  bulk  modulus  of  a  test 
sample  can  be  made  in  a  similar  manner.  The  results  are  influenced  con¬ 
siderably  by  the  thermodynamic  properties  of  the  fluid. 

DISCUSSION 


This  apparatus  has  been  used  to  measure  the  equilibrium  bulk  modulus  of 
several  solid  propellants  and  other  viscoelastic  materials.  The  bulk  modulus 
is  defined  by  the  secant  formula 


K-V  $ 

o  AV 

where 

K  is  the  equilibrium  bulk  modulus, 

VQ  is  the  original  volume, 

Ap  is  the  change  in  pressure, 

AV  is  the  change  in  volume. 

The  sight-glass  reading  gives  only  the  appor  mt  change  of  volume  and  must  be 
corrected  for  the  expansion  cf  the  chamber  and  compression  of  the  fluid  (6). 
These  corrections  are  incorporated  in  the  formula 


K 


MmC  _f 

Ap  G  "  K, 


and  are  determined  by  calibrating  she  apparatus. 

*  ' 

C  uccounts  for  the  expansion  of  the  test  chamber, 
V,  :!s  the  initial  volume  of  the  transmitting  fluid, 


Kj,  is.  the  isothermal  bulk  modulus  of  the  fluid. 


Values  obtained  for  several  materials  Eire  tabulated  in  Table  I,  -which 
includes  the  average  moduli,  for  both  the  0  -  2500  psi  and  the  500  -  2500  psi 
pressure  ranges.  The  compressibility  curves  of  these  materials  are  not 
quite  linear  and  the  bulk  modulus  increases  as  the  pressure  increases .  The 
third  figure,  although  not  significant,  is  included  in  the  tabulated  results 
to  illustrate  this  increase  in  modulus. 


TABLE  I.  EQUILIBRIUM  BUUC  MODULI,  IN  PSIf  OF 
SEVERAL  VISCOELASTIC  MATERIALS  AT  77  -  I  F 


Pressure  Range,  psi  (gage) 

0  -  2500 

500  -  2500 

Hercoflex  600  Fluid 

249,000 

252,000 

Polystyrene  (commercial  rod) 

472,000 

476,000 

Polyt  etraf luoroethylene 
(commercial  teflon  rod) 

363,000 

367,000 

Polyurethane  (pluracol  base) 

258,000 

267,000 

Propellant  No.  1  (cast  double  base) 

432,000 

438,000 

Propellant  No.  2  (composite  double  base) 

583,000 

621,000 

Propellant  No.  3  (composite) 

834,000 

882,000 

The  compressibility  effects  of  voids  can  be  observed 
apparatus  because  the  slippery  teflon  piston  seals  permit 
creep  at  levels  somewhat  below  the  preload  on  the  seeils. 

closely  with  this 
the  piston  to 
Porous  materials 

show  large  differences  between  their  average  moduli  over  these  two  pressure 
ranges  because  the  voids  undergo  considerable  compression  at  low  pressures. 
With  soft  propellant  compositions,  their  effects  can  be  ignored  above 
approximately  100  psi.  The  tabulated  results  for  propellants  Nos.  2  and  5 
are  from  the  second  compression  cycle  for  each  material  because  the  initial 
cycles  were  strongly  non-linear  while  the  voids  were  being  compacted. 

Figure  4  illustrates  these  effects  for  a  composite  double-base  propellant 
with  a  porosity  of  approximately  1/3$. 


p.iiccrrr’.ivE 


coMTOEnnimri'i'Y  curves  for  fropeijant  of  1/3'/.  porosity 


FIGURE  4. 


SUMMARY  AND  CONCLUSIONS 


Tliis  apparatus  provides  a  satisfactory  means  for  measuring  the  iso¬ 
thermal  bulk  modulus  and  compressibility  of  solid  propellants  and  other 
viscoelastic  materials  in  the  0  -  2^00  psi  pressure  range.  The  isothermal 
measurements  are  sufficiently  accurate  for  use  in  the  stress  analysis  of 
solid-propellant  rocket  motors.  This  tester  also  can  be  used  to  obtain 
information  on  voids  in  porous  propellants  and  on  their  effects  on  the  bulk 
properties.  The  principal  weakness  of  this  apparatus  is  the  masking  of 
test  data  for  the  test  sample  by  the  relatively  large  volume  of  transmitting 
fluid  (37 io  minimum).  This  is  especially  true  when  adiabatic  data  is  desired. 
However,  greater  accuracy  could  be  obtained  with  a  larger  test  chamber.  In 
its  present  form,  accepting  samples  up  to  l/2  in.  diameter  and  3  in.  long, 
it  is  especially  applicable  to  the  testing  and  screening  of  the  small 
samples  normally  available  with  newly-synthesized  experimental  propellants. 
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ABSTRACT 

Experimental  and  theoretical  studies  are  being  carried  on  at  Aerojet* 
General  Corporation,  to  establish  failure  criteria  applicable  to  simple 
case  bonded  hollow  cylindrical  grains.  For  uniaxial  tension,  where  the 
rate  of  elongation  and  temperature  are  controlled  variables,  the  test 
results  vary  from  specimen -to- specimen  and  from  batch-to -batch,  and  a 
study  of  batch  variability  of  the  uniaxial  test  was  made.  Forty  batches 
of  a  65%  NHjlCIOi.  17$  A1  polyurethane  propellant  showed  a  high  correlation 
between  elongation  at  break  at  77  *F  and  elongation  at  break  for  l8o%  U0#, 

0*,  and  -L0#F,  Indicating  that  a  test  at  any  one  of  these  test  temperatures 
could  be  used  to  characterize  population.  The  coefficient  of  variation 
between  batches  was  found  to  vary  with  temperature  and  varied  from  26$  at 
«75*F  to  51$  at  180*F  for  one  formulation  of  polyurethane  propellant. 

The  coefficient  of  variation  between  replicates  for  the  same  propellant 
formulations  was  15$  at  -75*F  and  7$  at  180*F.  The  variation  between 
cartons  varied  from  small  to  insignificant. 

The  correlation  of  breaking  strain  at  different  rates  and  temperatures 
using  the  WLF  technique  on  one  batch  was  found  to  be  improved  if  an  addition 
vertical  shift  factor  was  added  to  account  for  the  lowering  of  the  maximum 
failure  at  lower  temperatures  •  However,  by  using  a  shift  for  rate  on  a 
temperature  correlation  the  variability  was  lower  and  the  data  appear  to  be 
in  good  agreement  with  two  straight  lines. 

The  minimum  strain  at  break  at  -75#F  for  uniaxial  tensile  test  was 
found  to  be  at  least  twice  the  hoop  strain  of  a  thermal  cycled  (110*  to  -75#F) 
case  bonded  hollow  cylinder  of  propellant  when  no  failures  were  observed. 

When  the  minimum  strain  at  break  was  less  t.*'<m  the  hoop  strain  of  the  cycled 
cylinder,  the  grain  always  cracked.  The  region  between  one  and  i,wo  is  an 
expected  area  of  doubt  caused  by  the  wide  distribution  of  propellant 
properties. 


INTRODUCTION 


The  objective  of  this  paper  is  to  describe  the  experimental  and  theo¬ 
retical  studies  carried  on  at  Aerojet-General  Corporation  to  establish 
failure  criteria  applicable  to  simple  case  bonded  hollow  cylindrical  grain 
and  evaluate  these  criteria  by  cycling  such  cylinders  to  failure.  The 
conoept  of  failure  necessarily  includes  a  study  of  the  behavior  of  those 
members  of  the  population  most  likely  to  fail.  The  usual  measurement  of 
properties  and  correlation  of  data  centers  around  consideration  of  mean 
behavior  with  estimates  of  variability  being  made  to  assess  the  measurement 
quality.  Stress  end  strain  calculations  also  focus  on  the  use  of  mean 
values  of  the  parameters  and  comparison  with  the  mean  of  observed  deflect¬ 
ions.  Failure,  however,  is  concerned  with  the  likelihood  of  a  particular 


stress  or  strain  occurring  at  the  point  where  the  material  properties  are 
least  adequate.  The  formation  of  yield  bands  in  propellants  gives  partic¬ 
ular  point  to  this  problem.  The  data  suggest  that  as  the  strains  increase, 
yield  bands  occur  and  change  the  distribution  of  strains  to  produce  regions 
in  which  failure  will  occur  before  further  strain  is  produced  in  the  un¬ 
yielded  regions.  Thus,  the  usual  elastic  stress  calculations  and  techniques 
such  as  photoelasticity  do  not  directly  lead  to  predictions  of  failure. 

This  paper  will  cover  (1)  the  results  of  studies  on  the  batch-to-batch 
variability  of  breaking  strain,  of  uniaxial  tensile  test  over  a  range  of 
temperatures,  (2)  the  correlation  of  breaking  strain  of  uniaxial  tensile 
test  with  rate  and  temperature  and  (3)  the  correlation  of  uniaxial  tensile 
elongation  to  break  with  failure  by  grain  cracking  as  a  result  of  the 
thermal  cycling  of  a  case  bonded  hollow  cylinder  of  propellant. 

BATCH  VARIABILITY  OF  FAILURE  BEHAVIOR 


The  large  variability  associated  with  propellant  properties  suggests 
that  certain  batches,  and  certain  portions  of  these  batches,  will  be  more 
susceptible  to  failure  than  others.  A  related  hypothesis  is  immediately 
suggested  for  experimental  testing!  the  failure  behavior  under  different 
types  of  stress-strain  environments  are  related  such  that  those  batches 
with  the  highest  incidence  of  failure  in  one  environment  will  have  the 
highest  incidence  in  another.  It  Is  clear  that  we  lack  the  knowledge  at 
this  time  to  define  failure  mechanisms  in  detail  for  different  batches  or 
even  different  compositions.  A  possible  procedure  is  to  compare  property 
measurements  with  small-scale  motors,  and  validate  the  results  as  full- 
scale  motor  data  become  available.  It  is  evident  that  during  the  validation 
process,  the  small-scale  motor  data  the  the  property  data  would  become 
increasingly  firm  a a  a  basis  for  acceptance  criteria. 

The  production  of  polyurethane  propellant  for  several  programs  at  the 
Sacramento  Solid  Rocket  Plant  of  the  Aerojet-General  Corporation  offers  the 
possibility  of  taking  data  on  different  batches  of  propellant  and  deter¬ 
mining  the  correlation  between  failure  values  of  different  mechanical 
property  teste.  Instron  data  at  one  strain  rate  are  taken  from  -75*  to  l80*F 
in  these  several  programs.  A  study  has  been  completed  of  data  taken  on  one 
carton  from  each  of  UO  batches  of  a  polyur^hane  propellant  containing 
(&%  NHijClO^  and  17%  Al.  Figures  1  to  U  show  correlation  graphs  of  the 
elongation  at  failure  at  77 *F  versus  the  failure  value  at  the  other  test 
temperatures  for  each  of  the  cartons  studied.  The  data  were  also  analyzed 
numerically  to  give  the  correlation  coefficient  shown  on  each  figure. 

Except  for  -75>*F,  the  data  gave  high  correlations,  and  in  particular,  the 
three  cartons  giving  highest  elongations  and  the  two  giving  lowest  elonga¬ 
tions  (except  as  shown  in  Figure  U  for  -75*F)  were  the  same  in  all  cases. 

This  would  indicate  that  a  test  at  any  one  of  the  test  temperatures  would 
have  screened  out  the  same  extreme  cartons  of  the  population  as  any  other 
teat  temperature  except  -7J>*F.  The  -75*F  data  are  in  question  at  this  time 
because  of  a  particularly  strong  effect  of  pre-test  humidity  exposure  on 
-75*F  test  results}  these  tests  were  run  on  specimens  experiencing  a  fairly 
wide  range  of  humidity  prior  to  being  placed  in  -75eF  conditioning  for  test. 

The  variability  of  this  propellant  was  also  statistically  analyzed  in 
more  detail  for  three  cartons  of  each  of  three  widely  different  batches. 
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It  was  found  that  the  variability  tended  to  decrease  between  batches  and 
increase  within  cartons  as  the  test  temperature  decreased.  When  the  three 
batches  were  considered  together,  coefficients  of  variation  between  batches 
ranged  from  51*  at  l80*F  down  to  26*  at  -?5*F  as  contrasted  with  the  bet¬ 
ween  replicate  variation  which  increased  from  7%  to  1$%  over  the  same 
temperature  range.  Table  1  contains  the  mean  values  for  the  3-batch, 

3-carton,  3-replicate  analysis  and  the  variability  analysis  data  are 
tabulated  in  Table  2. 

An  additional  analysis  of  two  of  the  batches,  18-M-l  and  21*41-1,  was 
made.  In  this  case,  test  data  from  two  additional  cartons  from  each  of 
these  batches  were  available.  The  means  of  these  two  batches  were  more 
nearly  alike  at  the  middle  temperatures  and  tended  to  diverge  at  the  extremes, 
which  would  minimize  variability  at  the  middle  temperatures.  The  between 
replicate  values,  however,  followed  patterns  identical  to  those  from  the 
initial  analysis  of  all  three  batches.  Table  3  contains  the  results  of  the 
variance  analysis  in  terms  of  coefficients  of  variation.  All  of  the 
coefficients  of  variation  listed  had  a  significance  level  of  0.95  or  greater. 

Table  I 

MEAN  VALDES  OF  BREAKING  STRAIN  FOR  A  THREE  BATCHES 
OF  A  POiyUFI^HANE  PROPELLANT 
(Each  value  represents  the  average  of  9  samples) 
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Batch 

15-M-2 

18-41-1 

21-M-l 

180*F 

19.9 

98.0 

73.0 

77  #F 

28.1 

93.6 

93.3 

0*F 

35.7 

113.3 

10U.0 

-U0*F 

33.1 

69.8 

61.7 

-75#F 

18.2 

26.6 

23.3 

Table  II 


THREE  CARTONS,  THREE  REPLICATES  OF 

A  POLYURETHANE  PROPELLANT 

Between  Batches 

Between  Replicates 

180*F 

$1% 

7.1* 

77*F 

46* 

9.8* 

0*F 

$0% 

8.8* 

-40  "F 

35% 

9.8* 

-75  *F 

26.3* 

14.9* 

Table  III 


COEFFICIENTS  OF  VARIATION  FOR  TWO  BATCHES.  18-M-l  AND  21-M-l 
FIVE  CARTONS,  THREE  REPLICATES  OF  A  POLYURETHANE  PROPELLANT 


Between  Batches 

Between  Replicates 

180#F 

72% 

U.3S 

77#F 

8.9% 

7.1% 

0*F 

- 

12% 

-U0#F 

7.7% 

10.$% 

-75*F 

71% 

lh% 

CORRELATION  OF  FAILURE  BEHAVIOR 


WLF  Rate  Shift  Factor  Correlation 

The  correlation  of  mechanical  properly  behavior  at  different  rates 
and  temperatures  has  been  performed  ou  many  polymers  following  the  shift 
factor  technique  of  Williams,  Landel,  and  Ferry  (2)(WLF).  Correlation  of 
failure  behavior  for  a  rubber  was  shown  by  Smith  and  Stedzy.(l)  Correlation 
of  failure  in  the  highly  filled  polyurethane  systems  has  not  been  reported 
in  the  literature  •  From  consideration  of  available  test  data  on  propellants, 
it  appeared  that  the  maximum  elongations  at  failure  at  any  rate  for  different 
temperatures  were  not  the  same,  this  maximum  decreasing  as  the  temperature 
decreased.  A  test  of  the  correlation  is  difficult  since  for  only  a  few 
temperatures  and  rates  generally  studied,  do  the  elongations  go  through  a 
maximum,  so  only  a  portion  of  any  set  of  data  can  provide  data  applicable 
directly  to  the  question.  Uniaxial  tensile  failure  data  for  one  batch  of 
this  propellant  were  available  at  temperatures  from  -75  *F  to  180*F  and 
strain  rates  from  0.07U  to  1000  min"  .  The  values  are  tabulated  in  Table  U, 
each  value  being  an  average  of  five  specimens.  The  analysis  of  the  data 
was  performed  graphically  using  the  WLF  technique  by  shifting  the  points, 
plotted  as  versus  log  R  for  each  temperature,  horizontally  and  also 
vertically  as  required  to  produce  a  continuous  curve  of  versus  log  Ra^>. 
Analysis  started  with  the  180*F  data  and  proceeded  systematically  down  to 
-75*F.  The  vertical  shift,  not  required  for  elastomers  without  filler,  was 
done  without  regard  to  fitting  a  particular  pattern  and  the  results  are 
shown  in  Figure  5  where  the  experimental  locations  of  the  point  ej,  ■  0, 

R  ■  1  min”I  are  shown.  The  final  reduced  scale,  log  Ray,  was  selected  for 
a  shift  factor  based  on  the  WLF  equation,  as  discussed  below.  The  vertical 
shift  required,  described  by  the  term  was  apparently  zero  for  tempera¬ 
tures  of  80*F  and  above,  but  became  increasingly  large  as  the  temperature 
approached  -75*F.  The  equation  shown  on  Figure  5  describing  the  line 
drawn  for  ey  is 

eT  ■  0.29  ♦  0.10  log  ty  (1) 

Hie  same  points  used  to  define  the  line  given  by  Equation  (1)  are 
shown  in  a  different  way  on  Figure  6,  e.g.,  the  vertical  shift  e«j>  versus 


Table  IV 


UNIAXIAL  TENSILE  FAILURE  STRAINS,  %3  FOR  A  POLYURETHANE  PROPELLANT 


Temp., 

Strain  Rate,  ndn.*^ 

*F 

0.671* 

(5775 

7J* 

100 

500 

looo 

§055 

180 

1*6.1* 

52.1* 

65.0 

81.8 

92.5 

92.2 

90.1 

11*0 

50.8 

56.9 

66.5 

85.1* 

88.6 

100 

92.7 

no 

55*8 

67.8 

71.1* 

81*.9 

88.6 

91.1* 

107 

80 

66.1* 

66.1 

81.1* 

92.2 

95.3 

98.8 

99.9 

1*0 

71*1 

76.1* 

75.6 

98.1 

91.8 

90.0 

88.1 

0 

70.6 

8U.2 

79.2 

76.0 

65.8 

62.5 

68.1 

-i*o 

58.3 

56.1* 

1*7.6 

65.8 

1*1*.U 

26.2 

22.8 

—60 

50.2 

53.0 

1*8.1* 

— 

23.9 

15.5 

11*.8 

-75 

35.1 

27.0 

17.0 

9.1* 

8.9 

5.2 

3.5 

temperature*  and  the  corresponding  value  of  the  shift  factor*  log  By, 
versus  temperature*  The  equations  are 

eT  -  0.2U  -  O.OOUt  (2) 

and 

log  By  -  -0.5  -  O.OUt  (3) 

The  selection  of  line  positions  was  chosen  to  make  the  constants  of  Equations 
1*  2*  and  3  consistent  among  themselves*  e.«?.,  any  two  of  the  equations  will 
define  the  third* 

Considering  now  the  usual  WLF  shift  factor,  the  WLF  equation  can  be 
rearranged  to  give 

T  -  T_  -  101.6/(1  «•  ■ -8*-8-6-)  ■  T_  -  Am  (1*) 

8  log  a^  o  i 

In  this  form,  it  can  be  seen  that  a  graph  of  T  versus  Ay  will  be  a  straight 
line  of  unit  slope*  Such  a  graph  is  shown  in  Figure  7*  with  a  graph  of 
log  By  versus  A^  shown  at  the  right  for  convenience*  Using  the  data  of 
Figure  5,  before  Ts  was  selected  and  the  data  normalized,  an  arbitrary 
shift  was  made  by  assuming  a  value  of  log  ay  at  -75#F  and  thus  determining 
the  relative  value  of  log  a/j  for  all  the  other  reference  data  points  on 
Figure  5*  Plotting  these  on  Figure  7*  the  data  gave  a  line  of  slope  0.89, 
and  Ta  ■  2l*3*K.  Selection  of  a  second  estimate  of  log  By  at  -75*F  gave  a 
second  line  of  slope  1*10  and  Ts  ■  230#K*  Interpolation,  which  was  found 
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to  be  non-linear,  finally  gave  data  which  produced  a  line  of  slope  1.00 
and  Ts  -  235-K  (ts  -  -36#F). 


If  a  WLF  shift  factor  relation  holds  in  this  case  for  the  low  temp¬ 
erature  data,  then  the  straight  line  relation  of  Equation  (3)  would  not 
be  expected  to  apply.  Comparison  of  the  straight  line  with  the  WLF  curve 
for  ts  ■  -36  °F  from  Figure  7  is  shown  in  Figure  6* 

Temperature  Shift  Correlation 

The  scatter  of  the  shift  data  for  this  propellant  system  led  to  an 
examination  of  the  data  when  plotted  versus  temperature  at  each  rate* 

It  was  discovered  that  the  data  could  be  superimposed  to  give  a  lower 
variability  when  an  arbitrary  origin  was  shifted  both  horizontally  and 
vertically  as  shown  in  Figure  8*  Not  only  do  the  data  show  good  agreement 
with  two  straight  line  segments,  but  the  shift  points  cf  the  origin  — 
selected  at  0*F  and  zero  strain  —  are  remarkably  consistent  and  show  none 
of  the  scatter  characteristic  of  the  rate  shift  data  of  Figure  *>•  When 
plotted  as  log  R  versus  the  temperature  shift  required  in  Figure  9/  a  good 
straight  line  is  obtained  having  the  equation 

log  R  -  3*1  -  0.057t  (5) 

Plotting  the  sr  value  at  each  point  versus  the  temperature  does  not,  however, 
give  a  straight  line  but  rather  a  curve  suggesting  that  e™  does  not  increase 
above  some  limiting  value  even  for  very  low  rates  of  testing*  This  possi¬ 
bility  may  be  evaluated  by  tests  on  the  Very  Low  Rate  Tester,  but  is  already 
suggested  by  the  values  obtained  in  constant  strain  failure  testing,  equiva¬ 
lent  to  extremely  low  rates  of  loading* 

The  two  straight  line  segments  of  Figure  8  give 

©b  4  eR  -  0*6l»  4  0*008t  ,  t<$0*F  at  1000  min.-1  (6) 

-  1.1U  -  C.00l5t  ,  t>50*F  at  1000  min."1  (7) 

It  is  of  interest  to  note  that  the  maximum  occurs  near  0°F  for  R  ■  0.7U  min**1, 
a  general  characteristic  of  many  polyurethane  propellant  systems* 

A  useful  relation  is  obtained  by  taking  the  approximation  relation 
from  Figure  9 

eR  -  O.OOltft  (8) 

and  substituting  for  t  from  Equation  (5)  gives 

-  0.23  -  0.075  log  R  (9) 

Substituting  for  ^  from  Equation  (9)  in  Equations  (6)  and  (7),  we  have 
\  -  O.ljl  ♦  0.008t  4  0.075  log  R  (10) 

for  temperatures  below  that  giving  the  maximum  and 
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(n) 


%  -  0.91  -  O.OOL5t  ♦  0.07$  log  R 

for  temperatures  above.  This  maximum  shifts  with  temperature,  occurring 
at  $3*F  for  1000  sin.-1,  31  #F  for  100,  12*F  for  7.U,  -7*F  for  0.7U,  and 
-l8*F  for  0.07U  win."1. 

The  excellent  correlation  obtained  by  the  temperature  shift  method 
will  be  tested  on  other  ays  teas.  It  would  be  expected  that  a  difference 
would  be  observed  In  the  basic  constants  of  the  relations,  analogous  to 
the  rate  shift  produced  by  variations  in  the  glass  temperature  for  the 
WLF  type  of  correlation. 

CORRELtnOH  OF  FAILURE  DATA  WITH  MOTOR  FAHURES 


Saall  notors  with  east-ln-case  cylindrical  grains  have  been  used  for 
studies  of  strain  produced  in  motors  and  some  of  these  motors  have 
experienced  failure  a.  It  appeared  possible  to  test  a  failure  hypotheses 
by  study  of  these  failures.  A  survey  was  made  of  Id  of  these  mall  case* 
bended  motors  containing  three  different  polyurethane  propellants  that 
had  been  thermally  cycled  to  -75*F)  b/a  ratios  from  U  to  12.5  were  tested. 
Of  these  Id  rotors,  15  failed  by  longitudinal  cracking  of  the  propellant 
grain.  The  strain  In  the  motor,  was  compared  at  -75  *F  to  the  standard 
matron  data  with  the  hope  of  estab joshing  a  correlation  between  the 
propellant  failure  strain  under  the  condition  as  seen  In  the  motor  and 
the  failure  strain  as  encountered  In  uniaxial  tensile  tests. 

The  propellant  property  used  was  the  lowest  tensile  strain  at  break 
reported  from  the  two  or  three  tensile  tests  taken  at  -75*F*  Since  some 
of  the  motors  had  been  stored  for  various  lengths  of  time  at  0*F  before 
cycling  to  -75  *F  an  estimated  correction  for  embrittlement  was  added  to 
the  strain  at  break  as  measured  on  unembrlttled  propellant.  The  strain 
at  break  corrected  for  embrittlement  was  divided  by  the  measured  strain 
in  the  motor  on  its  first  cycle  to  -75*F,  to  give  a  ratio  called 
The  ratio  of  Si/8™,  is  shown  plotted  against  the  percent  of  motors 
cracking  at  that  ratio  In  Figure  10.  When  the  ratio  was  one  or 

less  all  of  the  motors  failed)  when  the  ratio  was  two  or  more  none  of  the 
motors  failed.  The  region  between  one  and  *vo  Is  the  expected  area  of 
doubt  caused  by  the  wide  distribution  of  propellant  properties. 

The  embrittlement  corrected  value  of  strain  at  nominal  maximum  stresses 
was  also  divided  by  the  measured  strain  of  the  motor  on  the  first  cyole  to 
-75*F  and  plotted  against  the  percent  of  motors  failed  as  shown  in  Figure  11. 
As  Is  evident  by  comparing  Figure  11  with  Figure  10,  the  strain  at  break 
would  appear  to  be  a  much  more  discriminating  value  to  use  for  predicting 
failure  due  to  thermal  cycling. 

The  correlation  shown  in  Figure  10  using  the  relation  e^/e^  emphasizes 
the  importance  of  adequate  data  on  within  and  between  batches,  and  the 
probable  Importance  of  measuring  under  environmental  conditions  closely 
approaching  those  in  the  motor.  The  success  of  the  correlation  with 
uniaxial  data  suggests  that  a  concentration  on  uniaxial  failure  behavior 
is  warranted  for  correlation  with  failure  data  on  small  charges  having 
unrestrained  ends*  The  data  on  yield  bands  also  suggest  that  study  on  the 
number  of  yield  bands  produced  in  tubular  grains  is  pertinent  in  this  type 
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of  correlation,  as  well  as  a  general  study  of  the  production  of  yield  bands 
at  various  temperatures j  or  more  specifically,  the  formation  of  such  bands 
in  tensile  specimens  due  to  simultaneously  straining  and  changing  temperature* 

GRAPHICAL  REPRESENTATION  OF  FAILURE  BEHAVIOR 

The  distribution  of  failure  elongations  at  the  various  measurement 
temperatures  can  be  combined  with  the  expected  strain  in  the  motor  as  shown 
in  Figure  12  to  give  a  graphical  representation  of  the  expected  failure 
behavior*  This  figure  is  drawn  using  the  lower  3o  limit  of  individual 
failure  values  to  describs  the  failure  value  expected  in  the  poorest  batch 
uied  in  the  motors*  From  the  correlation  of  Figure  10,  the  intersection 
of  the  lower  3 o  curve  with  the  line  corresponding  to  twice  the  maximum 
expected  motor  strain  should  be  the  highest  temperature,  T»,  at  which 
failure  could  be  expected*  Similarly,  the  Intersection  with  the  calculated 
strain  In  the  motor  of  the  lowest  failure  elongation  expected  from  the  best 
batch  of  propellant,  e^,  would  give  the  lowest  temperature,  T^,  to  which 
any  of  the  motors  coulabe  expected  to  cycle  before  failure* 
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FIGURE  2.  CORRELATION  GF  FAILURE  STRAIN  AT  0°F  WITH  THAT  AT  77°F  FOR  SAME  BATCH 


.TICK  OF  FAILURE  STRAIN  AT  -1jO°F  WITH  THAT  AT  77°F  FOR  SAMS  BATCH 


FIGURE  4.  CORRELATION  OF  FAILURE  STRAIN  AT  -75°F  WITH  THAT  AT  77°F  FOR  SAME  BATCH 


FIGURE  5. 

FAILURE  STRAIN  OF  A  POLYURETHANE  PROPELLANT  WITH 
REDUCED  RATE  OBTAINED  WITH  VERTICAL  SHIFT  FACTOR 
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FIGURE  8. 

FAILURE  STRAIN  OF  A  POLYURETHANE  PROPELLANT 
WITH  TEMPERATURE,  USING  THE  RATE  SHIFT  FACTOR 


FIGURE 


9.  RELATION  OF  LOG  RATE  AND  RATE  SHIFT  FACTOR,  TO  TEMPERATURE 


RELATION  OF  FAILURE  STRAIN  IN  TENSILE  SPECIMENS  TO 
CRACKING  OF  SUBSCALE  TUBULAR  CASE-BONDED  GRAINS  AT 
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FIGURE  11. 

RELATION  OF  STRAIN  AT  MAXIMUM  STRESS  IN  TENSILE  SPECIMENS  TO 
CRACKING  OF  SUBSCALE  TUBULAR  CASE-BONDED  GRAINS  AT  -75°F 


FIGURE  12.  HYPOTHETICAL  PROPELLANT  PROPERTIES  RELATED  TO  MOTOR  STRAIN 


the  effect  of  hydrostatic  pressure  on  the  uniaxial 
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ABSTRACT 


A  method  for  determining  the  stress-atrain  behavior  of  binders  and 
composites  in  the  presenoe  of  hydrostatic  pressure  is  discussed  with  a 
description  of  the  remotely  controlled  test  apparatus*  Test  results  on 
binders  and  various  propellants  are  given  which  support  a  modified  strain- 
energy  criterion  for  predicting  the  large  effect  of  confining  pressure  on 
the  tensile  behavior  of  composites* 

INTRODUCTION 

The  field  of  multi  axial  propellant  testing  is  more  than  adequately 
surveyed  by  J*  H*  C*  Vernon  (1),  particularly  for  tensile  tests  with 
superimposed  hydrostatic  pressure*  P*  J*  Blats  (2)  indicates  the  need 
for  multi  axial  response  behavior  data  to  rectify  various  contemporary 
theories  of  failure  for  composites  such  as  solid  propellants* 

This  report  discusses  one  method  for  obtaining  the  simple  tensile 
behavior  of  composites  prepressurized  up  to  1000  psi*  The  suppression  of 
void  formation  in  tensile  tests  of  composites  by  the  superimposed  pressure 
is  emphasized*  Response  data  at  various  pressures  are  reported  for  poly¬ 
urethane  rubber  and  various  polyurethane  propellants*  Calculations  are 
presented  which  suggest  that  a  total  strain  energy  criterion  nay  be  useful 
for  predicting  the  failure  behavior  of  propellants  in  this  typo  of  stress 
field. 

Additional  data  are  presented  which  substantially  verify  the  analysis 
of  Mllloway  (3)  which  requires  that  the  Young's  Modulus  of  propellants  be 
independent  of  the  superimposed  pressure* 

TEST  METHOD  AND  APPARATUS 


Figure  1  describes  schematically  the  essential  details  of  the  apparatus 
for  obtaining  uniaxial  tensile  testa  with  superimposed  pressure*  The  com¬ 
plicated  auxiliary  features  of  the  apparatus  required  for  remote  operation 
as  dictated  by  safety  considerations  are  not  indicated* 

The  essentials  of  the  strain  gage  —  spring  olip  used  to  continuously 
monitor  one  lateral  dimension  of  a  tensile  specimen  during  extension  are 
shown  in  Figure  2*  This  devioe  is  described  in  more  detail  by  Milloway  and 
Surland  (U)* 

Several  procedures  were  used  in  the  pressurized  tensile  testing*  Tensile 
data  were  taken  with  preaaure  applied  to  the  specimen  prior  to  the  applica¬ 
tion  of  tensile  stresses  and  maintained  constant  throughout  extension  to 
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failure.  In  other  cases,  step  changes  in  pressure  were  made  during  the 
course  of  extension.  All  testing  was  done  at  75  *F.  Tensile  force,  specimen 
width,  and  jaw  separation  were  all  measured  simultaneously  for  each  specimen 
tested.  The  pressure  level  in  the  test  chamber  was  monitored  continuously 
with  a  strain  gage  pressure  transducer.  Some  FV  measurements  were  made  on 
runs  where  the  pressure  level  was  changed  during  tensile  tests.  This  was 
done  to  examine  the  feasibility  of  measuring  PV  energy  exchanges  for  com¬ 
parison  with  the  FdL  energy  differences  measured  at  the  two  pressure  levels. 

Lateral  strain  was  calculated  from  X-T  records  of  the  calibrated  linear 
clip  gage  response  and  based  on  the  initial  dimensions  of  the  specimen  at 
atmospheric  pressure.  Longitudinal  strains  and  FdL  energy  to  break  were 
assessed  from  X-T  records  of  the  jaw  separation  of  the  tensile  grips  and  the 
tensile  load.  Stresses  are  based  on  the  original  cross  section  of  the 
specimen.  An  empirical  relation  suggested  by  Blatz  (5) 
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gave  a  straight  line  fit  for  plots  of  In  (1  ♦  e)  versus  jaw  separation,  of 
slope  3.3.  X  was  obtained  from  photographic  strain  measurements  coordinated 
with  jaw  separation  values,  k  -  3  3  was  found  to  hold  satisfactorily  for 
all  composites  tested.  Above  L7  percent  strain,  a  nominal  gage  length  of 
2.70  Inches  was  assumed  for  the  standard  JANAF  shaped  tensile  specimen. 

These  were  machined  in  the  manner  described  by  Farris  (6). 

Specimen  specific  volumes  were  calculated  from  the  relationship 
(X  lateral)2  x  (X  longitudinal)  -  X  Volume  (2) 

assuming  a  uniform  straining  throughout  the  specimen. 

Various  methods  for  direct  measurement  of  the  actual  longitudinal 
extension  in  the  gage  seotion  of  the  specimen  were  investigated.  Sane  of 
these  showed  promise  but  could  not  be  adapted  to  the  prototype  pressurised- 
t ensile  teeter  described  in  Figure  1,  because  of  limited  access  to  the 
specimen  within  the  2.0  inch  diameter  base  of  the  pressure  chamber. 

An  Improved  pressure-tensile  tester  design  based  on  the  principles  of 
Figure  1,  but  featuring  a  much  larger  test  chamber,  will  permit  more  precise 
investigation  of  the  longitudinal  strain  in  the  future.  The  energy  contri¬ 
butions  to  failure  concerned  with  volume  changes  in  the  specimen  upon 
extension  under  pressure  are  very  sensitive  to  accurate  volume  measurements. 
Both  the  single  point  assessment  of  lateral  width  and  the  exigency  of  using 
2.70  as  a  nominal  gage  length  for  the  JANAF  tensile  specimen  at  elevated 
pressures  are  recognized  as  souroes  of  considerable  error.  Volumetrio 
methods  of  assessing  volume  change  are  being  studied,  especially  in  view' of 
the  etriation  of  propellants  upon  extension  as  observed  by  Bills  (7). 

All  tensile  results  are  reported  for  an  initial  nominal  jaw  separation 
rate  of  2.0  inches  per  minute.  No  provision  was  made  in  the  equipment  to 
maintain  the  jaw  separation  rate  constant  in  the  instances  where  chamber 
pressure  was  changed  during  an  extension  cycle.  However,  for  the  cases 
discussed  below,  where  this  is  important,  pressure  changes  of  500  psig  in 


the  chamber  pressure  resulted  in  chmges  of  10^  or  less  in  the  jaw  separation 
rate.  These  changes  were  determined  to  be  negligible  in  the  shape  and  energy 
content  of  the  stress -strain  curves  for  the  materials  tested* 

THEORY  AND  RESULTS 


Effect  of  Pressure  on  Young's  Modulus 


The  anticipated  strain  behavior  of 
the  pressurised  strain  specimen  can  be 
assessed  from  the  application  of  elas¬ 
tic  theory  to  the  unit  specimen  subject¬ 
ed  to  the  stresses  indicated  in  Figure  3 

The  equation 

€3  -  -|-  (oj  -V<xy  -Vo,)  (3) 


gives  the  relation  between  Young's 
Modulus  (E),  the  stress  (o)  and  strain 
(c)  in  the  X  direction,  and  Poisson's 
Ratio  (v)*  In  this  case  ay  the  com¬ 
bined  tensile  and  hydrostatic  stress  in 
the  X  direction  is  <73  *  crx  -  P,  and  the  lateral  stresses  due  to  the  pressure 
aro  cy  •  az  ■  -P. 

Then  €3  *  (  ®x  -  P  ♦2  V?)  (U) 


FIGURE  3« 

STRESS  CONDITIONS  FOR  FFJ3SSURIZED 
UNIAXIAL  TENSILE  TEST 


or 
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where  AT  -  the  bulk  modulus 
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independent  of  pressure,  and 


1  AV 

T  v 


A2  is  the  unit  volume  strain* 

If 

v 


(7) 

(8) 


The  sketch  of  Figure  U  illustrates 
of  tensile  tests  at  various  pressures* 
It  should  be  noted  here  that  P-0  refers 
to  absolute  zero,  which  is  not  the  or¬ 
dinary  condition  for  ambient  tensile 
testing*  Atmospheric  pressure  may  have 
considerable  effect  on  the  observed 
stress  strain  behavior,  expedLally  for 
composites  cured  under  vacuum*  The 
dashed  stress -strain  curve  for  positive 
pressure  has  been  displaced  to  the  or¬ 
igin  of  the  P-0  curve  to  show  independ¬ 
ence  of  the  initial  elaatio  modulus  on 
the  pressure*  Note  that  E  -  0,^3  only 
when  P-0*  “  " 


the  anticipated  stress -strain  behavior 
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FIGURE  4. 

STRESS -STRAIN  CURVES 
AT  VARIOUS  PRESSURES 


Figuiw  5  compare*  stress -strain  curves  adjusted  to  common  origins  for 
tensile  tests  of  polyurethane  rubber  at  pressures  of  15,  108,  and  510  psia. 

The  coincidence  of  the  curves  at  low  strains  shows  little  if  any  de¬ 
pendence  of  E  on  pressure  level  in  accordance  with  (8).  The  effect  of 
pressure  on  the  breaking  stress  and  strain  cannot  be  assessed  from  this 
limited  series*  The  results  are  averages  for  five  specimens  at  each  pressure 
with  considerable  variation  in  ultimate  stress  and  elongation  within  each  set* 

Stress  strain  curves  for  a  polyurethane  propellant  having  35%  volume 
fraction  binder  and  65%  volume  fraction  filler  are  shown  in  Figure  6* 

Average  curves  are  shown  for  test  chamber  pressures  of  36  psia  and  512  psia* 
The  spread  in  each  set  is  shown  by  the  lightly  dashed  curves.  The  origins 
are  adjusted  for  comparison  and  show  the  initial  moduli  to  be  unaffected  by 
pressure*  It  is  interesting  to  note  that  failure  occurred  in  the  512  psia 
specimens  while  the  combined  stress  in  the  direction  of  extension  was 
compressive* 


ENERGY  CONSIDERATIONS  UPON  EXTENSION  TO  FAILURE 


Lateral  contraction  data  for  this  series  is  presented  in  Figure  7* 

Both  stress  and  lateral  contraction  were  obtained  by  simultaneous  X-Y  record¬ 
ings  of  these  parameters  as  a  function  of  jaw  separation*  The  lightly  dashed 
curves  on  either  side  of  the  average  curve  show  the  wide  variability  in  both 
lateral  contraction  and  ultimate  elongation  between  individual  specimens  in 
a  set* 

Calculated  volumes  for  the  specimens  as  a  function  of  elongation  from 
the  data  of  Figure  7  show  that  on  the  average  significant  volume  changes 
occur  upon  extension  even  with  superimposed  pressures  of  512  psia* 

The  work  done  by  the  pressurized  gas  of  the  chamber  on  the  specimen  may 
be  equated  to  the  work  of  volumetric  expansion  of  the  specimen  caused  by  void 
formation  upon  extension.  The  thermoelastic  expression 

d£  -  TdS  -  PdV  ♦  FdL  (9) 

relates  the  various  forms  of  energy  developed  in  the  pressurized  tensile 
dumbbell  upon  extension  to  the  total  energy  g. 

TdS  la  a  measure  of  the  energy  changes 
associated  with  Temperature  T  and  Entropy  S* 

-  PdV  is  the  work  of  dilatation  for  pressure 
P  and  Volume  V. 

FdL  ia  the  load-extension  increment  of  work. 

The  thermoelastio  properties  of  propellants  are  such  that  the  TdS  term 
in  (9)  contributes  less  than  1%  to  the  total  energy  and  is  neglected  in  the 
gross  energy  discussions  that  follow  for  uniaxial  extension  of  pressurized 
composites* 

A  total  strain  energy  criterion  for  failure  in  the  case  of  pressurized 
tensile  testa  would  require  that 
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FdLp^  -  PdVp^  and  d€p^ 


FdLP2  -  PdVP2 


For  data  taken  from  the  pressure  tensile  results  shown  in  Figures  6  and  7* 
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in -lb 


-  103 


in-lb 

in3 


These  results  appear  to  be  negative.  However,  the  uncertainties  of  the 
volume  measurements  at  high  pressures  preclude  conclusions  one  way  or 
another*  Rearrangement  of  (10)  to 

PdV512  "  Fd%12  "  (FdL36  “  PdV36)  (n) 

and  calculation  of  the  volume  change  at  higi  pressure  required  to  satisfy 
the  strain  energy  hypothesis  from  the  experimentally  less  critical  terms  on 
the  right  side  of  (11)  results  in  a  calculated  volume  increase  of  20.  U 
percent  at  break*  The  heavy  dashed  curve  shows  the  average  lateral  contrac¬ 
tion  and  extension  of  the  5  specimens  tested  at  512  psla  for  20. U  percent 
volume  change  at  break*  In  any  case,  the  unusual  volumetric  changes  in 
composites  upon  extension  warrant  more  careful  measurements  of  their  response 
to  multi axial  stresses  and  further  study  of  strain  energy  relationships,  at 
least  in  the  limited  pressure  ranges  of  interest  in  solid  propellants* 


Further  experiments  are  planned  to  examine  the  effect  of  increasing 
pressure  on  the  ultimate  stress  and  elongation*  Tensile  behavior  as  a 
function  of  hydrostatic  pressure  level  was  obtained  on  six  solid  propellants 
representing  considerable  variation  in  composition,  particularly  in  the 
amount  and  character  of  the  oxldisers  or  fillers*  The  effect  of  pressure 
for  one  formulation,  shown  graphically  in  Figure  8,  was  generally  character¬ 
istic  of  the  behavior  of  all  the  composites  tested*  Maximum  pressures  of 
600  psig  have  been  used  in  testing  to  date*  This  range  will  be  extended 
with  improved  equipment  to  at  least  2000  psig* 

TENSILE  TESTS  WITH  STEP  CHANOES  IN  PRESSURE 


Figures?  and  10  are  tensile  and  lateral  contraction  curves  (Specimen 
No*  22)  representative  of  the  behavior  of  propellant  specimens  subjected 
to  rapid  changes  in  the  test  pressure  levels*  The  two  extrapolated  portions 
of  this  curve  correspond  quite  well  with  the  average  behavior  of  this 
composite  at  similar  pressure  levels  as  shown  in  Figure  6*  Some  hlgi  degree 
of  reversibility  is  indicated  in  the  energy  contribution  of  the  dilatation 
in  going  from  one  pressure  state  to  another*  Specimens  which  are  extended 
at  high  pressure  beyond  their  ultimate  elongation  at  low  pressure  failed 
immediately  upon  rapid  reduction  of  pressure  in  the  test  chamber* 


The  difference  in  FdL  energy  between  the  low  pressure  and  high  pressure 
tensile  curves  at  the  extension  for  which  the  pressure  shift  applies  was 
found  to  be  9.3  in-lb/in’  by  graphical  integration  for  the  example  of 
Figures 9  end  10.  Integration  of  the  PV  equation  proposed  by  Milloway  and 
Surland  (U) 
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where:  V*  ■  volume  for  material  with  voids 

V  ■  volume  for  void-free  material  (i.e.t  ■  0) 
cT  ■  volume  fraction  voids  (17*#) 

P  ■  hydrostatic  pressure  (UO  -  505  psia) 

/i  “  shear  modulus  (550  psi) 

K  “  bulk  modulus  (void-free) (.70  x  10°  psi) 

for  compositics  containing  voids  between  the  pressure  limits  of  1*0  to  505 
psia  gives  a  value  of  11.7  in -lb/in  3  for  the  energy  of  compression  between 
these  curves.  The  agreement  in  these  results  supports  the  suggestion  of 
reversibility  in  the  work  of  dilatation  in  the  pressurised  tensile  test. 

The  estimated  properties  of  the  material  constants  used  in  this  calculation 
are  given  following  the  identification  of  the  symbols. 

Table  I  is  a  summary  of  the  results  of  energy  calculations  on  inter¬ 
rupted  pressure  tests  such  as  for  specimen  No.  22  in  Figures  9  and  10. 
Similar  results  are  shorn  for  the  specimens  of  Figures  6  and  7.  Such 
calculations  for  the  interrupted  tests  required  extrapolation  of  the  low 
pressure  portions  of  the  stress-strain  and  lateral  contraction  records  to 
failure  on  a  best  judgement  basis-considering  the  average  behavior  for 
similar  low  pressure  tests  mid  symmetry  with  the  high  pressure  portions  of 
the  records.  Inspection  of  Table  I  shows  considerable  variation  of  the 
total  energy  to  break,  as  before.  However,  on  the  average  these  data 
support  a  maximum  strain  energy  criterion  as  a  first  approximation  for  a 
range  of  pressures  of  interest  In  applications  of  solid  rocket  propellant. 

At  this  stage  in  the  development  of  a  theory  of  failure  for  composites,  even 
first  approximations  may  have  a  place.  Current  objectives  are  to  improve 
the  procedures  and  equipment  for  obtaining  pressurised  tensile  data.  These 
data  will  be  used  to  test  various  failure  criteria. 
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a.  Specimens  with  change  in  pressure  level  during  tensile  test. 


Specimen  FdL  Energy  Extension  Total  energy  Volume  change 
number  to  break  at  break  to  break  at  break 

(in-lb/in3)  (per  cent)  (in-lb/in3)  (per  cent) 
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93 
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22* 

62 

116 

84 

99 

50 

46 

.305 

.135 

Average 

64 

125 

86 

103 

53 

63 

.290 

.144 

b.  Average  values  for  five  -40  peia  and  five  -•515  psia  uninterrupted 
specimens. 


59  154  87  120  52  103  .200  .100 


*  Tensile  and  lateral  contraction  curves  for  this  specimen  are  shown  in 
Figures  9  and  10. 

**  Tensile  and  lateral  contraction  curves  showing  the  average  and  range 
for  these  specimens  are  shown  in  Figures  6  and  7. 
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PRESSURIZED  TENSILE  TEST 


FIGURE  2.  LATERAL  CLIP  GAGE  AND  END-BONDED  TENSILE  SPECIMENS 


FIGURE  5. 

STRESS -STRAIN  CURVES  FOR  POLYURETHANE  RUBBER  TESTED 
AT  CONSTANT  PRESSURES  OF  V),  10U,  AND  510  PS1A. 
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FIGURE  6. 

STRESS -STRAIN  CURVES  FOR  PROPELLANTS  TESTED  AT  CONSTANT  PRESSURES  OF  -v40 
AND  —515  PSIA  FOR  WHICH  LATERAL  CONTRACTION  DATA  ARE  SHOWN  IN  FIGURE  7 
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FIGURE  8. 

TYPICAL  STRESS -STRAIN  CURVES  FOR  PROPELLANTS  TESTED 
AT  VARIOUS  CONSTANT  PRESSURES  TO  600  PSIA 
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FIGURE  10. 

LATERAL  CONTRACTION- -JAW  SEPARATION  CURVE  FOR  PROPELLANT 
SPECIMEN  SUBJECTED  TO  SEVERAL  PRESSURE  LEVELS 


THE  TENSILE  BEHAVIOR  OF  COMPOSITE  PROPELLANTS1 
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ABSTRACT 


The  three-dimensional  stress -strain-time  surface  generated  in 
uniaxial  tensile  testing  at  constant  strain  rates  is  discussed.  Implications 
for  constant  stress -rate,  creep,  and  stress  relaxation  experiments  are  indi¬ 
cated.  The  generated  failure  surface  and  interrelations  to  be  expected  for 
failure  under  a  given  set  of  test  conditions  are  discussed  in  qualitative  terms. 

INTRODUCTION 

In  this  paper  we  shall  represent  the  tensile  behavior  of  a  propellant 
as  a  three  dimensional  plot  of  stress,  strain,  and  time,  and  on  this  surface 
trace  the  course  of  experiments  do.. a  at  constant  strain  rate,  constant  strain 
(stress  relaxation),  constant  stress  (creep),  and  constant  loading  rate.  In 
particular,  we  shall  discuss  creep  and  constant  strain  tests  as  a  method  of 
evaluating  propellants;  examine  the  failure  surface  portion  of  this  total  prop¬ 
erty  surface,  and  compare  the  failure  surface  with  the  normal  failure  curves 
of  tensile  strength<rm  vs  log  time,  or  strain  at  maximum  stress  vs  log 
time.  Normal  time -temperature  superposition  will  be  assumed  and 
employed  throughout.  Failure  will  be  defined  as  the  set  of  properties  asso¬ 
ciated  with  am  and  «m;  actual  failure,  or  break  properties,  will  be  discussed 
in  terms  of  a  rupture  curve  or  a  rupture  surface. 

PREVIOUS  REPRESENTATIONS  OF  DATA 

In  the  past  analysis  of  tensile  data  has  lead  to  the  construction  of  the 
failure  curves;  log  <7m  vs  log  t,  Fig.  1;  €m  vs  log  t,  or  log  cm  vs  log  t, 

Fig.  2,  and  the  reduced  stress -strain  plot.  Fig.  3.  The  time -dependence 
of  the  stress  relaxation  modulus  can  be  derived  from  the  slope  of  plots  such 
as  Fig.  3  (Ref.  1).  However,  it  is  very  hard  to  see  in  Fig.  3  how  the  failure 
curves  of  Fig.  1  and  2  intersect  the  reduced  stress -strain  curve.  The  indi¬ 
vidual  stress -strain  curves  have  been  divided  by  the  strain  rate  and  then 
shifted  at.  a  45-deg  angle  to  effect  superposition- -therefore,  the  curve  shown 
in  Fig.  3  is  repetitively  crossed  by  a  failure  line.  More  important  than  this 
difficulty  of  visualizing  the  interaction  of  the  failure  lines  with  the  composite 
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stress -strain  line  is  the  fact  that  a  more  definitive  failure  plot  has  generally 
not  been  considered.  Thus,  one  has  also  the  possibility  of  a  plot  of  <rm  vs 
trn.  This  failure  curve  is  of  especial  importance  because  it  is  independent 
of  time.  Figure  4  shows  such  a  stress -strain  failure  plot  together  with  the 
individual  stress -strain  curves  for  2  in.  /min  data  at  various  temperatures. 
Here  the  stress  is  based  on  the  original  cross  sectional  area,  the  measured 
quantity.  Note  that  the  scatter  of  the  failure  points  seen  in  Fig.  2  is  con¬ 
siderably  reduced.  Smith  (2)  found  this  to  be  true  for  SBR  rubber  and  in  fact 
obtained  the  same  curve  for  constant  strain  rate  and  constant  strain  data, 
indicating  that  this  failure  curve  is  independent  of  the  process  by  which  the 
stress  or  strain  is  applied. 

THREE-DIMENSIONAL  PROPERTY  SURFACES 

Now  let  us  replot  the  data  isometrically  as  shown  in  Fig.  5  and  sketch 
in  the  remainder  of  the  surface.  It  is  an  ascending  surface  in  the  direction 
of  increasing  strain  and  decreasing  time.  A  maximum  in  the  stress  is 
observed  along  any  isochronal.  The  individual  stress -strain  curves  of 
Fig.  4  are  almost  isochronal  data  when  considered  in  terms  of  the  log  time 
scale.  Actually,  the  projections  of  these  curves  on  the  e -t  plane  are  straight 
lines  of  unit  slope.  For  the  present  scale,  this  means  they  are  tilted  slightly 
from  a  constant  time  axis.  Projection  of  the  maxima  of  these  curves  to  the 
three  planes,  as  shown  in  Fig.  5,  gives  the  failure  curves  of  Fig.  1,  2,  and 
4.  Thus  the  failure  surface  is  a  vertical  surface  whose  upper  end,  the  fail¬ 
ure  line,  describes  a  twisting  ascent  through  space  as  indicated.  The  frac¬ 
ture  surface  follows  a  similar  path.  In  performing  tensile  experiments, 
therefore,  one  can  travel  over  any  portion  of  the  cr  -  c  -  t  surface  to  the  left 
of  the  rupture  cliff, but  once  reaching  it,  must  inevitably  fall  over  the  brink  to 
destruction. 

Before  turning  to  the  various  experimentally  accessible  paths  which 
can  be  traced  out  on  the  surface,  it  should  be  pointed  out  that  the  constant 
strain  rate  data  can  be  converted  to  isochronal  data  and  tested  for  separation 
of  time  and  strain  as  has  been  done  for  SBR  f3).  This  work  is  now  in  prog¬ 
ress  and  for  a  given  propellant  seems  a  feasible  and  promising  approach. 

The  normal  paths  experimentally  available  are  constant  strain  rate, 
stress  relaxation,'  and  creep.  Constant  loading  rate  is  untried  as  yet,  but 
offers  some  important  advantages  over  constant  strain  rate.  Therefore,  we 
shall  make  a  prediction  as  to  the  observed  behavior.  Finally  we  shall  wish 
to  consider  the  cumulative  damage  concept  and  to  make  a  comment  on  the 
question  of  reduced  variables  and  its  meaning  for  this  surface. 

SOME  EXPERIMENTALLY  AVAILABLE  PATHS 


Constant  strain  rate.  Constant  strain  rate  data  is  shown  in  Fig.  4 
and  5  and  need  not  be  considered  again.  The  inclination  of  the  constant 
strain-rate  curves  from  isochronal  lines  is  so  slight  as  to  be  completely 
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masked  in  these  projections,  and  can  only  be  seen  when  looking  directly 
down  on  the  surface,  see  Fig.  2  for  a  projection  of  a  2 -in.  / min  test. 

Stress  Relaxation.  Taking  stress  relaxation  data  means  following  the 
stress  level  along  an  isostrain,  e.g. ,  line  ABC  in  Fig.  4.  Thus  the  course 
of  stress  relaxation  can  be  followed  by  computing  the  equivalent  time  for  the 
intersection  of  a  given  strain  line,  e.g. ,  1%  or  40%,  with  the  constant  rate 
data  in  Fig.  4  or  5.  The  very  important  point  then  to  ask  is,  what  is  the 
course  of  the  stress  relaxation  as  the  stress  passes  the  failure  line  corres¬ 
ponding  tocrni?  In  some  cases  the  answer  can  be,  surprisingly,  NOTHING. 
Figure  6  is  an  illustration  for  40%  strain  for  another  propellant.  The  arrow 
indicates  where  in  time  the  locus  has  passed  over  the  failure  line  or  the 
"hump"  of  the  property  surface.  For  this  propellant  no  inflection  shows. 

This  points  out  a  weakness  of  the  constant  strain  tests.  Unless  there  is  a 
sharp  drop  in  the  stress  beyond  the  maximum  in  the  usual  load -time  or 
stress -time  curve,  there  will  be  no  indication  of  the  failure  point  in  the  con¬ 
stant  strain  test,  even  when  monitored  with  a  load  cell  to  measure  stress 
relaxation.  Furthermore,  somewhere  in  the  region  of  the  failure  line,  the 
Bample  will  actually  undergo  internal  creep,  and  so  the  test  is  no  longer 
being  conducted  at  constant  strain.  Instead  the  strain  is  constantly  diminish¬ 
ing  with  time  and  so  the  locus  will  ter  A.  to  run  parallel  to  the  course  of  the 
failure  line,  though  on  the  high -strain  side.  This  will  tend  to  prevent  the 
sample  from  reaching  the  rupture  surface.  , 

Figure  6  also  compares  the  stress  relaxation  modulus  calculated  at 
1%  strain  with  that  calculated  from  the  reduced  stress -strain  plot.  The 
latter  can  be  taken  as  an  accurate  small -strain  modulus.  The  agreement  at 
1%  is  good,  as  it  should  be.  The  disagreement  represents  the  inevitable 
error  to  be  expected  when  trying  to  measure  a  modulus  from  an  Instron 
curve  at  1%  strain.  This  inaccuracy  is  smoothed  out  in  the  curve  calcul¬ 
ated  from  reduced  stress -strain  plots  such  as  Fig.  4,  since  here  the  modu¬ 
lus  is  derived  from  an  average  curve  based  on  segments  of  the  individual 
or  -  « curves.  The  disagreement  at  40%  strain  simply  reflects  the  nonlinear¬ 
ity  of  the  <r  -  e  curve.  Use  of  an  appropriate  strain  function  to  convert  the 
stress  to  a  reduced  stress  as  in  Ref.  3,  should  alleviate  much  of  this  "dis¬ 
crepancy.  " 

Creep.  Taking  creep  data  means  following  the  strain  level  along  an 
iso-stress,  e.g.,  line  DEF  in  Fig.  4.  But,  in  contrast  to  stress  relaxation 
experiments,  there  is  a  marked  and  characteristic  change  in  the  course  of 
events  after  the  failure  line  is  passed.  From  E  to  F  the  strain  increases 
rapidly  in  a  short  span  of  time.  This  gives  rise  to  what  has  been  termed  the 
linear  (D-E)  and  power  law  (E-F)  portions  of  creep  curves  (t).  Previously 
the  critical  time  tc  at  which  the  power  law  behavior  begins  had  been  asso¬ 
ciated  with  dewetting  and  oyn  of  the  constant  strain  rate  tests. 

Figure  7  shows  a  calculated  creep  curve  for  the  same  propellant  as 
Fig.  fi,  illustrating  the  linear  and  power  law  portions,  and  compares  these 
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values  with  the  reciprocal  modulus  obtained  from  the  slope  of  the  reduced 
stress -strain  plot.  The  agreement  is  very  good  except  at  small  strains, 
where  the  same  advantage  of  an  averaged  <r  -  «  curve  is  again  in  evidence, 
and  at  large  strains  where  the  failure  line  has  been  exceeded.  The  good 
agreement  is  possibly  fortuitous  and  so  must  be  checked  by  experiment.  Such 
experiments  have  been  performed,  but  the  results  were  not  available  at  the 
time  this  paper  was  written.  For  the  moment  we  can  only  say  that  the  shape 
of  creep  curves  arid  the  correlation  of  tc  with  the  lime  required  to  reach  crm, 
tm  has  been  given  a  more  rational  foundation. 

It  is  important  to  reiterate  the  greater  utility  of  creep  as  opposed  to 
stress  relaxation  experiments,  i.  e. ,  the  constant  strain  test.  Failure  and 
rupture  are  always  well-defined  experimental  points  in  creep  and  do  not 
depend  on  a  practiced  eye  for  their  detection. 

One  of  the  reasons  for  initially  trying  the  constant  strain  test  was  the 
supposition  that  in  actual  service  the  propellant  might  blanch  (fail,  under 
present  definition),  relieve  itself,  and  thus  prevent  rupture.  When  the  test 
is  used  in  this  sense,  to  test  for  rupture,  and  taking  the  appearance  of  micro¬ 
scopic  tears  as  an  end  point,  it  can  still  be  relatively  good.  However,  when 
a  subjective  measure  of  internal  flaws  is  used,  the  test  is  really  a  measure 
of  the  failure  time,  and  the  latter  can  be  determined  more  readily  and  with 
more  certainty  by  constant  rate  experiments  (though  at  higher  temperatures) 
or  by  creep, 

Constant  loading  rate.  Constant  loading  rate  experiments  are  traced 
out  by  the  projection  of  straight  lines  such  as  indicated  in  Fig.  1  onto  the 
property  surface.  The  results  are  omitted  in  the  isometric  figures  for 
clarity  there  and  are  indicated  schematically  in  Fig.  8.  The  stress -strain 
plot  would  be  flatter  than  the  constant  strain  rate  curves,  with  a  rather 
sharp  inflection  in  the  region  where  the  strain  rate  data  begins  to  be  non¬ 
linear.  On  the  other  hand,  the  strain -time  plot  shows  an  abrupt  change  in 
slope  at  the  failure  stress,  similar  to  that  seen  with  creep.  Note  that  as  the 
constant  strain-rate  plot  flattens  out  and  it.  becomes  more  difficult  to  evalu¬ 
ate  the  inflection  in  the  strain -time  plot  for  constant  loading  rate  data  is 
predicted  to  become  more  marked.  This  implies  that  we  are  over -looking 
an  important  test. 

Cumulative  strain  damage.  According  to  the  cumulative  strain 
damage  concept,  if  one  has  progressed  to  some  fraction  of  the  total  strain 
available  at  a  given  rate,  then  the  same  fraction  of  the  strain  available  at  any 
other  rate  is  exhausted. 

This  can  only  be  correct  when  the  failure  envelope  varies  linearly 
with  time.  Over  short  ranges  of  time  scale  this  is  approximately  true,  but 
Fig.  2  shows  that  the  envelope  is  much  better  described  as  an  exponential. 
Thus  the  approximation  would  be  valid  only  when  the  strain  rate  range  is  not 
varied  too  widely.  When  the  em-tm  curve,  plotted  in  linear  coordinates,  is 


convex  upward,  the  sample  will  have  a  greater  life  expectancy  than  predicted 
and  conversely  if  the  fm*tm  curve  is  concave. 

Figure  9  shows  in  log -log  coordinates  the  projection  of  the  strain 
history  for  samples  tested  at  two  rates  differing  by  a  factor  of  100,  and  for 
samples  tested  at  one  rate  to  4%  strain  and  then  taken  to  failure  at  the  sec¬ 
ond  rate.  Detailed  analysis  has  shown  that  the  cumulative  damage  theory 
gives  the  correct  breaking  time  with  failure  envelope  3,  but  underestimates 
the  lifetime  with  envelope  A. 

Note  that  in  the  initial  period  after  the  change  from  low  to  high  speeds, 
the  sample  is  strained  very  rapidly,  almost  isochronally.  This  has  an  inter¬ 
esting  effect  in  that,  while  working  at  low  temperatures  in  the  region  where 
is  just  beginning  its  rapid  rise,  it  might  be  possible  to  give  a  small  elon¬ 
gation  at  a  very  low  rate,  switch  to  a  high  rate,  and  achieve  a  greater  break¬ 
ing  elongation  than  would  be  possible  with  a  straightforward  test  at  the  high 
rate  alone. 

In  subsequent  work  we  hope  to  examine  a  surface  based  on  the  total 
work  expended  on  the  sample  during  tensile  testing.  Then  the  cumulative 
work  damage  concept  can  be  examined. 

TIME -TEMPERATURE  SUPERPOSITION 


Time -temperature  superposition  has  been  explicitly  assumed  to  be 
obeyed  in  deriving  the  cr  -  €  -  t  surface.  This  means  that  at  any  given  tem¬ 
perature  the  Instron  can  scan  about  three  decades  of  time.  Figures  4  and  5 
show  that  a  large  portion  of  the  surface  is  portrayed  by  only  a  two -decade 
spread  in  testing  speeds.  If  time -temperature  superposition  does  not  hold, 
then  one  may  legitimately  question  the  shape  of  the  surface  at  either  shorter 
or  longer  times.  In -particular,  aging  at  higher  temperatures  could  lead  to  a 
lowering  of  the  stress -strain  curves  in  Fig.  4.  If  the  curves  were  mis¬ 
takenly  superposed,  this  would  broaden  the  "maximum"  of  the  <rm  -  em  line. 
Predictions  of  lifetime,  e.g, ,  along  line  ABC,  would  thus  be  erroneously 
high. 


CONCLUSIONS 

It  has  been  shown  that  examination  of  the  three-dimensional  tensile 
property  surface  consisting  of  stress,  strain,  and  time  gives  additional 
insight  into  the  behavior  of  composite  propellants.  The  reason  for  the  indis¬ 
tinct  "end  point”  in  constant  strain  tests;  the  correlation  between  the  critical 
time  tc  in  creep  and  the  time  to  maximum  load  tm  in  constant  strain  rate 
tests;  and  the  characteristic  shape  of  creep  curves  are  all  explained.  The 
shape  of  the  constant  rate  of  loading  curve  is  deduced.  A  variation  on  the 
cumulative  damage  concept  is  proposed  in  which  the  rupturcor  failure  curves 
arc  assumed  to  be  characteristic  of  a  specimen  and  all  tests  performed  on 


the  sample  trace  out  some  locus  on  the  <r  -  c  -  t  surface.  Since  time  can 
never  be  reversed,  the  sample  is  inevitably  made  to  approach  failure. 
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FIGURE  1.  TYPICAL  REDUCED  TENSILE  STRENGTH  CURVE 
Propollunt  2531.  T  =  263“K 
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FIGURE  2.  STRAIN  AT  MAXIMUM  <m  vs  REDUCED  TIME 

Propellant  2531.  Both  semi -log  and  log- log  repre¬ 
sentation  is  shovn.  T^  =  263°K 
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FIGURE  4.  THE  FAILURE  CURVE  and  erb-«b 

Propellant  253 1 .  Also  shown  are  all  the  stress 
strain  data  at  2  in. /min  for  the  temperature 
where  that  rate  was  used,  *\nd  the  -10°F  data 
at  four  different  rates.  Line  ABC  and  DEF  are 
explained  in  the  text. 


FIGURE  5. 

TENSILE  PROPERTY  SURFACE.  Propella’"*'  253I.  Failure  curves  are  indicated  by 
heavy  lines;  rupture  curves  by  dotted  lines;  and  individual  stress-strain 
curves  by  light  lines.  The  rupture  surface  is  not  sketched  in  because  the 
failure  surface  lies  behind  it. 


FIGURE  6. 

STRESS  RELAXATION  MODULUS  CALCULATED  FROM  A  COMPOSITE  STRESS -STRAIN  CURVE, 
FROM  INDIVIDUAL  STRESS -STRAIN  CURVES  AT  1#  AND  FROM  INDIVIDUAL  CURVES 
AT  Ho fo  STRAIN.  In  the  latter  case  there  In  no  indication  an  to  uhon  the 
tent  had  panned  beyond  the  failure  envelope. 


CREEP  STRAIN  AT  50  psi  FOR  THE  PROPELLANT  OF  FIGURE  6.  Calculated  from 
constant  strain  rate  data  and  compared  with  that  calculated  from  the 
modulus  obtained  from  the  reduced  stress-strain  curve. 


FIGURE  8. 

SCHEMATIC  REPRESENTATION  OF  STRESS - 
STRAIN  AND  STRESS -TIME  DATA  AT 
CONSTANT  RATES  OF  STRESS  LOADING 
AS  COMPARED  WITH  THE  STRESS -STRAIN 
OR  STRESS -TIME  CURVES  SEEN  IN 
CONSTANT  STRAIN  RATE  TESTS 


FIGURE  9. 

PROJECTION  OF  THE  STRAIN  HISTORY  OF 


SAMPLES  TESTED  AT  DIFFERENT  RATES 
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ABSTRACT 

Methods  and  apparatus  for  measuring  directly  the  lateral  compliance  of 
tensile  specimens  and  the  uniaxial  compliance  of  small  bars  stressed  hydro¬ 
statically  are  described  and  discussed.  Test  results  on  binders  and  compo¬ 
sites  are  presented  which  relate  to  the  change  in  volume  of  propellant 
specimens  during  uniaxial  extension  and  their  initial  void  content  as 
assessed  from  the  hydrostatic  compliance  data.  Correlation  between  initial 
void  content  and  subsequent  void  formation  on  extension  of  composites  is 
demonstrated • 


INTRODUCTION 


Considerable  effort  haa  been  devoted  to  devising  reliable  methods  for 
measuring  the  bulk  modulus  of  composites  such  as  solid  rocket  propellants. 
Aside  from  its  basic  nature  as  a  material  property,  intimately  related  to 
other  elastic  and  thermoelastic  properties,  the  bulk  modulus  shows  great 
promise  for  assessing  the  nature  of  other  important  but  difficult  to  measure 
properties  of  propellants  in  a  nondestructive  way. 

Compressibility  determinations  on  crystalline  materials  and  metals  are 
complicated  by  the  extreme  pressures  required  and  the  minute  deformations 
that  must  be  measured.  P.  W.  Bridgman  (l)  has  contributed  the  bulk  of  the 
contemporary  published  data  in  this  field.  Relatively  little  work  or  exper¬ 
imental  hydrostatic  compliance  data  is  reported  for  polymers  or  plastics, 
aside  from  dynamic  measurements. 

Fortunately,  propellants  are  quite  compressible  compared  with  metals, 
and  small  deformation  measurements  have  become  common  in  recent  years.  The 
hydrostatic  compliance  of  composites  can  be  readily  determined  with  rela¬ 
tively  low  pressure  equipment  and  various  commercial  low  force  deformation 
transducers  (2).  Even  the  dangerous  nature  of  the  closed  bomb  bulk  modulus 
test  for  solid  propellants  can  be  offset  by  remote  operation  of  the 
test  equipment. 

Hydrostatic  compliance  measurements  are  used  in  several  ways  to  assess 
the  degree  of  consolidation  in  composites*  A  surprising  spatial  variation 
of  the  amount  of  included  voids  Is  shown  to  exist  within  a  gallon  carton  of 
cast  solid  propellant.  Preliminary  data  illustrate  the  manner  in  which 
hydrostatic  compliance  measurements  can  be  used  as  a  screening  test  in 
choosing  more  nearly  identical  specimens  for  other  highly  variable  mechan¬ 
ical  property  tests  auoh  as  the  tensile  test.  Or,  when  the  effect  of  initial 
voids  on  the  mechanical  properties  is  known,  the  uaual  high  variability  may 
be  accounted  for  by  pretesting.  The  amount  of  void  space  in  well-consoli¬ 
dated  propellant  is  shown  to  be  so  small  as  to  be  impractical  to  assess  by 


common  means  such  aa  density  determinations.  However,  the  compressibility 
of  composites  is  decidedly  affected  by  the  amount  of  voids  usually  found  in 
these  materials.  The  amount  of  voids  present  in  well -eons olid a ted  compo¬ 
sites  may  be  larger  than  the  volume  change  in  void  free  material  at  the  usual 
range  of  pressures  associated  with  the  use  and  testing  of  these  materials. 

An  equation  for  the  hydrostatic  compliance  of  composites  with  the  volume 
fraction  voids  as  a  modifying  parameter  is  presented  and  compared  with  meas¬ 
ured  behavior.  As  a  working  model,  the  composite  was  considered  to  be  an 
otherwise  homogeneous  mass  of  known  properties  containing  multitudinous 
minute  voids.  The  compliance  of  each  void  and  the  material  surrounding  it 
were  taken  to  be  commensurate  with  that  of  an  externally  pressurized  thick 
wall  hollow  sphere.  For  small  void  content,  the  proposed  equation  reduces 
to  a  simple  useful  form  Independently  proposed  by  Biils  (3).  This  simple 
form  is  adequate  until  the  considered  void  content  greatly  exceeds  that  of 
well-consolidated  propellants . 

Unpublished  data  of  the  past  two  years  indicates  that  composites  are 
essentially  isotropic  in  pure  hydrostatic  compression.  The  uniaxial  com¬ 
pliance  of  hydrostatically  stressed  specimens  then  suffices  to  determine 
the  bulk  modulus.  A  detailed  description  of  compliance  measurements  has 
been  reported  previously  (2),  and  method  descriptions  here  will  be  limited 
to  important  new  details  such  as  the  aneeiraen  size  and  uniaxial  treatment. 

A  device  for  measuring  the  lateral  contraction  of  tensile  dumbbells  is 
described.  However,  it  Is  limited  to  use  with  composites  that  do  not  exhibit 
striation  or  non-uniform  void  formation  as  described  by  Bills  (4). 

A  correlation  between  void  formation  upon  extension  and  initial  void 
content  is  presented.  The  principle  by  which  the  extremely  precise  hydro¬ 
static  compliance  measurements  may  be  used  to  assess  the  effect  of  initial 
void  content  is  indicated.  The  degree  to  which  other  properties  may  be 
affected  by  initial  void  content  will  require  precise  measures  of  the  volume 
changes  by  means  other  than  the  clip  gage  since  many  composites  striate  upon 
extension.  Volumetric  measurements  are  being  considered  for  further  study  (5). 

METHODS  AND  EQUIPMENT 
Bulk  Modulus  Tests 

Figure  1  shows  schematically  the  method  for  measuring  the  uniaxial 
hydrostatic  compliance  of  composite  specimens.  These  were  nominally  four 
inches  by  one-half  inch  by  three-eighths  inch,  with  corners  sanded  to  fit 
the  inside  diameter  of  the  pressure  tube.  Small  metal  tabs  were  cemented 
to  the  ends  of  the  specimens.  The  differential  transformer  core  was  fixed 
to  the  top  specimen  tab,  while  the  bottom  tab  supported  the  specimen  in  the 
pressure  chamber.  The  body  of  the  differential  transformer  was  supported 
by  the  test  stand  coaxially  about  the  pressure  chamber,  specimen,  and  core. 
Translation  of  the  transformer  was  provided  by  a  micrometer  screw  connection 
to  the  test  stand  for  direct  calibration  of  longitudinal  deflection  of  the 
core  with  respect  to  the  body  of  the  transformer. 

After  enclosing  the  test  specimen  in  the  chamber,  silicone  fluid  was 
introduced  to  a  level  above  the  core.  This  prevented  heat  transfer  from  the 


pressurized  gas  to  the  specimen  during  pressurization.  Pressure  was  intro¬ 
duced  by  throttling  from  a  high  pressure  source  to  the  chamber  et  a  nominal 
rate  of  100  psi  per  second. 

An  X-Y  millivolt  recorder  was  used  to  record  longitudinal  compliance 
as  a  function  of  chamber  pressure.  Such  records  show  a  remarkable  linearity 
between  pressure  and  compliance  from  0  to  1500  psig  for  void  free  polyure¬ 
thane  rubber.  Similar  linear  behavior  is  also  obtained  for  composites  with 
minimal  void  content  beyond  an  initial  region  of  high  compliance  at  low 
pressures. 

Two  sets  of  compliance  measurements  are  reported.  A  cylindrical  gallon 
casting  was  divided  into  17  equal  spaced  regions  along  the  orthogonal  diam¬ 
eters.  A  bulk  modulus  specimen  was  machined  from  each  subsample  at  nominally 
the  same  elevation  in  the  eesting.  The  region  of  sampling  and  the  results 
of  bulk  modulus  tests  and  assessed  void  content  are  shown  in  Figure  2. 

Lateral  Contraction— Extension  Measurements 

A  second  set  of  specimens  were  obtained  in  a  similar  way.  These  were 
bonded  to  flats  on  wooden  cylinders  to  prepare  tensile  specimens  as  indicated 
in  Figure  3*  Lateral  contraction  of  one  dimension  was  obtained  on  six  spec¬ 
imens  with  the  deflection  clip  gage  and  method  described  in  the  following 
section.  Bulk  modulus  measurements  were  then  taken  on  these  specimens  to 
compare  the  void  formation— extension  data,  for  each  specimen. 

VOID  FORMATION  ON  UNIAXIAL  EXTENSION 

The  lateral  contraction  clip  gage  consists  of  a  split  spring  steel  ring 
fitted  with  four  strain  gage  patches  to  form  the  usual  Wheatstone  Bridge 
transducer  circuit.  Plexiglas  pads  one-fourth  inch  square  are  fastened  with 
flexible  cement  to  the  ends  of  the  split  ring.  The  flat  surface  of  the  pad 
is  fitted  with  a  tiny  rubber  thread  on  the  surface  that  contacts  the  sides 
of  the  specimen.  This  threed  is  perpendicular  to  the  direction  of  straining 
when  the  gage  is  installed  end  serves  to  maintain  the  clip  at  a  fixed  longi¬ 
tudinal  position  in  conjunction  with  the  light  clamping  action  of  the  clip. 
(See  Figure  3.) 

The  clip  gage  transducer  output  was  calibrated  against  mechanical  sepa¬ 
ration  of  the  pads  using  a  micrometer  screw.  The  gage  output  versus  separa¬ 
tion  curve  was  found  to  be  linear  within  about  one  per  cent  over  the  range 
of  the  tensile  specimens. 

The  end -bonded  tensile  specimens  were  then  extended  to  failure  while 
recording  lateral  contraction,  extension,  and  load.  These  specimens  all 
failed  at  the  bonded  ends  below  15  par  cent  elongation.  The  results  of 
volume  change  aa  a  function  of  extension  are  shown  in  Figure  4.  The  bulk 
modulus  end  initial  void  content  of  each  specimen  is  noted  on  the  void  for¬ 
mation  curve.  The  preferred  order  of  testing  was  reversed  for  this  set, 
and  the  effect  on  the  results  is  not  known.  Proper  order  of  testing  will 
be  observed  in  further  work. 

The  ability  of  the  clip  gage  to  measure  lateral  contraction  was  assessed 
as  good  on  tests  of  polyurethane  rubber.  Logarithmic  plots  of  the  volume 


ratio  and  extension  ratio  data  for  rubber  were  such  that  Poisson* 3  ratio  for 
the  iraterial  was  0.502  by  the  method  of  Smith  (6).  This  would  indicate  ex¬ 
cellent  performance  of  the  gage  on  uniformly  distorted  specimens. 

THEORY  AND  RESULTS 

The  bulk  modulus  values  reported  are  based  on  direct  compliance  meas¬ 
urements  of  one  dimension  as  illustrated  In  Figure  1.  Two  basic  assumptions 
about  the  material  are  involved:  (l)  compression  is  uniform  under  hydro¬ 
static  pressure;  and  (2)  dimensional  changes  are  sufficiently  small  that 
second  order  volumetric  terms  can  be  neglected. 

Tests  on  composites  show  that. the  orthogonal  compliance  of  pressurized 
specimens  of  regular  shape  are  not  affected  by  uniaxial  prestresses  consi¬ 
derably  greater  than  the  body  forces  generated  in  four  inch  specimens.  Thus 
the  decided  effects  of  prestress  on  the  isotropy  of  binder  materials  (2) 
does  not  appear  in  composites  in  significant  amounts,  if  at  all. 

The  bulk  modulus  based  on  the  definition 


can  be  assessed  for  unit  volume  from  the  slope  of  the  pressure  compliance 
records.  When  a  linear  behavior  between  P  and  V  exists,  the  calculated 
value  for  the  modulus  typifies  the  material  over  the  range  of  pressure  for 
which  this  is  true.  For  isotropic  materials  and  small  strains  the  relation 
between  the  volumetric  compliance  Jy  and  the  orthogonal  compliances 
Jx  s  Jy  s  Jz  s  Jl  is  approximately 

Jv  =  3  JL  (2) 

In  all  cases  the  time  of  pressurization  was  reasonably  short  compared  with 
the  thermal  relaxation  time  of  the  specimen,  so  that  the  compliance  behavior 
and  calculated  bulk  modulus  values  are  all  for  the  adiabatic  case. 

DERIVATION  OF  THE  PRESSURE -VOLUME  RELATION  HIP  FOR  COMPOSITES  WITH  VOIDS 

Propellants  or  composites  containing  voids  were  presumed  to  behave  as 
homogeneous  externally  pressurized  thick  wall  hollow  spheres.  The  expression 
for  the  radial  displacement  and  stresses  for  the  hollow  sphere  (7)  is: 


where:  U  •  radial  displacement  at  radius  r 

a  ■  internal  radius 
b  ■  external  radius 
P  «  stress 

shear  modulus 
/\ C  ■  bulk  modulus 


(4) 


If  Pb  =  Pa  +  dP  and  Pa  *  0  than 


This  equation  evaluated  at  the  inner  radius  a  and  outer  radius  b  gives  the 
simultaneous  equations 


dP  - 


+ JL 

\3K  T  4/i 


dP  = 


f  1  f  a3 
^3K  4/11 


The  solution  for  (5)  and  (6)  with  Pa  -  0  and  evaluated  from  Pb  =  0 
to  Pb  =  P  and  from  bQ  to  b  is 

_  P 

^.s2_  =  7  -*is\  f£  + 1  (7) 

v>  T°  1  ^J3  (7) 


where  /(  =  J0a2  ,  the  volume  fraction  voids. 
d  V 

Equation  (7)  can  1>e  simplified  to  the  equation  of  Bills  (3)  when  ($*  is  small, 
and  the  ratio  of  shear  modulus  to  bulk  modulus  is  small,  by  neglecting  second 
order  terms  in  cf  upon  expansion  of  equation  (7). 

Tc”  1  ~e  )  (8) 

AP 

where  ir*  =  *2v~ 
r  V0 

and  ft  is  the  bulk  modulus  for  void  free  material  defined  in  equation  (7)  as 


vo 
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Figure  5  compares  theoretical  compliance  curves  developed  from  equa¬ 
tion  (7)  using  various  values  for  initial  void  content,  with  experimental 
data  from  the  specimen  set  described  in  connection  with  Figure  2.  Experi¬ 
mental  values  for  the  shear  modulus  were  determined  for  the  material  in 
torsion.  The  theoretical  bulk  modulus  of  the  void  free  composite  was  cal¬ 
culated  from  the  measured  bulk  moduli  of  the  constituents  and  volume  frac¬ 
tion  composition  considerations.  This  theoretical  value  is  in  excellent 
agreement  with  the  limiting  slope  of  experimental  data  where  the  initial 
void  content  was  small.  The  slope  of  the  void  free  curve  on  Figure  5  is 
based  on  the  bulk  modulus  equal  to  0.60  X  10°  psi.  Experimental  curves  fer 
five  specimens  that  cover  the  estimated  range  of  void  content  are  plotted 
for  comparison  with  the  theoretical  curves.  In  Figure  5,  the  initial  void 
content  for  each  specimen  can  be  estimated  from  the  experimental  data  as 
the  separation  of  the  limiting  slope  and  the  calculated  slope  for  void  free 
material.  The  shape  of  experimental  and  predicted  compliance  curves  are  in 
good  agreement  over  the  estimated  total  range  of  initial  void  content  ob¬ 
served  experimentally. 

The  experimental  compliance  curves  of  Figure  5  show  good  agreement 
with  the  curves  derived  from  equation  (7)  for  low  initial  void  content  and 
less  exact  ccrrespcndency  for  high  initial  void  content.  This  might  be 
expected  in  view  of  the  simple  premises  on  which  the  equation  is  based  and 
the  many  complications  which  could  occur  with  high  initial  void  content. 

Void  shape  and  size,  distribution,  instability  of  shape,  and  many  other 
factors  undoubtedly  become  more  important  with  increasing  void  content. 
Further  experimental  compliance  measurements  to  pressures  of  5000  psig  or 
higher  will  be  reauired  to  properly  evaluate  the  application  of  equation  (7) 
to  high  void  content  behavior. 

Precise  specific  gravity  measurements  are,  at  best,  quite  difficult  to 
obtain  for  composite  materials.  Friability,  temperature  sensitivity,  and 
solubility  of  the  ingredients  all  contribute  to  errors  in  measuring  the 
density  of  composites.  However,  the  specific  gravity  of  specimens  numbered 
4  and  14  in  Figure  2  was  very  carefully  measured  and  found  to  be  1.655  and 
1.650,  respectively,  suggesting  a  difference  of  0.30  per  cent  initial  voids. 
An  estimate  of  the  maximum  difference  in  initial  voids  for  these  specimens 
from  the  experimental  data  would  be  0.20  per  cent.  Theoretical  curves  fitted 
to  the  experimental  compliance  data  would  predict  an  initial  void  content 
difference  of  only  0.10  to  0.12  per  cent.  Tests  on  a  much  larger  sampling 
with  statistical  design  and  interpretation  are  indicated  before  more  defi¬ 
nite  conclusions  can  be  reached.  This  is  experimentally  practicable  in  the 
matter  of  compliance  measurements,  but  may  not  be  so  for  the  specific 
gravity  determinations, 

A  reasonable  pattern  of  isolines  can  be  drpwn  through  the  data  of 
Figure  2a  which  illustrates  the  radial  geometric  distribution  of  voids  in 
a  gallon  sample  of  carefully  prepared  cast  composite.  The  isolines  shown 
are  for  total  volume  change  in  the  material  at  1000  psig  pressure.  A  simi¬ 
lar  pattern  would  be  observed  for  isolines  of  bulk  modulus  because  of  its 
dependence  at  a  given  pressure  level  on  the  initial  void  content.  Ordinary 
specific  gravity  determinations  on  the  17  specimens  of  this  data  set  could 
indicate  complete  homogeneity  in  this  sample. 


Figure  4  illustrates  the  decided  range  of  void  formation  upon  extensions 
of  10  per  cent  or  less  for  end  bonded  tensile  specimens.  Void  formation  was 
equated  to  the  calculated  increase  of  volume  as  determined  from  mensuration 
using  the  extension  and  lateral  contraction  records,  except  for  the  bottom 
curve  of  the  figure.  The  latter  was  plotted  from  gravimetric  measurements 
by  Svob  (5).  Volume  changes  from  clip  gage  measurements  on  given  materials 
have  bsen  found  to  be  consistently  large  compared  with  dilatometric  data. 

This  may  explain  the  relatively  low  volume  change  for  this  material  obtained 
dilatometric ally. 

However,  to  the  extent  that  strlatlon  may  be  limited  at  low  extensions, 
and  that  the  precision  of  the  clip  gage  data  may  be  relied  upon,  an  inter¬ 
esting  negative  correlation  of  volume  change  upon  extension  with  initial 
void  content  is  observed.  The  values  for  bulk  modulus  and  initial  void 
content  shown  on  the  body  of  the  figure  were  obtained  from  the  slope  of  the 
compliance  curves  between  600  and  900  psig  and  by  fitting  the  experimental 
curves  to  plots  of  equation  (7)  as  explained  in  connection  with  Figure  5. 
Comparing  these  data  with  the  amount  of  void  formation,  it  appears  that 
specimens  containing  relatively  small  amounts  of  initial  voids  form  voids 
on  extension  to  a  greater  degree  than  those  with  relatively  large  amounts 
of  initial  voids.  As  mentioned  before,  the  data  of  Figure  4  may  be  suspect 
because  of  the  failings  of  the  clip  gage  with  striated  behavior  in  the  spec¬ 
imen.  However,  it  serves  to  illustrate  the  manner  in  which  compliance 
measurements  may  be  useful  in  pretesting  specimens  for  void  content.  The 
effect  of  initial  void  content  on  behavior  or  failure  of  composites  has  yet 
to  be  determined. 


REMARKS 


This  paper  outlines  the  progress  in  developing  experimental  methods  for 
measuring  initial  void  formation  with  hydrostatic  compression.  The  question 
of  the  effect  of  initial  void  content,  shown  to  be  decidedly  variable  in 
otherwise  presumably  homogeneous  composites,  is  raised.  Few  specific  con¬ 
clusions  are  drawn  in  view  of  the  limited  testing  and  variability  in  the 
prototype  test  equipment.  Improved  designs  for  remotely  operated  pressur¬ 
ized  tensile  and  uniaxial  hydrostatic  compliance  test  equipment  have  been 
completed.  Data  taken  with  such  equipment  should  be  more  amenable  to 
analysis. 
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FIGURE  1.  BULK  MODULUS  TESTER 
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RADIAL  LOCATION  01'’  BULK  MODULUS  SPECIMENS  FROM  ONI’’  GALLON  CARTON 
CARTING  WITH  BULK  MODULUR  AND  TOTAL  COMPLIANCE  AT  1000  PCI 
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THE  ROLE  OF  BROAD -SPECTRUM  MECHANICAL 
RESPONSE  STUDIES  IN  PROPELLANT  EVALUATION 


R.  B.  Kruse,  Thiokol  Chemical  Corporation, 

Redstone  Division,  Huntsville,  Alabama 

ABSTRACT 

Tensile  tests  of  propellant  carried  out  at  various  constant  strain 
rates  and  temperatures  have  been  superposed  by  use  of  shift  factors 
calculated  from  the  Williams -Landel- Ferry  equation,  into  curves  of 
tensile  properties  vs.  reduced  strain  rate.  The  resulting  curves  are 
useful  for  direct  comparisons  of  propellants  using  similar  fuel -binder 
systems  or  propellants  with  differing  solids  content  but  the  same  fuel- 
binder  system,  the  requirement  for  direct  comparison  being  that  the 
glass  transition  temperatures  of  the  binders  involved  be  the  same. 

In  addition  to  superposition  of  tensile  properties,  some  progress 
has  been  made  toward  a  viscoelastic  description  of  the  propellants  based 
upon  superposed  stress -strain  curves.  First  approximations  of  the 
distribution  spectra  of  relaxation  times  for  three  propellants  have  been 
obtained,  and  their  relaxation  moduli  have  been  fitted  with  a  modified 
power  law. 


INTRODUCTION 


This  paper  describes  the  methods  used  by  the  Redstone  Division  of 
the  Thiokol  Chemical  Corporation  to  compare  the  physical  properties, 
mechanical  response,  and  viscoelastic  behaviour  of  a  set  of  similar 
composite  propellants.  In  it,  propellants  made  with  carboxyl -terminated 
polymers  are  compared  with  propellants  made  from  older  copolymers  in 
which  the  carboxyl  groups  are  randomly  distributed,  from  the  standpoint 
of  tensile  parameters,  including  modulus,  tensile  strength,  strain  at 
maximum  stress,  and  strain  at  break. 

The  propellants  compared  here  were  made  with  Thiokol's  HC  polymer 
cured  with  an  imine-type  curing  agent,  Butarez  CTL  Type  2  cured  with 
the  same  agent,  and  Thiokol's  HA  binder.  These  three  propellants  all 
had  the  same  total  solids  loading,  the  same  oxidizer  loading,  the  same 
percentage  of  aluminum,  and  the  same  ratio  of  ground  to  unground  oxi¬ 
dizer.  In  the  remainder  of  this  paper,  TP-H8041  propellant  will  be 
referred  to  as  HA  propellant  and  the  same  formulation  using  HC  polymer 
and  corresponding  curing  agent  will  be  termed  HC  analog. 


EXPERIMENTAL  PROCEDURE 


The  results  of  an  early  study  of  the  application  of  the  principle  of 
time -temperature  superposition  to  HA  propellant  were  reported  in  a 
previous  SPIA  paper*.  From  the  data  generated  by  constant- strain- 
rate  tests  of  HA  propellant  at  four  different  rates  of  crosshead  travel 
(0.  02,  0.  20,  2.  00  and  20.  0  inches  per  minute)  and  four  different  tem¬ 
peratures  (-65*,  0-,  +77*,  and  +140*F),  it  appeared  initially  that  the 
WLF  constants^  did  not  apply  exactly  to  HA  propellant.  Therefore  the 
data  were  simply  superposed,  and  the  shift  factors  (aq>)  necessary  to 
effect  this  superposition  were  reported.  When  data  were  obtained  on 
the  HC  analog  at  four  different  crosshead  speeds  (same  as  above)  and 
six  different  temperatures  (-70*,  -60*,  -40*,  0*,  +77*.  and +140*F), 
it  was  observed  that  the  data  could  be  superposed  quite  satisfactorily 
by  using  the  WLF  constants  and  a  glass  transition  temperature  of  -80 *C 
(193®K).  This  temperature  was  determined  to  be  the  glass  transition 
temperature  of  both  HA  and  HC  polymers  by  thermal  expansion  measure¬ 
ments.  Since  the  data  obtained  on  the  HC  analog  were  considerably  more 
precise  and  reliable  than  those  originally  obtained  on  HA  propellant,  it 
seemed  probable  that  the  lack  of  adequate  superposition  of  the  HA  pro¬ 
pellant  data  was  due  to  lack  of  accur:.~y  and  precision  in  the  data.  All 
of  the  constant-strain-rate  data  which  had  been  obtained  on  HA  propellant 
were  re-evaluated  in  the  light  of  the  more  recent  HC  analog  data.  This 
included  new  determinations  of  strain  rates  and  modulus  values  from  the 
strain-time  and  stress-strain  curves.  A  new  reference  temperature  of 
243 °K  (50°  above  the  independently  measured  glass  transition  temperature) 
was  used  in  place  of  the  298*K  (room  temperature)  reference  temperature 
which  had  previously  been  selected  on  a  purely  arbitrary  basis. 

Upon  completion  of  this  re-evaluation  of  the  constant-strain-rate 
test  data  of  HA  propellant,  it  was  found  that  the  WLF  constants  superposed 
the  data  as  satisfactorily  as  the  shift  factors  which  had  previously  been 
used.  It  was  therefore  possible  to  compare  directly  the  broad-spectrum 
physical  properties  of  TP-H8041  propellant  and  its  HC  analog. 

The  glass  transition  temperature  of  Butarez  CTL  also  has  been 
measured  by  thermal  expansion  methods  and  has  been  found  to  be  approxi¬ 
mately  -80 *C.  It  was  found  during  the  course  of  this  study  that  the  WLF 
constants  superposed  very  satisfactorily  the  broad-spectrum  properties 
of  this  propellant  also.  All  three  propellants  could  therefore  be  compared 
directly  on  the  same  broad-spectrum  plot;  this  comparison  would  not 
have  been  possible  had  the  glass  transition  temperatures  been  appreciably 
different. 

All  the  data  presented  in  this  paper  are  based  on  photographic  mea¬ 
surements  of  strain.  In  each  case,  the  strain  rate  is  obtained  by  plotting 
the  photographically  measured  strains  as  a  function  of  time.  The  best 


straight-line  plot  is  taken  as  the  strain  rate,  which  must  be  assumed  to  be 
constant  throughout  the  test.  Actually,  some  variation  in  strain  rate  is 
usually  observed  during  a  given  test.  This  may  be  due  either  to  an  actual 
variation  in  strain  rate  due  to  non-uniform  jaw  flow  or  to  errors  in  strain 
measurement  from  the  photographs  taken  during  the  test.  In  any  event, 
variations  in  strain  rate  are  slight,  and  consequently  error  introduced  by 
the  assumption  of  a  constant  strain  rate  for  a  given  test  is  small. 

The  stresses  recorded  on  the  Instron  charts  were  corrected  for  the 
change  in  cross-sectional  area  undergone  by  the  specimen  as  it  was 
strained.  This  correction  was  based  on  the  assumption  that  the  volume 
of  the  specimen  remains  constant.  Again,  this  assumption  is  not  strictly 
correct.  Recently  a  considerable  effort  has  been  made  to  measure  the 
volume  change  with  strain  for  propellant  tensile  specimens.  The  results 
of  this  program  are  reported  in  a  separate  paper  presented  at  this  meet¬ 
ing.  However,  the  corrections  based  upon  the  constant-volume  assumption 
result  in  considerably  more  realistic  and  useful  data  than  would  be  ob¬ 
tained  by  leaving  the  stress  uncorrected. 

Plots  of  tensile  properties  as  a  function  of  reduced  strain  rate,  such 
as  those  included  in  this  paper,  provide  a  complete  graphic  representation 
of  propellant  mechanical  response  to  a  wide  range  of  environmental  con¬ 
ditions  and  imposed  strain  rates.  In  general,  low- strain- rate  or  high- 
temperature  behaviour  appears  on  the  left  side  of  the  plot,  and  high- 
strain-rate  or  low-temperature  behaviour  appears  on  the  right  side.  The 
whole  plot  may  be  roughly  divided  into  five  general  areas:  ( 1)  the  strain 
rates  encountered  on  cool-down  of  a  motor  from  the  curing  temperature  to 
ambient,  where  log  eaT  <  -9,  (2)  the  region  of  slump,  long-time  creep, 
and  storage  behaviour,  where  -9<  log  eaj  <  -5,  (3)  high-temperature 
ignition  response,  where  -5<log  eaj<0,  (4)  low-temperature  ignition 
response,  where  0<log  eaj<4,  and  (5)  response  to  true  shock  loading, 
including  very  short-time  creep  and  stress -relaxation  response,  and 
behaviour  in  the  glassy  region,  where  log  ea.j.>4. 

Where  similarity  of  propellants  permits  a  direct  comparison  on  such 
plots,  the  technique  of  presenting  tensile  properties  on  a  broad- spectrum 
basis  has  been  found  to  be  a  very  valuable  aid  in  the  description  of  pro¬ 
pellant  behaviour.  The  first  four  figures  compare  the  broad- spectrum 
physical  properties  of  HA  propellant  with  those  of  HC  analog.  A  compari¬ 
son  of  the  broad- spectrum  modulus  curves  of  these  propellants  is  shown 
in  Figure  1.  Initial  modulus,  which  is  a  small-deformation  property,  is 
the  only  parameter  for  which  the  principle  of  time -temperature  super¬ 
position  rests  on  firm  theoretical  grounds.  In  Figure  1  this  initial  modu¬ 
lus,  referred  to  the  reference  temperature  of  243  °K,  is  plotted  against 
the  logarithm  of  the  reduced  strain  rate.  For  both  propellants,  modulus 
increases  considerably  with  an  increased  reduced  strain  rate  up  to  the 
glassy  region,  where  it  would  become  constant.  In  addition  to  the  constant 


glassy  modulus,  a  region  of  constant  modulus  would  be  expected  on  the 
extreme  left  of  the  curve,  provided  that  the  material  is  effectively  cross- 
linked.  If  the  material  is  not  effectively  crosslinked,  the  modulus  would 
decay  to  zero  rather  than  reach  an  equilibrium  value  on  the  lower  left  side 
of  the  graph.  It  can  be  seen  from  Figure  1  that  the  modulus  of  HA  propel¬ 
lant  changes  more  abruptly  with  reduced  strain  rate  than  does  the  modulus 
of  the  HC  analog.  Moreover,  in  the  high-temperature  or  low- strain- rate 
regions,  the  HC  analog  retains  a  higher  modulus  value  while  the  modulus 
of  HA  propellant  is  decreasing.  The  modulus  values  plotted  here  were 
calculated  from  the  slopes  of  the  initial  straight-line  portions  of  the 
stress-strain  curves  obtained  as  described  previously. 

Unlike  modulus,  tensile  strength  (that  is,  maximum  stress)  cannot  be 
considered  a  small-strain  property.  Nevertheless,  the  principle  of  time- 
temperature  superposition  has  been  applied  with  considerable  success  to 
tensile  values  of  both  HA  and  HC  propellants.  The  result  is  shown  in 
Figure  2.  In  this  graph,  the  logarithm  of  maximum  stress  (again  referred 
to  243 °K),  is  plotted  versus  the  logarithm  of  the  reduced  strain  rate. 

The  maximum  stress  value  increases  with  increasing  reduced  strain  rate 
up  to  a  nearly  constant  value  in  the  glassy  region.  With  respect  to  tensile 
strength,  the  HC  analog  displays  a  marked  superiority  to  HA  propellant. 

The  shape  of  the  tensile  strength  curves  is  quite  similar,  but  the  curve 
for  HC  analog  remains  consistently  above  that  for  HA  propellant  up  to  the 
glassy  region. 

The  strain  which  propellant  can  withstand  may  be  based  upon  either 
the  strain  at  maximum  stress  or  the  strain  at  break.  Again,  these  are 
ultimate  rather  than  small-strain  properties  and,  as  such,  the  application 
of  the  time -temperature  superposition  principle  to  them  rests  upon  an 
empirical  basis.  Considering  that  strain  data  are  not  inherently  highly 
reproducible,  the  superposition  principle  works  rather  well  for  data 
gathered  at  various  strain  rates  and  temperatures.  Figures  3  and  4  show 
the  reduced  strain  rate  plots  of  strain  at  maximum  stress  and  strain  at 
break,  respectively.  It  is  in  the  property  ol  strain  capacity  more  than  any 
other  tensile  parameter  reported  in  this  paper  that  the  superiority  of  HC 
analog  to  HA  propellant  becomes  evident.  Over  almost  the  entire  range 
of  reduced  strain  rates  measured,  well  into  the  region  of  glassy  behaviour, 
the  strain  which  can  be  sustained  by  HC  analog  is  greatly  in  excess  of  that 
which  can  be  sustained  by  HA  propellant.  The  elongation  of  the  HC  analog 
is  seen  to  be  about  twice  that  of  HA  propellant  in  the  region  -7  <  log  eai<<*2, 
the  high-tempera! u re -low  strain  rate  region.  Beyond  this  point,  however, 
the  elongation  of  HA  propellant  decreases  while  that  of  HC  analog  continues 
to  increase,  reaching  a  maximum  near  eajs  1.  As  eaip  increases  beyond 
4,  and  the  two  propellants  begin  to  exhibit  glass -like  behaviour,  the 
elongations  are  not  greatly  different,  as  might  be  expected  from  an  exam¬ 
ination  of  the  comparisons  of  moduli  and  stresses. 


In  general,  then,  at  the  84  per  cent  solids  loading  level,  HC  pro¬ 
pellant  exhibits  considerable  improvement  over  the  HA.  system  from  the 
standpoint  of  mechanical  behaviour  over  the  range  of  reduced  strain  rates 
studied.  As  a  result  of  this  investigation,  it  may  be  predicted  that  the 
solids  loading  level  of  the  HC  system  might  well  be  increased  in  order  to 
improve  ballistic  performance  while  still  retaining  physical  properties 
which  are  comparable  with  or  superior  to  those  of  HA  propellant  at  the 
84  per  cent  solids  level.  Efforts  in  this  direction  have  been  initiated,  and 
it  seems  highly  desirable  to  undertake  a  thorough  study  of  more  highly 
loaded  HC  systems  in  order  to  determine  whether  the  Williams -Landel- 
Ferry  constants  still  apply  at  these  higher  loadings  and  to  obtain  some 
basis  for  prediction  of  the  effects  of  increased  loading  upon  the  mechanical 
response  of  propellant. 

Recent  work  has  made  possible  a  comparison  of  HA  and  HC  propel¬ 
lants  with  the  Butarez  CTL  analog  based  upon  the  TP-H8041  formulation. 
The  Butarez  CTL  analog  was  studied  in  the  same  way  as  the  HA  propellant 
and  HC  analog  already  described. 

Figures  5  through  8  show  the  broad -spectrum  physical  property 
curves  for  Butarez  CTL  analog.  These  include  the  data  points  for  the 
Butarez  CTL  analog  that  were  used  to  construct  the  curves.  For  compari¬ 
son  purposes,  the  broad-spectrum  curves  for  HA  and  HC  propellants, 
shown  with  their  data  points  in  the  previous  figures,  are  included  in 
Figures  5  through  8,  with  data  points  omitted  for  clarity.  The  variation 
in  modulus  of  the  Butarez  CTL  analog  with  reduced  strain  rate  is  shown 
in  Figure  5.  The  variation  in  modulus  is  greater  than  for  either  HA  or 
HC  based  systems.  The  modulus  of  Butarez  CTL  analog  near  the  equili¬ 
brium  region  is  roughly  comparable  to  that  of  the  HA  system.  The  modulus 
is  low  throughout  the  transition  region,  but  becomes  considerably  higher 
than  either  HA  or  HC  propellant  in  the  glassy  region.  Some  of  this  in¬ 
crease  in  glassy  modulus  might  be  accounted  for  by  recent  refinements  in 
small  strain  measurements. 

Figure  6  shows  the  variation  of  tensile  strength  of  Butarez  CTL 
analog  with  reduced  strain  rate.  The  tensile  strength  of  Butarez  CTL 
analog  is  very  nearly  the  same  as  that  of  HA  propellant  over  the  entire 
range  of  reduced  strain  rates  studied.  The  tensile  strength  of  both  of 
these  propellants  is  considerably  less  than  that  of  the  HC  analog. 

Figures  7  and  8  show  that  the  Butarez  CTL  analog  does  not  exhibit 
a  strain  capacity,  either  at  maximum  stress  or  at  break,  that  is  quite 
equal  to  that  of  the  HC  analog,  although  in  both  of  these  properties  it  is 
clearly  superior  to  the  corresponding  values  for  HA  propellant. 

As  a  consequence  of  the  linearity  of  viscoelastic  response  which, 
according  to  presently  available  data,  is  exhibited  by  the  propellants 
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included  in  this  study,  and  of  the  principle  of  time-temperature  equivalency, 
it  is  possible  to  make  a  start  toward  approximating  from  constant- strain- 
rate  data  the  response  of  these  propellant  systems  to  conditions  of  dynamic 
stress  and  strain.  As  a  start  toward  accomplishing  this  result,  the  dis¬ 
tribution  of  Maxwellian  relaxation  times  for  the  three  propellants  studied 
was  determined.  A  discussion  of  how  this  approximation  may  be  obtained 
is  appropriate. 

Just  as  tensile  data  from  tests  at  various  strain  rates  and  tempera¬ 
tures  may  be  superposed  to  form  continuous  physical  property  curves 
which  are  functions  of  the  time -temperature  complex,  so  the  individual 
stress-strain  curves  obtained  from  constant-strain-rate  tests  may  them¬ 
selves  be  superposed,  up  to  the  point  where  yield  of  the  material  becomes 
apparent.  If  the  stress  and  strain  values  used  to  obtain  the  tensile  curves 
are  each  divided  by  the  reduced  strain  rate,  and  the  resulting  reduced 
stress  and  strain  values  are  all  plotted  on  the  same  logarithmic  scale, 
they  will  form  a  continuous  master  stress-strain  curve.  Such  master 
stress -strain  curves  for  HA  propellant  and  for  the  HC  and  Butarez  CTL 
analogs  are  shown  in  Figure  9. 


The  discussion  of  the  deriv:.*ion  of  stress  relaxation  curves  repre¬ 
senting  the  response  of  material  to  an  instantaneously  imposed  strain  from 
the  master  stress-strain  curves  of  propellant  has  been  presented  by 
Smith^.  Hie  method  has  been  followed  in  this  study.  Briefly  summarized, 
it  may  be  shown  that: 
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so  that  the  slope  of  the  master  stress-strain  curve  would  yield  relaxation 
modulus  (Er)  as  a  function  of  time.  The  relaxation  modulus  curves  for 
HA  propellant  and  for  HC  and  Butarez  CTL  analogs  that  were  obtained  in 
this  way  are  shown  in  Figure  10.  These  curves  represent  the  stress 
relaxation  behaviour  of  the  three  propellants  at  the  reference  temperature 
of  243*K.  From  the  relaxation  curves,  a  *  estimation  of  the  distribution 
of  the  Maxwellian  relaxation  times  may  be  obtained  by  using  the  Alfrey 
approximation^.  The  slope  at  each  point  on  the  relaxation  curve  is 
determined,  and  the  negative  of  the  slope  is  plotted  versus  log  X  .  The 
resulting  graphical  function  is  an  approximation  of  the  distribution  function 
H  (log  T  ).  The  relaxation  spectra  of  the  propellants  made  with  the  three 
types  of  binder  are  shown  in  Figure  11.  It  will  be  noted  that  the  curves 
for  propellants  made  with  HA  and  Butarez  CTL  binders  are  considerably 
narrower  and  sharper  than  that  of  the  HC  analog,  showing  that  the  distri¬ 
bution  function  H  (logT  )  varies  much  more  abruptly  with  relaxation  time, 

X  ,  in  the  case  of  HA  propellant  than  for  the  HC  analog.  The  sharpness  of 
the  distribution  curve  is  even  more  pronounced  for  the  Butarez  CTL  analog 
than  for  HA  propellant,  and  the  peak  occurs  at  about  one  decade  smaller 
<t ,  From  the  relaxation  spectra  it  is  possible  to  calculate  the  response  of 
the  material  to  dynamic  stress  or  strain  conditions. 
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An  alternative  approach  toward  derivation  of  dynamic  values  from 
constant- strain -rate  properties  has  been  provided  by  fitting  the  relaxation 
ctirves  of  the  three  propellants  studied  to  the  modified  power  law  suggested 
by  Blatz2 3 4 5.  The  degree  of  fit  to  the  relaxation  modulus  curves,  which  could 
be  obtained  by  use  of  the  modified  power  law,  is  shown  in  Figures  12,  13, 
and  14,  in  which  the  relaxation  modulus  curves  obtained  from  the  master 
stress-strain  curves  are  compared  directly  with  the  curves  described  by 
the  modified  power  law,  with  empirical  constants  inserted. 

SUMMARY  AND  CONCLUSIONS 


In  summary,  a  study  of  propellant  mechanical  properties  by  the 
broad-spectrum  method  provides  considerable  data  upon  which  to  evaluate 
propellants  for  utilization  in  solid  rocket  systems.  Provided  that  the 
propellants  are  of  a  sufficiently  similar  polymer  structure  to  exhibit  the 
same  glass  transition  temperature,  it  is  possible  to  compare  them  directly 
on  the  same  scale  of  reduced  strain  rate  in  order  to  provide  at  a  glance 
information  concerning  the  mechanical  response  of  the  propellants  to  a 
wide  variety  of  strain  rate  and  temperature  conditions.  Once  established, 
the  technique  does  not  require  greatly  increased  time  or  manpower  over 
that  needed  for  the  usual  routine  comparison  of  tensile  properties  at 
various  temperatures,  yet  it  provides  a  more  meaningful  and  more  widely 
applicable  comparison  than  is  generally  possible  with  purely  routine  phy¬ 
sical  property  tests.  The  broad -spectrum  technique  is  now  being  used  on 
a  semi-routine  basis  at  the  Redstone  Division.  It  provides  the  additional 
advantage  that  the  viscoelastic  treatment  of  the  constant- strain- rate  data 
makes  possible  engineering  calculations  of  mechanical  response  of  pro¬ 
pellant  to  conditions  which  cannot  be  experimentally  duplicated. 
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FIGURE  7.  COMPARISON  OF  BINDER  SYSTEMS:  STRAIN  AT  MAXIMUM  STRESS 
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FIGURE  9.  REDUCED  STRESS -STRAIN 
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FIGURE  10.  STRESS  RELAXATION  CURVES 
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figure  12.  LOG  t(Min) 

RELAXATION  MODULUS  OF  HA  PROPELLANT:  COMPARISON 
OF  EXPERIMENTAL  DATA  WITH  MODIFIED  POWER  1AW 
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figure  13.  LOG  f(Min) 

RELAXATION  MODULUS  OF  HC  PROPELLANT:  COMPARISON 
OF  EXPERIMENTAL  DATA  WITH  MODIFIED  POWER  LAW 


figure  14.  log  t(Min) 

RELAXATION  MODULUS  OF  BUTAREZ  CTL  ANALOG:  COMPARISON 
OF  EXPERIMENTAL  DATA  WITH  MODIFIED  POWER  LAW 
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